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Inertial split projection and contraction method for

pseudomonotone variational inequality problem in Banach
spaces

ROSE MALULEKA!, G. C. UGWUNNADI"?2, M. APHANE!3, H. A. ABASS! and A. R.
KHAN?

ABSTRACT. In this article, we introduce a Halpern iterative method together with an inertial projection
and contraction method for finding an approximate solution of variational inequality problem involving pseu-
domonotone mapping which also solves split common fixed point problem of Bregman demigeneralized map-
ping and Bregman strongly nonexpansive mapping in the framework of p-uniformly convex and uniformly
smooth real Banach spaces. Using our iterative method, we establish a strong convergence result for approxi-
mating the solution of the aforementioned problems and state some consequences of our main result. The result
discussed in this article extends and complements many related results in the literature.

1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Banach space E and let E* denote
the dual space of E. The Variational Inequality Problem (in short VIP) is to find € C
such that

(11) <Axay - IZ’> Z Oa Vy € Oa

where A : C — E* is a nonlinear mapping. We denote by VI(C,A) the set of solutions of
(1.1).

Variational inequality theory introduced by Stampacchia and Fichera [24, 36] indepen-
dently, in early sixties in mechanics and potential theory respectively provides the natu-
ral, unified and efficient framework for a general treatment of a wide class of unrelated
linear and nonlinear problems arising in elasticity, economics, transportation, optimiza-
tion, control theory and engineering sciences (see [9, 10]).

The development of variational inequality theory can be viewed as the simultaneous pur-
suit of two different lines of research. The first aspect reveals the fundamental facts on
the qualitative behavior of solutions to important classes of problems. On the other hand,
it allows us to develop highly efficient and powerful numerical methods to solve, for in-
stance, obstacle, unilateral, free and moving boundary value problems.

In 1985, Pang [34] showed that a variety of equilibrium models, for example, the traffic
equilibrium problem, the spatial equilibrium problem, the Nash equilibrium problem and
the general equilibrium programming problem can be uniformly modelled as a VIP. It is
well-known that VI(C, A) is equivalent to the fixed point problem:

find " € C such that 2™ = Po (2" — 7Ax™),
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where 7 is any positive real number and Pc is a metric projection onto C. Recently, many
methods have been applied for finding VI(C, A), (see [2, 5, 7, 12, 13]). The simplest one
is the projection method, which is called the Gradient Projection Method (in short, GPM).
The basic idea of extending the GPM for solving problem of minimizing f(z) subject to
x € C'is given by

(1.2) Tni1 = Po(xn — an 7 f(zn)), n >0,

where {w,} is a positive real sequence satisfying certain condition and V f is the gradient
function. An immediate extension of the method in (1.2) is the GPM which requires sub-
stituting the gradient function with operator F' so that we can generate a sequence {z, }
in the following manner:

Tp+1 = Po(zn — anFay), Vn > 0.

However, the convergence of this method requires a slightly strong assumption that the
operators are inverse strongly monotone or strongly monotone. In order to relax this
condition, Korpelvich [29] and Antipin [6] proposed the Extragradient Method (in short
EM) in finite dimensional Euclidean spaces for a monotone and L-Lipschitz continuous
mapping A as follows:

g€ C, >0,
(1.3) Yn = Po(x, — TAxy),
Tpy1 = Po(xn — TAY,), Yn > 1,

where 7 € (0, 1). The sequence {z,} generated by EM (1.3) converges to an element of
VI(C,A) provided VI(C, A) is nonempty. It should be noted that in EM, one needs to
calculate two projections onto the feasible set C' in each iteration. If the set C' is not so sim-
ple, then the EM becomes very difficult and its implementation is costly. In addition, the
convergence of the method (1.3) requires prior estimate of the Lipschitz constant which
is often difficult to estimate and we emphasize that the stepsize defined by the process is
too small and reduces the convergence rate of the method. To the best of our knowledge,
there are some methods to overcome these drawbacks. The first one is the subgradient ex-
tragradient method (SEGM) proposed by Censor et al. [13], in which the second projection
onto C is replaced by a projection onto a specific constructible half-space. Their method is
of the form:

Yn = PC(xn - TFxn)7
(1.4) T,={we€H: (r,—T7Fxy — yn,w —yn) <0},
Tn+1 = PTn(xn - TFyn)a vn > Oa

where 7 € (0, 7).

The second one is the method proposed by Tseng in [38]. His method is of the form:

(1 5) Yn = PC(In - TFl‘n),
' Tnt1 = Yn — MNPy, — Fx,), Vn >0,

where 7 € (0, 7).
The third one is the projection and contraction method (PCM) proposed by He [25] for
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solving VIP. The PCM can be summarized as follows:

o € H,

Yn = Pc(l'n — TF.TTL),

AT, yn) == (Xn — Yn) — T(Fxy, — Fyy),
Tn+1 = Tn = Vnd(Tn, Yn), V0 20,

(1.6)

where v € (0,2),7 € (0,1) and

Tn = M7 (Wn, Yn) = (Wn — Yn, d(wn,Yn)), V0 = 0.
It is worth mentioning that the SEGM, TM and PCM described above need only to calcu-
late one projection onto C' in each iteration which may improve the performance of the
algorithms. Also, the SEGM, TM and PCM have received great attention by many au-
thors, who improved it in various ways (see [2, 7, 13, 14, 18, 21, 22, 23, 27, 28, 38] and
the references contained in). We emphasize that the first two methods (SEGM and TM)
have been considered by authors extensively in the settings of real Hilbert and Banach
spaces,but no result on PCM in the literature can be found in the framework of Banach
spaces.
Question: Can we employ the PCM for solving VIP in the setting of Banach spaces?
One of the best ways to speed up the convergence rate of iterative algorithms is to com-
bine the iterative scheme with the inertial term. This term which is represented by 6,,(x,, —
Zn—1), is a remarkable tool for improving the performance of algorithms and it is known
to have some nice convergence characteristics. Thus, there are growing interests by au-
thors working in this direction (see [1, 2, 3, 4, 17, 26]). The idea of inertial extrapolation
method was first introduced by Polyak [35] and was inspired by an implicit discretiza-
tion of a second-order-in-time dissipative dynamical system, so-called "Heavy Ball with
Friction”.

(1.7) v"(t) + ' (8) + v f(v(t) =0,

where v > 0 and f : R® — R is differentiable. System (1.7) is discretized so that, having
the terms z,,—; and z,,, the next term z,; can be determined using

Tp—1 — 2wn + Tp—1 Tp — Tn

(1.8) 5 17— L+ Vf(za) =0, n>1,
where j is the step-size. Equation (1.8) yields the following iterative algorithm:
(1.9) Tn+1 :xn+ﬁ(xn_xn—l)_QVf(xn)7 n>1,

where 8 =1 —v;,a = j% and B(z,, — z,—1) is called the inertial extrapolation term which
is intended to speed up the convergence of the sequence generated by (1.9). Alvarez and
Attouch [8] also employed the inertial extrapolation method to the setting of a general
maximal monotone operator using the proximal point algorithm (PPA), which is called
the inertial PPA, and is of the form:

{yn =Tn + en(xn - xn—1)7

1.10
( ) Tnt+1 = (I+TnB)7lynvn > 1.

They proved that if {r,,} is non-decreasing and {6, } C [0, 1) with

(1.11) Zannxn - In—l||2 < 0,

n=1
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then the iterative Algorithm (1.10) converges weakly to a zero of B. More precisely, con-
dition (1.11) is true for 0,, < % Here 0,, is an extrapolation factor.

Very recently, Dong et al. [23] proposed an inertial projection and contraction method
(IPCM) of the form:

xo,r1 € H,
Wy = Tp + an(xn - mn71)7
(1.12) yn = Po(w, — TFw,),

d(wn7y7z) = (wn - yn) - T(Fwn - Fyn)v
Tpp1 = Wy — YMnd(Wn, Yn), V1 >0,

where v € (0,2), 7 € (0, 1) and

- (g Bt 0

(1.13) .
Oa if d(wna yn) = 07

where ¢(wy,, yn) = (Wn, — Yn, d(wy, yn)). Under suitable conditions, they established that
the sequence {z,, } generated by (1.12) converges weakly to an element of VI(C, F'). In the
setting of Banach space, several authors have modified the inertial extrapolation method
without the computation of the difference between the norm of the two adjacent iterates
xn and z,_1. Approximating solutions of different optimization problems with inertial
extrapolation method using either viscosity and Halpern method in the setting of Banach
space requires the modification of inertial term due to the geometry of the space (see
[3, 7, 33, 37] and the references contained in). The only case where the inertial term is
not modified is when the hybrid and shrinking methods are employed in the setting of
Banach space, (see [2, 17, 26]). To the best of our knowledge, there is no result on inertial
extrapolation method without modification using Halpern method in the setting of Ba-
nach spaces.

Question 2: Can we introduce an inertial Halpern method without the computation of
the difference between the norm of the two adjacent iterates z,, and z,_; for finding the
solution of VIP in the setting of p-uniformly convex real Banach space which are also uni-
formly smooth?.

Motivated by the results of [6, 14, 21, 22, 28, 38] and other related results in literature, we
proposed a Halpern inertial iterative algorithm with projection and contraction method
for approximating the solution of split variational inequality problem involving a pseu-
domonotone operator, fixed points of Bregman demigeneralized mapping and Bregman
strongly nonexpansive mapping in the setting of p-uniformly convex real Banach space
which is also uniformly smooth. Using our iterative method, we establish a strong con-
vergence result for approximating the solution of the aforementioned problems. We em-
phasize that our iterative method is design in such a way that it does not require prior
knowledge of the operator norm. We present some numerical examples to show the effi-
ciency of our result. The result green discussed in this paper extends and complements
many related results in the literature.

We state some known and useful results which will be needed in the proof of our main
theorem. In the sequel, we denote strong and weak convergence by “—” and ”"—". re-
spectively.
Let E be a Banach space with the dual E*. An operator A : E — E* is said to be p — L-
Lipschitz, if

Az — Ay|| < Ll|lz —y|[’ YV, y € E,
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where L > 0 and p € [1,00) are two constants. If p = 1, the operator A is said to be L
-Lipschitz.
Let C' C E be a nonempty set. Then a mapping A : C — E* is called

(a) monotone on C, if (Ax — Ay,x —y) > 0forall z,y € C;

(b) pseudomonotone on C, if forall z,y € E, (Az,y —z) >0 = (Ay,y —z) > 0;

(c) weakly sequentially continuous if for any {z,} C C such that z,, — x implies
Az, — Ax.

Let E be a real Banach space and f : E — R. Then f is called:

(i) Gateaux differentiable at + € E, denoted by f’'(z) or Vf(z), if there exists an
element y of F, such that

i L& 1Y) = f(2)

t—0 t

=(y,f'(x)), Vy € E.

f is Gateaux differentiable on F if f is Gateaux differentiable at every « € E;
(ii) weakly lower semicontinuous at € FE, if ;, — « implies f(z) < likm inf f(zk).
—00

f is weakly lower semicontinuous on E, if f is weakly lower semicontinuous at
everyr € I.

Let K(E) := {x € E : ||z|| = 1} denote the unit sphere of E. The modulus of convexity is
the function dg : (0,2] — [0, 1] defined by

se( =int {1- 125 oy € ke, o -yl 2 )

The space E is said to be uniformly convex if 6g(e) > 0 for all e € (0,2]. Letp > 1.
Then FE is said to be p-uniformly convex (or to have a modulus of convexity of power
type p) if there exists ¢, > 0 such that dg(€) > c¢pe? for all e € (0,2]. Note that every
p-uniformly convex space is uniformly convex. The modulus of smoothness of E is the
function py : RT := [0, 00) — RT defined by

px(T) = sup{||x+7-y|| ;— Iz = 7yl —1l:xz,y€ K(E)}

The space F is said to be uniformly smooth if p%m — 0as7 — 0. Let ¢ > 1. Thena
Banach space FE is said to be g-uniformly smooth if there exists k, > 0 such that pg(7) <
kqT? forall 7 > 0. It is known that F is p-uniformly convex if and only if £* is g-uniformly
smooth, where p and g satisfy | + ¢ = 1, (see [19]).

Let p > 1 be a real number, the generalized duality mapping JZ : E — 2" is defined by
Jy (@) ={T € B* : {2,7) = ||z||", |[=]| = [l«|"~"},

where (.,.) denotes the duality pairing between elements of E and E*. In particular, if
p = 2, then J¥ is called the normalized duality mapping. If E is p-uniformly convex and
uniformly smooth, then E* is g-uniformly smooth and uniformly convex. In this case, the
generalized duality mapping JZ is one-to-one, single-valued and satisfies J¥ = (JF")~1,
where JE is the generalized duality mapping of E*. Furthermore, if E is uniformly
smooth, then the duality mapping J is norm-to-norm uniformly continuous on bounded
subsets of E, (see [20] for more details).



104 Rose Maluleka, G. C. Ugwunnadi, M. Aphane, H.A. Abass and A. R. Khan

If f: E — (—o00,+00] is a proper, lower semicontinuous and convex function, then the
Frenchel conjugate of f denoted by f* : E* — (—o0, 4] is defined as

f (x*) =sup{(z*,2) — f(z) :x € E, " € E*}.
Let the domain of f be denoted by domf = {x € E : f(x) < +o0}. For any z € int(domf)
and y € E, we denote and define the right-hand derivative of f at = in the direction of y
by

. +ty) — f(@)

0 -1 flz )

fa,y) = lim ,

Definition 1.1. [11] Let f : E — (—o00, +0o0] be a convex and Gateaux differentiable func-
tion. The function Ay : E x E — [0, +00) defined by

(1.14) Af(z,y) = fly) = f(2) = (Vf(2),y — )

is called the Bregman distance with respect to f, where (Vf(z),y) = f°(x,y).

It is well-known that Bregman distance function Ay does not satisfy the properties of a
metric function, because Bregman function Ay fails to satisfy the symmetric and triangu-
lar inequality properties. Moreover, it is well- known that the duality mapping J” is the

sub-differential of the functional f,(.) = %||| [P for p > 1, (see [16]). Using (1.14), one can
show that the following equality called three-point identity is satisfied:

(1.15) Ap(x,y) + Dply, 2) = Ap(a,2) = (I, (2) = T (y),z —y), Va,y,2 € E.
In addition, if f(z) = }[[z[[?, where & + ¢ = 1, then we obtain
1 p 1 p E
Ap(z,y) = Ap(z,y) = ];||y|| - 1;||$|| —(y—=,J, (2))
1 1
= —llyll? = =ll=l” = (v, J; () + (@, T (2))
p p
1 1
= —|lylIP = =||z||” = (y, JE (x)) + ||=||
p|| | p|| 17 =y, Jp (x)) + |||
1 1
(1.16) = ];||y||p + §||$||p —{y, I (x)).

LetT : C — C be a nonlinear mapping,

(i) a point p € C is called an asymptotic fixed point of T', if C contains a sequence
{z,,} which converges weakly to p such that li_>m |ITx,, — z|| = 0. We denote by

F(T) the set of asymptotic fixed points of T;

(ii) T is said to be Bregman relatively nonexpansive, if
F(T)=F(T) # 0and A (u, Tz) < Ap(u,z), Vo e C, ue F(T).
(iii) 7 is said to be Bregman firmly nonexpansive mapping (BFNE) if
(J (Tz) = JJ(Ty), Tw = Ty) < (J;/(2) = Iy (y), Tz = Ty), Va,y € C,

(iv) T is said to be Bregman strongly nonexpansive mapping (BSNE) with F'(T) # 0 if

Ap(y. Tz) < Ay(y,x), Vy € F(T)
and for any bounded sequence {z,},>1 C C,

Jim (Ap(y, 2n) = Bp(y, Tn)) = 0
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implies

lim A,(Tz,,z,) =0.

n—oo

Let C be a nonempty, closed and convex subset of E. The metric projection
Pox :=argmin||z —yl||, z € E,
yeEE
is the unique minimizer of the norm distance, which can be characterized by a variational
inequality:
(1.17) (Jo(x — Pex),z — Pex) <0,VzeC.
Also, the Bregman projection from E onto C denoted by Il satisfies the property
(1.18) Ay(z,IIo(z)) = 122 Ay(z,y), Vo € E.
v

[19] Let C be a nonempty, closed and convex subset of a p-uniformly convex and uni-
formly smooth Banach space F and « € E. Then the following assertions hold:,
z = Il if and only if

(1.19) (Jo(x) —Jo(2), y—2) <0, Vy e C;
and
(1.20) Ap(Moz,y) + Ap(x,Hex) < Ap(x,y), Yy € C.

We now give some results that will help us in the proof of our main theorem.

Lemma 1.1. [15] If E is a p-uniformly convex Banach space with p > 2, then there exists K > 0
such that for all x,y € E, the following inequalities hold:

12y (@) = Th(w)w = y) = Kllz -yl
and

1\ _
(122) le=ull < ()77 I195@) — Tp@I[ .

Lemma 1.2. [16] Let E be a Banach space and x,y € E. If E is g-uniformly smooth, then there
exists Cy > 0 such that

[ =yl < |21 — ¢(JE(®), y) + Collyll?.

Lemma 1.3. [39] Let E be a p-uniformly convex Banach space, the metric and Bregman distance
have the following relation for all x,y € E

(1.23) mllz =yl < Ap(w,y) < (z -y, Jp(z) = Jpy),
where 7, > 0is a fixed number and for any q > 1, if % + % =1, by Young’s inequality, we have

1

(Je(@),y) < [ITp@)lllyll 5HJ§($)II‘1 + %Ilyll”

IN

1 1
= Z(||lgllp? 4 Zly|P
q(ll =) pll I

1 1
(1.24) = el + Syl
q p
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Lemma 1.4. [16] Let ¢ > 1 be a fixed real number and E be a smooth Banach space. Then E is
q-uniformly smooth if and only if there exists a constant Cy such that for all z,y € E, we have
(1.25) |Z22)" 2 Sl + Sl — 270C )1z — e
Putting v = u —vand y = u + v in (1.25), we get for all u,v € £
1.26)  ju—[|" < 2(||ul|” + Col[v]|?) = [[u+v[|* < 2([[u||* + Cy[|v]]7).
Lemma 1.5. [40] Let E be a real p-uniformly convex and uniformly smooth Banach space. Let
Vp: E* x E — [0, 400) be defined by

V(o) = éux*nq — (o*3) + %Hm”p, Ve B e

Then the following assertions hold:

(i) V,, is nonnegative and convex in the first variable.

(ii) Ap(.]f*(:v*),x) =Vp(z*,z), Ve e E, * € E*.

(iii) V,(z*, ) + <y*7Jf* (x*) —z) < Vp(z* +y*,2),Va € E, a*,y* € E*.

Lemma 1.6. [19] Let E be a real p-uniformly convex and uniformly smooth Banach space. Sup-
pose that {x,, } and {y,, } are bounded sequences in E. Then nh_}rr;o Ap(Tn,yn) = 0implies 7}1—>H;o [|zn—

Definition 1.2. [42] Let C be a nonempty subset of a p-uniformly convex (0 < p < o0)
and uniformly smooth real Banach space E. A mapping T : C' — E is called §—Bregman
demigeneralized type with respect to p, if F/(T') # () and there exists a real number ¢ such
that

(1.27) Ap(z,Tx) < 0(J%(z) — Jp(Tz),z — ")V x € E, ¥ € F(T).
Lemma 1.7. [42] Let C be a nonempty subset of a p-uniformly convex and uniformly smooth real

Banach space E. Let T : C — E be a §—Bregman demigeneralized type mapping with 6 € R.
Then F(T) is closed and convex.

Lemma 1.8. [30] Let E be a real reflexive Banach space and C a nonempty, closed and convex
subset of E Let A be a continuous pseudomonotone mapping from C into E*. Then, VI(C, A) is
closed and convex. Furthermore, z* € VI(C, A) if and only if (Ax,x — z*) > 0 forall z € C.

Lemma 1.9. [41] Let {a,,} be a sequence of nonnegative real numbers, {cv, } be a sequence of real
numbers in (0, 1) with condition:

> an=os

n=1

and {by, } be a sequence of real numbers. Assume that
ant1 < (1 —ap)an + agby,¥n > 1.

Iflimsup by, < 0 for every subsequence {a., } of {a,} satisfying the condition

k—o0

liminf(an, +1 — an,) > 0,
k— o0
then lim a,, = 0.
n—oo
In the sequel, we assume the following hold.

Assumption 1.1.  (Cl) E; and E; are p—uniformly convex real Banach spaces which are also
uniformly smooth and C'is a nonempty closed and convex subset of E.
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(C2) A:C — EY is pseudomonotone and (p — 1) — L—Lipschitz continuous on E;.

(C3) A isweakly sequentially continuous, that is for any {x,,} C E, we have x,, — x* implies
Ax, — Azx*.

(C4) B : Ey — Eyis a bounded linear operator with adjoint B* : E5 — E{ and S : Ey —
Es is a §&— Bregman demigeneralized type mapping which is demiclosed at 0 such that
F(S) # 0, where & € (0,00) with ¢ > 1 —1n, 1 € (~o0,0and T : By — By isa
Bregman strongly nonexpansive mapping.

(C5) {un} is a positive sequence in (0, %), where m, is defined in (1.23), p, = o(aw),
where o, is a sequence in (0,1) such that lim o, = 0and 3 o, = oo, and {B,},
n— o0

n=1
{vn} are sequences in (0,1) such that oy, + By + v = 1, B € (a,b) C (0,1) and
Y € (¢,d) C (0,1) forall n > 1.
(C6) Denote the set of solution by T := SOI(A,C)N B~ (F(S))NF(T) and is assumed to be
nonempty. Then I is closed and convex.

Next, we introduce an inertial extrapolation with projection and contraction method for
finding common solution of fixed point problem and pseudomonotone variational in-
equality problem:

Algorithm 1.2. Initialization: Choose x¢, 1 € E1 to be arbitrary and 6 € (0, 7,), K* > 0.

Iterative Steps: Calculate 41 as follows:

Step 1. Given the iterates x,,_ and x,, for each n > 1, 6 > 0, choose 0,, such that 0 < 6,, < 0,
where

min{0, HJg(zn)—M;g(rn_ﬂH booif an # T,
(1.28)

S
3
I

0, otherwise.

Step 2. Compute

Yn = JJ?E; [ng (n) + ‘gn(ng (zn) — ng (zn-1))],
(1.29) { Wy, = HC(J%T [T, (Yn) — TA(Yyn)]).

If wy, = y, for some n > 1, then stop and is a solution of the problem (VIP). Otherwise

go to step 3.
Step 3. Compute
(1.30) Un = JJ%;‘ [ng (Yn) — Pn']gl (dn)],
' dn = T (Jg, (yn) = i, (wn) = 7(A(yn) — Awn))).
where
Jp n Jp n 4
(1.31) pi~t = K* 15,y > i, ol , if dp, # 0; otherwise p, =0
|75, dnll
(1.32) and (Jg dn,Yn — wn) > K*||Jg yn — 5, wn|l?.

Step 4. Compute

{ 2 = T (T, (00) = A B* (T3, (Bun) — T3, (S(Bva))))

(1.33) (andB (u) + (1 — an) 5 (Tzn)),

_ 749
Tp+1 = JEl
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where, for any fixed € > 0, the step Xy, is chosen as follows:

Tpq||Bvy, — SBuy,||P T
Co€lIB* (I, (Bun) — J5,(SBuy))[|* 6) ’

if Bv,, # SBu,, otherwise \,, = (A > 0). Set n := n + 1 and return to Step 1.
Lemma 1.10. Ify, = w,, or d,, = 0 in Algorithm 1.2, then y,, € VI(C, A).

(1.34) 0<e<r <

Proof. Since Ais (p—1) — L— Lipschitz continuous with constant L > 0, from (1.30), (1.22)
and (1.26), we get

Hngdan = ||J§‘1yn - ngwn - T[Ayn - Awnmq

< 2(I18, 9 — T, wall? + Cor|| Ayn — Aw, )
< 2T, yn — T wnl[ 4 2C, L [yn — w, || 77D
1\¢
< 208,50 — JBwnll? + 20,772 (22 ) 178, yn — JB, wnl 1
TLN\4
(1.35) = 2<1+Cq(?> )Hngyn—ngwan.
Also
g, dull” = |5, yn — T, wn — 7[Ayn — Awy]||?
> 27| T, yn — T, wal|” — Cqr?| Ay — Aw,||?
> 27 |G, yn — T, wal|? = Cyr? Ly — wn]| PP
_ p q
> 27|,y — T wal” = CarL? (5 ) 118,y — TG, wnll”
1 TL\4 )
(1.36) = (5-6u(5) ) 1B,un = I wall”.
Combining (1.35) and (1.36), we obtain
(1.37)
1 arq 1 1 é 14 P P arq 1 1 é 14 P
(5-Cor2?(52) ) 1B, um—TB, wal <178, dall <2(1+Cy7 L9 (7)) 1178, g — T8, wal

thus, ng Yp = ng Wy, = Yn = W, if and only if ng d,, = 0. Hence, if y,, = w, ord,, = 0,
we get
Yn = PC'(yn - TAyn)'
O

Lemma 1.11. Let {z,,} be the sequence generated by Algorithm 1.2 under Assumption 1.1. Then,
{zn} is bounded.

Proof. Let 2* € T, since w,, € C, it follows that (Az*, w,, — 2*) < 0, thus by pseudomono-
toncity of A, we get

(1.38) (Awp, w, — ") <0.

Also, by definition of wy,, i.e. wy, := ¢ [J§ (Jp, yn—TAy,)], letting J5, by = Jp, yn—TAyn,
then w,, = Il¢z,, by (1.19), we get

(ngzn — ngwn,wn —z*) >0
which implies
(1.39) (T, Yn — TAYn — Jp, Wn,y wp, — %) > 0.
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Combining (1.38) and (1.40), we obtain
(T, yn — I, wn —

Hence

(1.40)

7(Ayy, — Awy), wy,

<J§dn7 Wn —
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—z*) > 0.

x*) > 0.

Now, by Lemma 1.2 and 1.5, and relations (1.31), (1.32), (1.40), (1.22) and (1.23), we get

A;D(Umx*) = Ap(‘]gjl* (ngyn - Pnngdn)ax*)
= V;)(ngyn —Pnngdn,JC*)
1 * 1 *
= 6”*]%1%1 - Pnng (dn)||* = <J§1yn - pnjgl (dn), ") + —||z*[|P
1 _
< 6||Jg1yn”q_pn<‘]gldmyn>+qu Hlpn T g, dnl |
* * 1 *
—<J§1yn,x >+pn<']§1dmx )+ =2 |)P
= V:D(ngyna x*) — %(ng (dn)syn — %) + qu_alnng (dn)[?
= Ap(ymx*) - pn<J§1 (dn)s Yn — wn> - Pn<J]Z;“1 (dn)vwn — ")
+Cqa ™ |pnJ 5, (dn)[]?
< Ap(Yn,T) — anHJg Yn — ngwan + qu_alnng (dn)]?
< Ap(yn,a") — HPnng( N+ Coa™Hlpn T, (dn)]|?
= Dp(yn: ") — (1= Coq Hllpnd g, (dn)||
(1.41) = Dp(yn,a") = (1= Coq | Tp,yn — Jp, vl

From Bregman identity (1.15), we get

(1.42) Ap(Yn, ™) = Ap(xpn, ™) —

A;D(xnvyn) + <J§1yn -

4
JElemyn -

Since we have y,, = ‘%El (Jp, Tn 4 O0n(Jp, Tn — Jg n_1)), it follows from (1.23), (1.24) and
(1.28) that
(ngyn—ngxn,yn—x*> < ||J§1yn_‘]§1xn||||yn_1’*||
Ol T3, 20 — T3, 0 Iy — 2
1 *
< OnllJE, 2 — Jp, ol E\Iyn—x "+ -
0, _ .
= ?HJﬁl%*Jﬁxn—llH?” Ylen = yal? + [Jan — 2*|P)]
+0—n|\J” Ty — I8 T 1|
q E tn E4 n—1
22, Fin
(1.43) < (A Ty yn) + A xn,x*)Jr—.
(8w ) + Bylana”)) +
Combining (1.42) and (1.43), we get
or=1y, 201y, Pin
144) A, (yn,z™) < (1+ )A Ty, 2" 7(17 )A T, Yn) + —.
o 0n>2°) ) ay (e, a) L) Ay ) +



110 Rose Maluleka, G. C. Ugwunnadi, M. Aphane, H.A. Abass and A. R. Khan

Indeed from the definition of (z,), Lemma 1.2 and 1.5, and relations (1.23) and (1.2), we
get

Ap(zp, ™) = AP(J%l(JI%l (vn) — )\nB*(JI’iJ2 (Buy) — J§2 (SBuvy))),x")
= VP(ng (vn) — /\nB*(JfEQ (Bun) — J§2 (SBuy)),z")
1

= Sl = (J, (vn) = An B*(Ji, (Bun) = Jig, (SBun)), %)

1
+6|IJ§1 (vn) = AnB*(Jig, (Bon) — Jg, (SBun))[|*

1 * * * * 1
Sl 1P = (JE, (vn), 27) + An (B"(J, (Bun) — J, (SBva)), @ >+6[|\J§1(vn)l|q

IA

“Ang(B"(Jig, (Bvn) = Jig, (Sbun)), vn) +Co AL | B (g, (Bun) — J§2(53vn))llq}

1, 1 . .
= ];Ilm |1+ gllvn\lp — (I, (vn), @) = A (IR, (Buy) — Jp, (SBvy), Bu, — Ba™)

)\
Cq 8|\ B* (5, (Bu,) — JE, (SBu,)||?

< prn,x*)—%%(vaswvn)) Cj"HB (I8, (Buy) — J%, (SBuy))||"

qg—1
(145) < Ap(vp,z")—An (7?|BU7L_SBU7L||p_Cq}(;n

15, (Bon) ~JE, (SBu ).

On the other hand from the step size A, in (1.34), we have

/\%—1 < quHan — SBuy|[?
= Cyl|B* (g, (Bun) — Jg, (SBuy))| |7

— €,

if and only if
(1.46)
eCy|IB*(J8, (Bv,)— T, (SBu,))| s%\an—SanHp—Azfcqu*ugz (Bun) — J5, (SBuy))||.

Thus with left side of A,, in (1.34) and together with (1.46), we get

2
%HB*(J&(B%)—J&(San))Hq < Aff"HB (2, (Boy) — T2, (SBu,)| |7

< )\n[ll\an) — (SBw,))|”

71
(1.47) qu 1B*(J8, (Bua) — J3, (SBua))|[1).

Combining (1.45) and (1.47), we obtain

2
(1.48) Ap(zn, ") < Ap(vn,z¥) — %HB*(J&(BU,L)—J%Q(San))Hq.

Hence, combining (1.41), (1.44) and (1.48), we obtain

2y 2y 7
Ay(zp, %) < <1+ n)A Ty, x” —(1— n)A T, Yn +—n
oo 7°) L) Ay ) L) Ay )
e2C

(1.49) —(1 = Cog™ IIE,yn — I, vnl|” = —2||B* (I3, (Bun) — J3, (SBua)) ||,
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Since, from (C5) taking ¢ € (O, 2’;%), there exists n € N such that foralln > N

7L2p_1
K < apC.
Py
For some constant M > 0, it which follows from (1.49) that
(1.50) Ap(zn,z") < (14 anQ)Ap(xn, ™) + anM.

Using the definition of (z,,41), (1.50) and the fact that T" is a Bregman strongly relative
nonexpansive mapping, we obtain

Ap(Tpyr1,2") = Ap(Jq [anJp u+ (1= an)Jp T2, 27)
< anAp(u,x )+ (1 — o) Ap(Tzp, %)
(1.51) < anAp(u, ) + (1 — an)Ap(zn, z*)
< anAp(u, ) + (1= an)[(1 + anl)Ap(zn, ) + oy, M]
< apAp(u, ™) + [1— an(1 = O)Ay(Tn, ") + e, M

Ap(u,z*)+ M
1-¢

|
fay

- O‘n(l - C)]Ap(xnax*) + an(l - C)

Ap(u,x*) + M
1-¢ }

IN
8
3

max{Ap( x*),

< max{Ap(xN,x*),W}.
By induction, we get
Ap(zy, ") < max {Ap(xN,m*), W}, foralln > N.

This implies that {A,(z,,z*)} is bounded. From (1.23), we know that m, ||z, — z*||P <
Ay (2n,z*), so {z,} is also bounded. Hence {y,}, {v,},{w,} and {z,} are bounded. Fur-
thermore, combining (1.49) and (1.51), we get

Ap(@nt1,p) < anAp(u, ) + (1 = an)Ap(zn, %) — (1 — anQ)Ap(@n, yn) + M
_ ECq | s
(1= Cog N5, un — Tiyvall? - TQHB (I, (Bun) — Jg, (SBvy))||.

Thus
(1.52) U, <Ap(xn,x%) — Ap(Tpy1, ™) + an My,

€2 *
where ¥, := (1 — an()Ap(Tn, yn) + (1 - qufl)l\ngyn - ngvnnq + %HB (J§2 (Bun) —
Jg, (SBvy,))||? and My := sup {Ap(z,,z*), M}. O
n>N

Theorem 1.3. The sequence {x,,} generated by Algorithm 1.2 converges strongly to a point x* €
T', where x* = I1u.

Proof. Claim 1. Let {y,} and {w,} be sequences generated by Algorithm 1.2 under As-

sumption 1.1. If there exist subsequences {y,, } and {w,, } of {y,} and {w,}, respectively

such that {y,, } converges weakly to a point say z in H; and klim [|Wn,, — Yn, || = 0, then
— 00

2 e VI(C,A).
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Claim 2.

Ay(rnra®) < [ - an(l = QA (")
(1.5 Fan(1 =01 =07 (T8, (0) = 5, (&), 2 =) + 12 )|

Indeed, using Lemma 1.5 (ii), (iii), (1.49), (1.50) and p,, = o(ay,) in (C5), we get

Ap(Tni1,z%) = Ap(‘]%l* (anng (u) +(1— an)ng (zn)), ")

= Vp(amJg, (u) + (1 = an)Jg, (2n),27)

< VolanJg, (u) + (1= an) T, (2n) — an(Jg, (u) = Jg, (27)),27)
— (i (and g, (u) + (1 = an) S, (2n)) — &%, —an(Jp, (v) = J, (7))
V(T (20) + (1= )T, (), %) + nTB, (1) — JE, (211 — 20)
8y (T8 (@ + (L= an) T8, (), ") + an (T, () — T, (0 2 — )
anAp(z”, ") + (1 = an)Ap(2n, 2") + an(Jg, (u) — Jg, (@7), 2p1 — 27)

(1= (1- A (w2401 [(1-0) 7 (18, () = T8, @) =) + 2],

n

IN

IN

Claim 2. {A,(z,,z*)} converges to zero. That is by Lemma 1.9 and Claim 3, we re-
quire only to show that limsup(Jg, (u) — Jp, (2*), &n, 41 — 2*) < 0 for every subsequence
k— o0

—
{Ap(xn,,z*)} of {Ap(xy, x*)} satisfying

likminf(Ap(znk+1,z*) — Ap(wn,, ")) > 0.
—00

Now, suppose that {A,(z,,,2*)} is a subsequence of {A,(x,,2*)} such that
1ikm inf(Ap(@n,+1,2") — Ap(zn,,2*)) > 0. Then from (1.52), we get
— 00

limsup¥,, < Uminf[Ay(zn,,2") — Ap(@n,+1,2") + o, M)
k—o0 ’ k—o0 ’
< limsup[Ay(zn,, ") — Ap(zn,+1,2™)] + limsup oy, Mi
k— o0 k— o0
< —liminf[A,(2n, 4+1,2%) — Ap(zp,, 2")] + limsup oy, My
k—o00 ' k=00 '
< 0.
This implies that

lim ¥,,, =0,
k—o0

where U, := (l_anOAP(znkaynk)+(1_qu71)||J§1yn_‘]g1”n||q+%||B*(J§2 (Bon,,)—
Jg, (SBuvy,))||?. Hence
(154) Jim Ay ) = |75,y 3, vl |= Jim |1 (5, (B )~ I3, (SBun, )| =0

Thus, we obtain from (1.54) that

(1.55) ([, =y, || = lim [fyn, —on, || =0,
—00 k— o0

which implies that

(1.56) lim ||z, — vn, || =0.

k— o0
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Since S is {—demigeneralized mapping, by (1.23) and for some M; > 0, we get

|B*(Jg, (Bvn,) — Jg, (SBon))[|M2 = ||B*(Jg, (Bon,) — Jg, (SBv,))|ll v, — 7]
2 <B*(J§2<ank)_ng(Sank))7Unk _$*>
= <J§2(ank)7J§2(Sank)vank 7B$*>

1
> EAP(ank’SBU"k)
> Zl\Bun, = SBun|P"
it follows from (1.54) that
(1.57) lim ||Bvy, — SBuy, || = 0.

k—o0

By the definition of (z,) and (1.54), we get
0 < ||J§12nk - ngvnk ||

< Anl|B(JE, (Bon,) = Jig, (SBup )|l = 0

as k — oo, relying on the fact that Jf, is norm-to-norm uniformly continuous on bounded

subset of E;, we obtain

(1.58) leIEOHzM —vp, || =0.

Combining (1.56) and (1.58), we get

(1.59) klgrolo||znk — Zn, || = 0.

Using (1.50), we get

Ap(zn, ") — Ap(Tzp, %) = Ap(2n, ") — Ap(Zpg1, %) + Ap(@ny1,27) — Ap(Tzp, )

< Ap(zn, ") — Ap(@ns1, %) + anAp(u, z¥)

+ (1 — an)Ap (T2, ") — Ap(T2p, ™)

<A+ an)Ap(Tn, ") + M — Ap(zpi1,2%) — anAp(Tzy, x¥)
=[Ap(@n, ") = Ap(@nt1, 27 ) +n [(Ap(Tn, %)+ M = Ay (T2, 27)]

it follows that
li]1€n sup[Ap(zn,, ) — Ap(Tzp,, %)) < liin sup[Ap(zn,, ) — Ap(Tnet+1,2")]
o0 i— 00
K —i—lig;sup n, [CAp(zp,, ) + M — Ay (T2, , ")

< lminf[A, (e, 0.0) - Ayl o)
< 0

hence

(1.60) kh_{go[Ap(anx*) — Ap(Tzy,,z")] =0.

Thus, by the definition of 7', we obtain

(1.61) kli_)n;OAp(Tznk,znk) =0.

Therefore

(1.62) leII;OHTan — zn, || = 0.
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Indeed, from (1.33) and (1.61), we get

Ap(Tng+152n,) < i Ap(u, 20, ) + (1 — an ) Ap (T2, 20, ) = 0,
as k — oo, hence
(1.63) lim ||, 41 — 2n, || = 0.
k—o0
Combining (1.59) and (1.64), we get
(1.64) lim ||, 41 — Zn, || = 0.
k—o0

Furthermore, from (1.31), we get

P T, dnll”  Nlpnd g, dnll® |75, vn — Ji, ynll®
1.65)[|J2 yp — J2 wp||? = . _ . _ B, 1
(1M, = 5, ol K- Ko K,
And by (1.35), we get
166 18,90 = T, w1 1
: P = T
||, dn|? 2(1—1—6}(%) )
Therefore, we get
qg—1 _ K*ngly" - ngwan K
Pn 175, dalle = L)’
B S (7))
thus
q
. L G (@) )y
(1.67) () =

Combining (1.65) and (1.67), we obtain
K

K*

(1.68) 175, 9n — T, wnll < 2= 1T, vn — T, ynll

Hence, from (1.54) and (1.68), we get

K
1, 9 = T w1 < 5 1T, vnie = T, g1 = 0
as k — oco. That s,
kh—>r£>lo”J§1 Yny — ng w”k” =0
and by property of J3, , we get
(1.69) klim l1Yn,, — wn, || = 0.
— 00

Since {x,, } is bounded, there exists a subsequence say {z,, } of {z,,} that converges
weakly to say z € E; as j — oo. Then, from (1.55), we have that {Yn, } converges weakly
to z as j — 0o, so by (1.69) and Claim 1, we obtain that z € VI(C, A)J

Next, we show that Bz € F(S). From (1.55), we get that {v,, } converges weakly to z
as j — oo and since B is a bounded linear operator, then {Bv;kj} converges weakly to
Bz € E;. Thus, combining (1.57) and demiclosedness of S, we obtain that Bz € F(S).
Also, from (1.59), we get z, x, converges weakly to z, it follows from (1.62) that z € F(T),
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since F(T) = F(T). Hence, from Claim 2, we get z € T := VI(C, A) N F(T) N B~ (F(T)).
Since z* = Ilrw, from (1.19), we get

limsup(J%1 (u) — ngx*,xnk —z*) = lim <J§1 (u) — J%Ix*,xnk, —z*)
k—o0 j—o0 J
(1.70) = (Jp, (u) = Jg ",z —a") <0.

Combining (1.64) and (1.70), we get

limsup(Jg (u) = Jp, ", Tp, 11 — ") = limsup(Jp (u) — Jp 2", 2p, — %)
k—o0 k—o0
(1.71) = (Jp,(u) = Jpa",z —a") <0.

Therefore, using Lemma 1.9 and Claim 3, we obtain that A,(z,,z*) — 0 as n — oo, by
(1.23), we know that m,||z, — z*||? < A,(x,,2*) — 0. Hence, z, — z*, where z* =
HFU. U

2. NUMERICAL ILLUSTRATION

In this section, we provide some numerical examples for implementing our algorithm.

Example 2.1. We consider this example in (R?, ||-||2) of the problem considered in Section??.
For this example, let C := {z = (21, 22,23) € R® : (a,z) = b}, where a = (2,—1,5) and
b =1 then

b—{(a,x)

We choose the operators as follows: Let T" = P, then T is a Bregman strongly nonexpan-
sive mapping (see [31, 32]). We also define the £&-Bregman demigeneralized type mapping
S :R* — R3by S(z) = 1z + 1 for all z € R3. Let the mapping A : C — Ej be given by
A(z) = §. Also, we define the bounded linear operator B by

3 -3 -5
B=|-4 2 -4,
-5 -2 3
then
3 4 -5
B*=|1-3 2 -2
-5 —4 3
For this example, choose a,, = 71501”1, fn = 7,0 = 3,7 = L and A = 0.001. We

.
make different choices of the initial points z¢ and z; with u = 0.1 and a stopping criterion
|Znt1 — zn]| < 1073,

Case 1: 7o = (1.01,1.23,0.01) and 21 = (1.19, —0.96, 1.01);
Case 2: zp = (1,1,1) and z; = (3,0,4);
Case 3: 29 = (—1,1,—1) and z; = (3.1,0.78, 1);

Case 4: = = (0,0.75,0.25) and 21 = (0,2,0.2).
The report of this example is displayed in Figure 1.



116 Rose Maluleka, G. C. Ugwunnadi, M. Aphane, H.A. Abass and A. R. Khan

* T T T T T 10t T T T T T
i
i
i .
i
! i
* oL
\ 10°F
¥ %
\
0t X *
* *
o ¥ o \
2 3 [ O
F X e k
*
*
K *
102 ’&*& i
H 107 I e
e LF e
g % F 4
10 10
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Number of iterations Number of iterations
1 T T 0 T T T T T
10 10 e
<
* *
| |
of ! :
10°F ¥
* \
. 101 T
t *
o \ o !
o101} * o :
F Y F !
% |
¥ I
*
¥ i
-2
¥ 10 X
X %
102 x %
S &*\
) | \ - ‘ ‘ ‘
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Number of iterations Number of iterations

FIGURE 1. Example 2.1, Top left: Case 1; Top right: Case 2; Bottom left :
Case 3; Bottom right: Case 4.

Example 2.2. Let £y = E5 = Ly([0, 1]) with the inner product and norm given by (z,y) =
[y x(t)y(t)dt and |lz|| = [, |=(t)[2dt, respectively. Let C := {z € La([0,1]) : (x,a) = b}
where a = 2t%? and b = 1. Then,

Po(z) = max {O, b_éﬁ;@} a+x.

Let A : C — Ef be given by A(z) = max{0,z(¢)} for all x € L([0,1]) and ¢ € [0,1].
Define the bounded linear operator B : E; — E; by B(z) = @ and T = Pg. Also, let
S : E; — E5 be defined by S(y) = 2y(t) for all y € L([0,1]) and ¢ € [0, 1].

For this example, choose a,, = ﬁn“, oy = ﬁ, § =3, 7=+and A = 0.001. We
make different choices of the initial points z¢ and x; with v = 0.1 and a stopping criterion
| Zns1 — zn| < 1073,

Casel: g =t + 3 and z1 = 2¢t;

Case II: xy = sin(2t) and 7 = cos(t);
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Case III: 2o = e * and z; = 2t%;

Case IV: 1 = log(3¢t) and z1 = 11¢ + 1.
The report of this example is displayed in Figure 2.
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FIGURE 2. Example 2.2, Top left: Case I; Top right: Case II; Bottom left :
Case III; Bottom right: Case IV.

3. CONCLUSIONS

We investigated a split variational inequality problem with a pseudomonotone opera-
tor and a fixed point issue in the context of real, uniformly convex, and uniformly real Ba-
nach spaces. To approximatingly solve the split variational inequality, a pseudomonotone
problem, and the common fixed point of Bregman demigeneralized mapping and Breg-
man strongly nonexpansive mapping, we proposed a contraction and projection method,
which is known to be one of the most effective methods for solving variational inequality.
A method called inertial extrapolation was incorporated into our suggested algorithm to
hasten the rate of convergence of our iterative approach which is new in Banach space.
Strong convergence results were achieved by combining our algorithm with Halpern’s
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method, and several numerical examples were used to demonstrate how well our method
performed in comparison with some related ones.
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