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Voronovskaja type theorem for some nonpositive
Kantorovich type operators

BIANCA IOANA VASIAN

ABSTRACT. In this paper we will study a Voronovskaja type theorem and a simultaneous approximation
result for a new class of generalized Bernstein operators. The new operators are obtained using a generalization
of Kantorovich’s method, namely, we will introduce a sequence of operators K fl =Dlo Bpyiol ! where By
are Bernstein operators, D' f = f M 4 a1 f=Y 4. 4 ar f' + aof is a differential operator with constant
coefficients a;, j € {0,...,l —1}and I ! a corresponding antiderivative operator such that D! o I' = Id.

1. INTRODUCTION

S. N. Bernstein introduced, in paper [2], the following sequence of positive and linear
operators, in order to prove Weierstrass’s approximation theorem [13]:

(kY By (0) =3 s @)1 (£ ) a0, fe
k=0

where py,  (z) = (})a* (1 - 2)" % for 0 < k < n,and p, () = 0 for k > n. These op-
erators have been extensively studied. Bernstein operators can be useful in the uniform
approximation of all continuous functions on [0, 1]. Also, these operators play an impor-
tant role in simultaneous approximation, that s, for f € C* [0, 1] we have (B,, f )Y s o)
uniformly as n — oo, see [3, 11].

M. Floater, in paper [4], proved the following Voronovskaja type theorem regarding the
derivatives of Bernstein operators:

Theorem 1.1. If f € C**2[0,1], for some k > 0 then
k
, B _ k) (] = Ly
Jim 0 |(Ba (£.2)Y = 10 @)] = 5T e (1=2) £ (@)
uniformly for x € [0,1].
One of the many generalizations of Bernstein operators, which we will use throughout

our paper, was given by D.D. Stancu in [10], who introduced a modification of Bernstein
operators depending on two parameters 0 < oo < 3 :

k+a
1.2 B (f, n ze[0,1], feC][o,1],
12) 9= Yma 1 (315) w0, secp
and proved that || B$# f — fH — 0as n — oo. Further, it was shown that for f € C*[0,1],
the simultaneous approximation (B%# f)(¥) — f(¥) holds uniformly (see [1]).
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Another generalization of high importance was introduced by Kantorovich in paper
[6]. The operators studied there can be constructed as follows: let D = % be a differential
operator, and [ a corresponding antiderivative operator, with respect to the composition
Dol =1Id, and If(0) = 0. In this case, the antiderivative operator is given by If(z) =

Jy f (t) dt. Therefore Kantorovich operators are obtained as the following composition:

(1.3) K,=DoB,i101,

where B, are the Bernstein operators of order n+1. Explicitly, the operators constructed
as in (1.3) have the following expression:

k+1
n+1

(1.4) Ko (fi2) =+ 1) pok (@) / f(tydt, z € 0,1, f € L[0,1].

k=0

nt+1

Bernstein-Kantorovich operators from (1.4) can be used to uniformly approximate all
functions in L, [0, 1] .

A notable generalization of Bernstein-Kantorovich operators using Kantorovich’s method
was studied in papers [5, 7, 9]. In these papers were analyzed the operators obtained by
taking the derivative operators D* = %7 and the antiderivative operators as I* f (z) =
Iy % f (t) dt, and considering the operators K,, = D* o B,, o I* now called k-th order
Kantorovich operators. They proved the uniform convergence K, f — f, for f € L, [0,1].

In paper [8], Pédltinea R. used Kantorovich’s method to modify Bernstein operators,
this time by taking a more general differential operator D°f = f’ + cf. In this paper
it was proved that the operators constructed as K = D¢ o B, o I° can be used to
approximate functions on C[0, 1] and these operators are linear but not positive. Here I is
a corresponding antiderivative operator of the form I¢f(z) = e~ ** fox et f(t)dt, I°f(0) =
0, such that D¢ o I¢ = Id.

In this paper, we will study a Voronovskaja type theorem and a simultaneous approx-
imation property of the operators we introduced in paper [12]. These operators are con-
structed using a more general differential operator: let € {1,2,...},

(1.5) Dlg =g +a_1g"V 4+ +arg + aog,

ao,a1,az,...,a,—1 € R. By an antiderivative operator of D' we mean an operator I' which
satisfies D! o I' = Id. This condition leads to:

(Dlo[l)(f):fa

which is equivalent with:

(1.6) (N +ay ()" + (1) +ao (1) = .

The equation (1.6) is a linear differential equation of order [ with constant coefficients
for which it is known that its solutions, I'f € C[0,1], exist but are not unique. Since
there is an infinity of such antiderivative operators, one can obtain a unique fixed one by
imposing some initial values of I' f and its derivatives up to order /[ — 1 in a certain point
xo, but for the construction of the operators studied in this paper, the exact expression
of the antiderivative operators does not play an important role. Choosing a different
antiderivative operator, our operator will be different, but the approximation processes
we study don’t depend on the choice of the antiderivative operator.
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The Kantorovich type operators for which we will study the approximation properties
mentioned before, are defined as:

(1.7) K! =D'oB, ol
where B,,1; are the Bernstein operators of order n+{,n > 1, [ > 0.

Remark 1.1. We chose the order n + [ of Bernstein operators in (1.7) in order to not have
vanishing terms after differentiation of order [ > 0.

Remark 1.2. We mention that our operators are a generalization of the ones studied in
papers [5,7, 8, 9].

Further, we will present the steps we followed to obtain the expression of our operators.
In order to express the derivatives of Bernstein operators we will need the finite differ-
ences Ay f () = f (z + h) — f (z) which is the first finite difference of f with step h. The
I-th iterate of A is denoted by Al and is defined as follows
(18) AL (@) = An [N (0)]

and has the following expression

(1.9) i < > (z +ih).

i=0

Now, it is known that the [-th derivative of Bernstein operators B,, can be written in
terms of finite differences of order [ as follows, see [3]:

(1.10) BY (f,x)

( )pn l,j( ), MRS [0,1]

With all the above consu:leratlons, the operators which will be studied in this paper,
Kl (f,x) = (D'oBnyoI') (f,z), x €[0,1], f € C[0,1], can be written as
(1.11) K, (f:2) = D' (BuaI'f) (2), # €[0,1], f € C[0,1],

To simplify the notations we will denote I' f := F and we will obtain the following explicit
representation of the operators K :

(1.12) K (f,2) =
= [Bust (F.2)]Y 4+ @121 [Bpt (F,2)]7) 4 -+ a1 [Bpai (F2)] + ao By (F7)

B n+l ! j
- ZAW (; +l)pm<>+

nJrl sy AL
'Z n+l Pt (@) +

n+l

n+l n+li—1
+-~-+a1 Z ALF ( +l>pn+l1,j(x)+aOBn+l(va)'

Remark 1.3. The operators in (1.12) are linear operators.
We proved in paper [12] the following results concerning these operators:

Remark 1.4. Operators (1.12) are not positive.
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Lemma 1.1. [12] Let F be a C* function on a compact interval I, then the following convergence

holds:
(1.13) (n+ 0" A%, F(z) = F® (2), uniformly asn — oo, x € I.

n+l

Using the result in Lemma 1.1 we proved that the following approximation result holds
even though the operators are not positive operators:

Theorem 1.2. [12] Let f € C'[0,1]. The following convergence holds:
(1.14) Kibf — f, uniformly as n — oco.

Further, the following remark states that, using operators K, and Theorem 1.2, we can
show that B, can approximate differential operators D'.

Remark 1.5. Let us denote
F ={g € Cla,b],I'D'g = g}.

If g € F, then D'B,, 1,9 = D'B,I'D'g = K! D'g. Now, by applying Theorem 1.2 we
have K! D'g — D'g. Consequently, we get

D'B,19 — D'g, asn — oo, forg € F.

2. VORONOVSKAJA TYPE THEOREM

In this section we will prove a Voronovskaja type theorem for the operators K.

Let I' be the antiderivative operator corresponding to the differential operator D'. For
simplicity, we denote I' f(z) := F(z).

Let us introduce the following differential operator:

2.15)  Dlg(z) =y'g" V(@) + a1y g (@) + a2y 29"V (@) + - + aryg(a).

Theorem 2.3. Let f € C2[0,1] and F € C'*2(0, 1), then

(2.16) Tim n [KL (f,2) ~ [ (@)] = 5D { (1 - ) [F(2)]"}

= %x(l —z) " (z) + (; - m) 5Dlyaf’;/($)‘y_1 - ;aQDé’;l(x)‘y_l.
uniformly for x € [0, 1].
Proof. We have that

K, (f,2) = D!(Buy (I'f(2))),

and we can write f (z) = D' (F (z)) = FO(2) + i1 F (@) + -+ + ay F' () + aoF ().
Now, we compute:

n (KL (f,2) = £ @)] = n{Bu (F)] + a1 By (Fa)) 0 +

w4 a1 [Bost (F.2)) + ao [Bust (F2)] = nD' (F (2)) }
—n {[BW (F,z)] - F(l)(x)} Fan {[BW (F,2)] Y - F(l’l)(x)} n
+-+aon{[Bnyi (Fy2)] — F(x)} .
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Passing to the limit, with n — oo, and using Theorem 1.1, we get:

(2.17) lim n (K (f,z)— f(2)] =

n—00
-1

e [2(1 —2)F"(x)] + ...

1
-3 {f (21— ) F" ()] + a1

—i—al% [z(1 — 2)F"(x)] + apw(1 — x)F”(x)}

= %Dl [z(1 —2)F"(2)].

For the last expression we will use Leibniz formula in order to obtain the derivative of
x(1 — z)F"(x) of an arbitrary order k:

(2.18)
(1= 2)F" (@)Y = 21— 2) [F" @)™ + k(1 20) [F"(@)] "7 = k(k = 1) [F"(2)] 7.
Using the expression of D! and relation (2.18), we get:
(2.19) D'[z(1 —2)F"(z)] =
= o1 —2)F" @)Y + a1 [2(1 = 2)F"(@)] 7 4+ ap [o(1 - 2)F ()]
= 2(1— o) [F"(@)Y + 101 - 20) [P (@)Y =10 - 1) [P ()] +
tar {o(t = o) [F"@)" 7 + (= D= 20) [F"@)] 7 = (= 1) 2) (@) b+
-+ az(l —z) [F"(@)] +ar (1 — 2z) [F"(x)] + apz(1 — z)F" (z).
After some computations we get:
(2.20) D'z(1 - 2)F"(z)] =
=21 = 2) {[F"@]" + a1 [P @)+ [P @)] + aoF"(2) } +
(1 - 22) {z @] +a (=) [F @)+ 4 200 [F(2)]) + alF”(a:)}

{1 @ aa - )= 2) [F @)Y 4 202 [P (@)

OD! F"(x) 02Dl F'(x)
_ _ ! " _ Yy _ Yy
= a1 =) [D'F@)]" + (1 - 20) =5 ‘yzl o ‘yzl
OD! F" (x) 0?D! F'(z)
— ) _ Y _ y
=a(l=a)f" (@) + (12w |
which is the result announced in hypothesis. O

3. SIMULTANEOUS APPROXIMATION

In the next part of our paper we will prove a simultaneous approximation result con-
cerning operators K.

Theorem 3.4. Let f € C"[0, 1] with r € NU {0}. Then:
(3.21) lim [, (f,2)]" = £ (@),

n—roo

holds uniformly and F € C'*7[0,1].
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Proof. We will need the expression of [K! (f, )], for n > r:

l) 1 n—r .
22) (K] ORI G ntrATE n—r
02 L@ = e S ) AP (2 s ()4
(n+1)! 1 "= I+r—1 pl4r—1
— A-T F n—r
+ay n—r 4 1) (n jz::() (n+1) 3 Prri1 (
n+l—r—1
(n+1)! 1 - 1 AT+
* +a1(n+l—r—l)!(n—|—l)r+1 Z (n+10) AnlﬂF n+l Prti—r-1; ()

=0

“+ag [Bn—H (F CE)](T)

=4, ntr AT ) s
]ZO n+ L n+l p ’j(x)—’_

n—r+1 .
+alflAr_LT+l Z (n+l)l+r 1Al+’l“ 1F< J )pnrJrl,j (CL’)+

iz =i n+1
n+l—r—1 .
ot a g (n+ AT (n + 1) Pt (@) + a0 [Bus (F2)] 7,

n—+1)!

where A* = ((nik)) (n+l1)l mke{-r,—r+1,... 0l —r—1}

For all € > 0, there exists n! € N such that |Ak —1| <eforn >nl, fork € {-r,—r+

,l —r —1}, and, as we proved in Lemma 1.1 we also have that for all 1 > 0, there

exists ne, € N such that ‘(n +DFAR, F <%H) F®) ( )’ < g for all n > n.,. With
n+l

these considerations we have:

n—r . n—r+1
1 (r) (I+r) J (1-1) ,
[an(l‘)] - ];F (Tl-i-l) pnfr,] +al 1 Z F +l Pn—r+1,5 (l‘)-i-
n+l—r—1
tota Y RO <n+l>Pn+z r1 (@) + ag [Buss (F,2)] V|| = 0.
=0

Now, we notice that the sums appearing above can be expressed in terms of Bernstein-
Stancu operators as follows:

n+k

S R <n+z)p"+’”( )= By (FW,a), —r<k<r—i-1,p=1-k=0,
7=0

For these operators it is known that BY',* (F®), z) — F® (z) as n — oo, uniformly with
respect to x. Therefore, we obtain:

(3.23)
lim [KLf(x )] = FU) (@) 4+ ap FOH) () + -+ 4+ a0 FOHY (1) 4 ag [F (2)] 7

n—00
(r)

= [F(l) () + a1 FOY (@) + -+ ay F' () + aoF ()

= [D' o I'(f ()] = £ (a),

which completes our proof.
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4. EXAMPLE

In this final section we will take a particular case of our operators and we will present
some computations and graphics.

Let D*f = f” — 3f + 2f be a differential operator of order two and I*, a fixed cor-
responding antiderivative operator, in the sense D* o I* = Id, with initial conditions
I*f(0) = 0 and (I*f)' (0) = 0. The condition (D* o I*) f = f, f € C?[0,1], leads to the
following differential equation:

(4.24) ()" (@) = 3(I" ) (2) +2(I"f) () = f(@)-

In order to get the solution, we will first solve the homogeneous equation:
()" (@) =3I ) (x) +2(I"f) (x) = 0,

for which the solution, denoted by I, is given by:

(4.25) Iy(x) = C1e” + Cye™,

with C;, C> constants. In order to get the solution of the non-homogeneous equation
we consider that the solution I* f of the equation (4.24) is given by I* f(x) = Ci(x)e” +
Co(z)e?**, where C; (z) and Co () are functions instead of constants. In order to obtain the
missing functions C1 (z) and Cy(x), we will solve the following system:

{C’{(x)e”” + Ch(x)e** =0

(4.26) Cl(x)e” +2Ch(x)e® = f(x)

from which we obtain the exact solution I'* f (x) after imposing the initial conditions I* f(0) =
0and (I*f)" (0) = 0

(4.27) I"f(z) = /z e ("t = 1) f(t)dt, x € [0,1].
0

We denote F(x) := I* f(x).
Now, let us consider the operators:

428 Ki(fi2) = (D" 0 Buizo I'f) () = D* (Busa(F,)) , @ € [0,1].
Then the operators K7 ( f, z) have the following expression:
(4.29)
. 7 - k+2Y k+1 k
Ki(f,z) = (n+ 1)(n+2)kz:(:)pn,k(x) (F (n”) 2F <n+2> +F (n+2)> +
n+1
k+1 k
n—+2 k
+2 I;Opn_‘_Q,k(x)F <M> , T € [0, 1]

Now, we will consider the function f(x) = 23 —1.32% + 0.472 — 0.035. For this function,
for n = 30 we have obtained the following graphical process, using Wolfram Mathematica
software:



194 Bianca Ioana Vasian
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