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Modified General Inertial Mann and General Inertial
Viscosity Algorithms for Fixed Point and Common Fixed

Point Problems with Applications

SOLOMON GEBREGIORGIS!, PoOM KuMAM! and THIDAPORN SEANGWATTANA?

ABSTRACT. Inthis paper, we propose a modified general inertial Mann algorithm and prove that it generates
a sequence which converges weakly to a fixed point of a nonexpansive mapping in Hilbert spaces. Moreover, by
using the viscosity method, we introduce a general inertial viscosity algorithm and prove that it generates a se-
quence which converges strongly to a common fixed point of a countable family of nonexpansive operators. We
also derive schemes for solving constrained convex optimization, monotone inclusion, and nonsmooth convex
optimization problems. Finally, we apply one of our proposed algorithms to solve image restoration problem.

1. INTRODUCTION

Let H be a real Hilbert space and D be a nonempty closed convex subset of H. A self
mapping S on H is said to be nonexpansive if

15y = Sz[| < lly = =,
for all y, z € D. The set of fixed points of the mapping S : D — D is defined by F(S) =
{f € D:Sf = f}. This paper considers fixed point problem for a nonexpansive operator
and common fixed point problem for a countable family of nonexpansive operators.

One of the most extensively studied iterative algorithm for approximating fixed points
of nonexpansive mappings is Mann algorithm [23] which is formulated as follows:

(1.1) tnp1 = Ot + (1 — 0,)St,,

where {0,,} C [0,1], lim,, o0 6,, = 0,and Y7, 6,, = .

Due to the fact that fast convergence is needed in many practical applications and
Mann algorithm is slow in general (see, [11, 18, 19, 24]), many researchers modified the
Mann algorithm and incorporated inertial extrapolation methods to speed up its conver-
gence (see [1,6,10,12,21,22,29-31]). One of such methods is the general inertial Mann
algorithm [14] which is of the form:

Wy =ty + Vn(tn - tn—l)
(1.2) Zn =tn + O0p(tn — th_1)
tnt1 = (1 — Cn)wn + nSzn,
for each n > 1, where {v,}, {0, }, and {(,} satisfy:
(D1) {7} C [0,7] and {6, } C [0, 8] are nondecreasing with v; = ; = 0 and +,6 € [0,1);

yT(L+7) +a fonlr(l+7)+96+q
(D2)forany(,a,ﬂ>0,5>Wand0<C§Cn§ Bl +r(1+7)+1B8+a]

where 7 = max{~, 6}.
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Since the iterative sequence {t, } defined by (1.1) has only weak convergence and strong
convergence is often much more desirable than the weak convergence in many practical
problems, Moudafi [25] introduced viscosity approximation method which is shown be-
low:

1.3) tng1 = 0 (tn) + (1 — 6,)Sty,

n € N,ty € H,6, C (0,1), and v is a contraction operator. After that, several algorithms
for fixed points of nonexpansive operators and common fixed points of a countable family
of nonexpansive operators were developed (see [3,16,17,28,32-34] ).

It is the purpose of this paper to introduce a modified general inertial Mann algorithm
which generalizes the work of Dong et al. [14] by using inertial extrapolation algorithms
mixed with the convex combination of three iterated vectors. Moreover, we prove strong
convergence theorem by combining the general inertial Mann algorithm with the viscosity
method for a countable family of nonexpansive mappings.

The paper is organized as follows: Section 2 presents some lemmas and definitions
which are necessary in the proofs of our theorems. Section 3 establishes weak and strong
convergence theorems. Section 4 shows applications of the proposed algorithms. Finally,
section 5 gives some concluding remarks.

2. PRELIMINARIES

Now, we review some definitions and lemmas which will be used in the sequel.

Lemma 2.1. Let H be a real Hilbert space. Then for all v, q,p € H, we have:
(1) [|0g + (1 = 0)[]> = 0llq]|* + (1 — O)[Ip]|* — O(1 — O)llq — p[|*, & € [0, 1];
(2) lg£pl* = [l £ 2{g. p) + [Ip]*:
(3) llg+pl* < lla]> + 2{p, q + p);

4 [1Br +nq+ ¢plI*> = BlrlI2 +nllgl? + ¢llpl? — Bnllr — qll* = B¢Nr = plI* = n¢llg — 1%
B,n,¢ €[0,1) such that B +n+¢ = 1.

Lemma 2.2. [2] Let {7,,},{0,}, {¢n} C [0,00). If Y7, ¢ < o0, there exists a real number 6
with0 < 6, <0 <1foralln € N, and 7,41 < Ty + 0, (79, — Th—1) + p for each n > 1, then

(1) 3,51t — Ta—1l+ < oo, where [t] = max{t,0};
(2) there exists 7* € [0, 00) such that lim,, o 7, = 7*.

Lemma 2.3. [5] Let D be a nonempty closed convex subset of H and S : D — H be a nonexpan-
sive mapping. Let {y,} be a sequence in D such that y, = y € H and Sy, — y, — 0as n — oo.
Theny € F(S).

Lemma 2.4. [5] Let E be a nonempty subset of H and {z,,} be a sequence in H. If forall z € E,
lim,, 0 ||2n — 2|| exists and every sequential weak cluster point of {z,,} is in E, then the sequence
{zn} converges weakly to a point in E.

Lemma 2.5. [27] Let {s;,} C [0,00), {tx} C (—00,00), and {ux} C (0, 1) satisfying >, up =
oo and sp11 < (1 — ug)sk + ukty, k € N If limsup;_, o tr, < 0and for every subsequence {k;}
Of{k}, lim inflg)oo(skl+1 — Sk,) > 0, then limk*)oo Sk = 0.

Definition 2.1. [4] Let D be a nonempty closed convex subset of H and {S,,} be a se-
quence of nonexpnsive operators such that S,,, : D — D for m > 1. Suppose that for
every bounded sequence {t,, } in D, lim;, o0 ||t — Smtm|| = 0 implies that every cluster
point of {t,,} belongs to 2 := NS_, F(S,,), then {S,,} is said to satisfy condition (Z).
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Definition 2.2. Let D be a nonempty closed convex subset of H. The projection from H
onto D, denoted by Pp, is defined in such a way that, for every b € #, Ppb is the unique
point in D such that

|b — Ppb|| = min{||b —¢| : c € D}.
Lemma 2.6. Let D be a nonempty closed convex subset of H. Then
(2.4) (b — Ppb,c— Ppb) <0,
forallb e Handc € D.

3. MAIN RESULTS

3.1. Modified General Inertial Mann Algorithm for Nonexpansive Mappings. In this
section, we study the weak convergence of the Modified General Inertial Mann Algorithm
(MGIM,, for short) for nonexpansive mappings under the conditions (E1) and (E2) stated
below.

Algorithm 1: Modified General Inertial Mann Algorithm (MGIM)
Initialization:Take to,¢1 € H arbitrarily and the followig conditions hold:
(E1) {6} C[0,0], {¢n} C [0,¢], and {vn} C [0,7] are nondecreasing with 61 = ¢1 = v, =
Oand 6, ¢,v € [0,1) and {an}, {bn}, {cn} C [0,1) such that an + bp + cn = 1;
(E2) foranyc,&,A >0,
max{0, ¢} — min{0, ¢} + max{0, p}[x(1 + k) + £]
1 — (max{6, ¢})2 ’
<min{0, ¢} —max{6, ¢} + A — max{0, ¢}[x(1 + k) + A max{0, ¢} + ¢]
= A1+ £(1 + &) + Amax{, ¢} + ¢] ’
where k = max {0, ¢,7}.
Iterative Steps: Calculate ¢,+1 as follows:

A >

0<e<cn

Wy =ty + O (tn — tn1)
Yn =tn + Gn(tn — tn—1)
Zn =tn + n(tn — tn-1)
tn+1 = GnWn + bpyn + cnSzn,

(3.5)

Theorem 3.1. Let S : H — H be a nonexpansive mapping and assume that F(S) # (. Then the
sequence {t,} generated by Algorithm 1 converges weakly to a point of F'(S).

Proof. Pick f € F(S5).
From (3.5), it follows that
||tn+1 - f||2 :Han(wn - f) + bn(yn - f) + Cn(Szn - f)Hz
=an|jw, — fH2 + bullyn — f”2 + enll Sz — f||2 — anbp||wy, — yn||2_

ananSZn - wn||2 - ann”SZn - yn||2

(3.6)
<ap||wn — fH2 + ballyn — f”2 + cnllzn — f||2_
anbn(an - ¢n)2||tn - tn—le - anCnHSZn - wn||2_
ann”SZn - ynH2
Again using (3.5), we get
wy, — fII? =11+ 0p)tn — 0n(tn1 — )2
37) | FI7 =IIC ) (tn-1— 1)l

:(1 + en)”tn - f||2 - H'rL”tn—l - f”2 + an(l + en)th - t'n—1H2-
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Similarly, we have

(3.8) Iyn = FI? = (L+ du)lltn = FII? = dnlltn—1 = fIIP + dn (1 + G0 lltn — tnall®
and
(3.9) |z — f||2 = (1+y)lltn — f||2 — Ynlltn—1 — f”2 +Yn (1 + ’Yn)”tn - tn—1H2

Substituting (3.7), (3.8), and (3.9) into (3.6), we get
[tn+1 — f||2 — (14 Q) ltn — f”2 + Qulltn-1 — f”2 < — apen||Szn — wn||2*
(3.10) brcnllSzn — Yl >+
(Qn + \I"n)”tn - tn—1||27

where 2, = a,0, + bn¢n + CnYn and v, = anei + bn(b% + Cn'yrgz - anbn(en - ¢n)2
From (E1), (E2), and k = max{#0, ¢,~}, it follows that Q,, C [0, ] is nondecreasing with
O =0.

Again from (3.5), we get
1 d 2
HSzn - yn||2 :‘ 7<tn+l - tn) + l(tn—l - tn) ‘
Cn, Cn
1 d?
:7||tn+1 - tn||2 + %thfl - tn||2+
Cn CTL
dp
(3.11) 2—2<tn+1 —tnytn—1 —tn)
C’I’L
1 d?
Z?th-&-l - tn||2 + %th—l - tn||2+
Cn cn
d 1
o (monltns =l = =ltns = tall?),
and
1 e 2
HSZn - wn||2 :‘ 7(tn+1 - tn) + l<tn71 - tn) ‘
Cn Cn,
1 2 e 2
(3-12) 207||tn+1 - th + @”tnfl - tn” +
n n
e 1
S (=valltnrs = tall? = —lltu-s = ta]?),
Cn Un

1

h — _ — — = .
where d, = a5 (0n — ¢n) + ¢n,€n = bn($n = On) + 0, and v, min{dy, e, } + Acy

Now, substituting (3.11) and (3.12) into (3.10), we get
[tns1 = FI* = L+ Qa)lltn = FI? + Qulitn—1 = FI? <Calltn—1 — ta*+

(3.13) T
7||t’ﬂ+1 - tﬂ||27
C'I’L
where
1-— 1—
Co= Q4 0y 4 Ll vndn) el = vnen)
UpCn VpCp
and

I = an(Vnen - 1) + bn(Vndn — 1).
Considering two cases for min{d,, e, }, we can verify that foralln > 1

(3.14) Cn <Qn+ U, + max{d,, e, }(1 —cp)A,
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1 —v,min{d,,e,}

where A =
UpCr
Similarly, we can show that 7, < 0 for all n > 1 by taking into account the condition for
A
Let
¢ o= + Y, + max{d,, e, } (1 — cp) .
In view of (3.14), (3.13) becomes

1 = FIIP = (1 + Qa)lltn = FIP + Qulitn—r = fI? <Clitn — ta-1]*+

Pty =t

n

(3.15)

Moreover, we have
(3.16) ¢, < k(14 k) + A max{6, ¢}.

Next, we show that
oo
Z ||tn+1 - tn||2 < 0,
n=1

by adapting some techniques from [1,7]. To do so, first, we let o,, = |[|t, — f||* and
Tn = 0n — Qon_1+ C |tn — tn_1||?, foralln > 1.
Now, using the fact that {€2,,} is monotone and o,, > 0 for all n € N, we obtain

(317) Tn4+1 — Tn = On41 — (1 + Qn)an + Quon_1 + C;L+1|‘tn+1 - t"”Q - C;:”tn - tn—1||2'
By (3.15), we have

(3.18) Tt — (L4 Q)0 + Qoo — Clltn — taa|® < ;L"th“ S
Combining (3.17) and (3.18), we get

(3.19) Tntl — Tn < (Zn + C;L+1> [tnt1 = tall®.

Now, we claim that

(3:20) T G < €

for eachn € N.
After some manipulations, the bove claim is the same as:

max{f, ¢} —min{f, ¢} — A + max{0, p}(¢;11 + &) + Aen(1+ Cpy +6) 0.

This claim can be verified easily by using the upper bounds of ¢, ; and ¢,,.
Now, (3.19) becomes

(321) Tn+1 — Tn < 7€||tn+1 - thz'

Taking in to account that {7, },,>1 is nonincreasing and Q,, € [0, ], we get

(3.22) —KOnp—1 < Op — KOp—1 < Tp < 71,
foreachn > 1.
From (3.22), we get

n—1 ’
(3.23) on < K'og+ 11 Z k™ < Kk"og + T _IH,

m=1
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for each n > 1.
Now, using (3.21), (3.22),and (3.23), we get

KTy
1—k’

o0
(3.24) fz ltnsr —tul> < 71— Togr < 11 4 kop < K" Hog +
k=1
which implies
(3.25) D w1 — tall® < o0.
k=1
Thus, we have
(3.26) lim |[t,41 —tn] = 0.
n—oo

From (3.5) and (3.26), we see that
Hyn - tn+1H < th - tn+1|| + en”tn - tanHv

which in turn implies that

(3.27) nh_{réo ”yn - tn+1|| =0.

Similarly, we have

(3.28) lim |2, — t 1] = 0
n—oo

and

(3.29) lim |lwy, — tpt1| = 0.
n— oo

Now, using (3.5), (3.26) and (3.27), we get
57 — | <2212
(3.30) Cn

1
<= (ltn = taall + s = ynll).

1
L A
n

which implies that
(3.31) lim [|Sz, — yn| = 0.
n—oo
Using (3.5), (3.26) and (3.31), we get
(3.32) 1520 = znll < 1S2n = ynll + lyn — 2nll < 1S2n = ynll + o0 — llltn
which implies that
(3.33) lim ||Sz, — zn|| = 0.
n—oo

Using (3.15), (3.16), and (3.25), we can see that all the conditions of Lemma 2.2 are satisfied.
Hence li_)m ltn, — f]| exists for an arbitrary f € F(S) which implies that {¢,,} is bounded.
n (oo}

Now, let ¢t be a sequential weak cluster point of {¢,, }. It follows that {¢,,} has a subsequence
{tn, } such that¢,, — tas k — oo. Since lim |z, — t,|| = 0, it follows that z,, — ¢ as
n—oo

k — oo. This together with (3.33) and Lemma 2.3 show that ¢ € F'(S). We can see that all
the conditions of Lemma 2.4 are satisfied. Therefore, the sequence {t,,} converges weakly

to a point in F'(S).

Remark:

(1) If we put 6,, = ¢,,, then MGIM algorithm becomes general inertial Mann algo-

rithm [14].

- tnfl ||7
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(2) If weput@,, = ¢,, = 0, then MGIM algorithm becomes Reflected Mann Algorithm
[14].

(3) If we put 0,, = ¢, = ¥y, then Theorem 3.1 becomes Theorem 5 of Bot et al. [8].

(4) If we put 6,, = ¢, and v, = 0, then MGIM algorithm becomes accelerated Mann
algorithm [13].

(5) If we put v,, = 0 in Theorem 3.1, then we get a new algorithm which we call it
General Accelerated Mann Algorithm. It is formulated as follows:

Wy = tn + an(tn - tn—l)
(334) Yn = tn + d)n(tn - tnfl)
tn+1 = apWp + bnyn + CnStn;

3.2. General Inertial Viscosity Algorithm for Nonexpansive Mappings. Now, we present
a viscosity method for solving a common fixed point of a countable family of nonex-
pansive operators in real Hilbert spaces which we call it General Inertial Mann Viscosity
(GIMY, for short) algorithm. Let v : % — # be a n-contraction mapping where n € [0, 1)
and {Sj} be a sequence of nonexpansive mappings Sy : H — H for k > 1.

We take the following assumptions to prove the strong convergence of the sequence gen-
erated by GIMV algorithm:

(1) {Si} satisfies condition (Z) (See Definition 2.1).
(2) T :=nN2, F(Sk) # 0.

Algorithm 3: General Inertial Mann Viscosity Algorithm (GIMV)
Initialization:Take to, ¢, € H arbitrarily and positive sequences {ax }, {Br}, {Ax}, {7x} which
satisfy the following conditions:

{ar}, {8k} { e} {v} C (0, 1),
kl;ngo v, = 0, and kz_l% = o0.

Step 1: Choose {p«}, {0} C [0, 00) and bounded.

For k > 1, set
min{uk,Tik} if t # tp—1,
a = Itk — ti—1l]

i otherwise,
. C } .
min < 0y, ———— if tg # th—1
L 7
O otherwise,

where {71}, {Cx} C (0, 00); limg— 00 ;—’; =0, and limg— 00 5—’: =0
Step 2: Compute tx41.

Yk =t + o (ty — th—1)

Zk =tk + Br(tk — tp—1)

wi = (L= Ak)yk + AkSk 2k,
ter1 = yev(we) + (1 — &) Sk 2k

(3.35)

Update k& = k + 1 and return to Step 1.

Theorem 3.2. The sequence {t} generated by Algorithmm 3 converges strongly to an element
f €T, where f = Pro(f).
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Proof. Pick f €T.
By using (3.35), we have

[tk = fIl =llve(w(we) = ) + (1 =) (Skzr = F)|
<ykllv(wr) = FIl + (1 =) [1Skzr — £l
<yillv(wr) = v(HOI +wllo(f) = I+ @ =)l — ]
<myellwk = fIl +vello(f) = £l + @ =w)llze = £l

(3.36) =n7kll(1 = M) (Ye — ) + A (Skzie — O+ vello(f) = fll+
(L —y)llzr — fll

<y (1= )llye — I+ nyAellze — FI +llo(f) = Fll+
(L =)z — £l

=nve(1 — M) llye — fIl + e + 1= velllze — fII + wello(f) = FII-

Again from (3.35), we have

(3.37) lye = FII < 1tk = fIl + arllte — tk—1l]
and
(3.38) lzi — Il < lltx = fIl + Bellte — tr—1-

Substituting (3.37) and (3.38) into (3.36), we get
Qg B
(3:39) llthsr—fIl < L= A=m)vkllltr— fll+7e %”tk_tkfln"'%ntk_tkflu'i‘”U(f)_fH :

By the conditions of v, and S, we have limy,_, % Itk —tr—1]] = 0 and limg_, oo % It —
tr—1|| = 0, respectively. Hence, we can find constants M/, N > 0 such that

Qg Bk
7Htk — tk_1|| < M and 7||tk — tk_1|| <N,
Tk Yk

forall k > 1.
Now, (3.39) becomes

[trer — FII <= @ =mwdlltr — |+ [M + N+ Jlo(f) = fl]

1= (=l = fl + 1 =) | IO,

Proceeding inductively, we arrive at

ftss = g1 < max oy - g IO I,

L=n
for all £ > 1 which proves the boundness of {t;}. The boundness of {¢;} again implies
that {yr}, {zr}, {Sk2r}, {wr}, and v(wy,) are all bounded.
From (3.35), we get
lwe = FI? =11 = M) (ye = f) + XSz — FIIP
(3.40) =(1 = A)llye — I + Ml Swzn = FI? = A1 = i)l Skzi — w12
<= Xe)llyr = FIP 4 Aellzi = FIP = X (1 = M) [1Sk2r — il
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and
[tk — FI* =y (o(wi) = ) + (1 =) (Seze — )
=llvk(v(wr) = v(f) +o(f) = F) + @ =) (Skze = I
=1y (w(wr) = v(f)) + (1 = 7i) (Sk2r — )] + v (0(f) = I
|k (w(wg) = o(f)) + (1 =) (Skze — F)II*+
(341) 29k (v(f) = fitkt1 — )
<yillv(wr) = v(FIP + (1 = )l Skzr — FII+
29k (v(f) = fotktr — f)
<myellwe — I+ (1 =)z — I+
296 (u(f) = frtrsr — )
Substituting (3.40) into (3.41), we get

k1 — FIP <nve(X = Xe)llyw — FIP + (e + 1= )|z — £

(3.42) .
A (L = Ae)[Skzr — yell” + 29k (v(f) = £, thrr — f)-
From (3.35), we get
lye — FI? =Ntk — ) + ar(te — te—1)|I”
(3.43) =ltr = fI? + ailitr — th-all® + 200 (te — fote — tr—1)
<|lte = FI? + ailltr — te—l” + 20k [te — FllIltr — tr—1l-
Similarly,
(3.44) iz = fII <lite — FII> + BElltr — teall® + 28ellte — fllllte — te—sll.

Substituting (3.43) and (3.44) into (3.42), we get

2
A
s — FI2 <1 — (1= mvellte — FI% + [(%ntk - tk_ln) 4

2

65 (Bt = sl -+ 2 = 70 (b = el )+
2t = A 25l =) +-20000) = ot = £)] -
kA (1 = Ae)|Skze — yrll?,

which implies

(3.46) MeMe (1= Xe)|Skze — vell® < [tk — fII = lthsr — FIIP + b,

where

2 2
M, =sup{(‘“’“||tk —tk_l) n (ﬁ’“ltk —tk_1|) ol - f(‘“’cntk —tk_1|)+
k>1 v Yk
2|tkf||< e — to 1||) <<f>f,tk+1f>}.

Next, we prove the strong convergence of {¢;} to f.
Suppose ay, = ||t — f||* has a subsequence {ax, } such that lim inf; o (ag,+1 — ax,) > 0.
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Using (3.46) and applying the conditions of {~;} and {\;}, we obtain
hm Sup MVk; >\k'i (1 - /\ki ) ||Sk1 ki — Yk ||2 < hm sup(aki — Qg1 T Vhs Ml)

—00 i—00
<limsup(ay, — ag,+1) + limsup vy, My
i— 00 i— 00
<0.
This implies that:
1—> 00

Now, we are in a position to prove that lim sup;_, .. (v(f) — f, tx,41 — f) <O0.
Choose a subsequence {t;%_ } of {tg, } such that

limsup(v(f) = f,tr, — f) = hm( (f)_f’tkij -0

71— 00
The boundness of {tkij } guarantees the existence of a subsequence {t;%_ } of tkij such
that by, — U € H. With out loss of generality, we may assume that ¢y, “u € H. Since
by assumption condition (Z) is satisfied by { Sy}, it follows that v € T'. Aslim;_, ||tx,+1 —
ty,| = 0and f = Pru(f), and using (2.4), we obtain

(348) hmsup(v(f)—f,t;ﬂ—f>=<v(f)—f,u—f>SO

1—00

Combining (3.45) and (3.48), and using the hypothesis of Theorem 3.2 that is limj,_, Xk IIte—
Yk

te—1]l = 0, limg 00 & te—tr—1] = 0,and Y7 ; vk = oo, we can see that all the conditions
Tk
of Lemma 2.5 are satisfied. Hence limy_, ||tx — f|| = 0; that s, {¢;} converges strongly to
f = Pro(f).
4. APPLICATIONS

4.1. Constrained Convex Minimization Problem. Let D be a nonempty closed convex
subset of H and ¢ : D — R be a real valued convex function. Then the constrained convex
minimization problem:

(4.49) min g(¢),

where ¢ is a differentiable function can be expressed as a fixed point problem as follows:
(4.50) t= Pplt - AVg(t)),

where 8 > 0.

From (4.50), we can formulate the gradient-projection algorithm as:

(4.51) tns1=Pp(I — BVyg)(tn).

It is proved that the composite Pp(I — V) is ((2 + 3)/4)-averaged for 0 < 8 < 2/Lif Vg
is L-Lipschitz continuous [35]. So, the operator Pp(I — V) is nonexpansive.

Setting S = Pp(I—/V) in Algorithm 1, we come up with a new algorithm for (4.49) which
we call it Modified General Inertial Gradient Projection (MGIGP, for short) algorithm. It
is shown in Algorithm 4.
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Algorithm 4: Modified General Inertial Gradient Projection Algorithm (MGIGP)

Initialization:Take ¢y, ¢; € H arbitrarily, and (E1) and (£2) hold.
Iterative Step: Calculate ¢4, via the manner

Wy, =ty + Yn(tn —tn-1)
Yn =tn + On(tn — tn-1)
Zn =ty + 0, (tn — th_1)
tn+1 = ApWy + bnyn + CnPD(Zn - 5Vg<zn))v

(4.52)

Theorem 4.3. Assume that problem (4.49) is consistent, Vg is L-Lipschitz continuous, and the
number 5 € (0,2/L). Then the sequence {t,,} generated by Algorithm 4 converges weakly to a
minimizer of problem (4.49).

4.2. The Douglas-Rachford Splitting Method. Let v be a fixed parameter, and A and B
be maximal monotone operators. The resolvents of A and B are defined as:
A._ -1 B._ -1

Jy = +~vA)" and J) == (I +9B)" ",
respectively, which are firmly nonexpansive. The corresponding reflection operators are
also defined as follows:

A._97A B._97B
Ry :=2J) —Iand R} :=2J) — I,

which are nonexpansive operators.
We know that 0 € Tz for T = A+ Bif and only if 2 = JZ(t), where t = RZ!RFt. To find a

zero of T = A+ B, we can apply the Mann iteration to R% RY.
As a result,we obtain the following iteration:

(4.53) tn1 == (1= An)tn + A RYRPt,,

for n > 1, see [5] for more details. This algorithm provides us with the approximation of
the orginal variable by setting z,, := Jf ty.
Using (4.53) and the definitions of reflection operators, we get

(4.54) tngt == tn + 20, (JIH 2T P, — t,) — JPt,).

Now, we are in a position to introduce our algorithm which we call it Modified General
Inertial Douglas-Rachford Splitting (MGIDRS, for short) algorithm which is formulated
as follows.

Algorithm 5: Modified General Inertial Douglas-Rachford Splitting Algorithm
(MGIDRS)

Initialization:Take ¢y, ¢; € H arbitrarily, and (E1) and (£2) hold.

Iterative Step: Calculate ¢, via the manner

Wy =ty + O (tn — tn_1)
Yn =tn + On(tn —tn_1)
Zn =ty + Y (tn — tn—1)
b1 = AW + bpyn + 26, (J2H(2J5t, — 2)) — 260 J Pt + nzn,

(4.55)
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Theorem 4.4. The sequence {t,,} generated by Algorithm 5 converges weakly to an element t € H
such that JBt € (A+ B)~1(0), that is, x := JPt is a solution of the monotone inclusion problem
for the operator T := A + B.

4.3. Nonsmooth Convex Optimization Model. Finally, we apply Algorithm 3 for solving
the nonsmooth convex optimization problem which has the following form:

(4.56) min ¢ (t) + (1),

where 91 (t) : H — Ris smooth and convex with a Lipschitz continuous gradient constant
L > 0and 9(t) : H — R U {oo} is a proper convex and lower-semicontinuous function.
The solution set of problem (4.56) is given by Q := Argmin(¢n + 92).

Furthermore, ¢ is a solution of (4.56) if it satisfies the following fixed point equation.

(4.57) t = prox,,, (I —cVir)(t),

where ¢ > 0, prox e = (I + O1py)~1, and O, is the subdifferential of 1, (see [5] for more
details).

For solving (4.56), we can use the forward-backward splitting algorithm [20] which takes
the following form:

(458) tk:-l—l = prOXCka (I _ ckv'(/)l)(tk)7
—_—
backward step forward step

k € Nwheret; € Hand 0 < ¢ < 2/L.

Now, we can apply Algorithm 3 for solving the nonsmooth convex optimization problem
(4.56) by assuming  := Argmin(yy + t2) # 0 and setting Sk = prox,,,, (I — ckV¥1)
which is a nonexpansive mapping where ¢;, € (0,2/L). As a result, we come up with
a new algorithm which we call it General Inertial Viscosity Forward-Backward Splitting
(GIVFBS, for short) algorithm.

Algorithm 6: General Inertial Viscosity Forward-Backward Splitting (GIVFBS) Al-
gorithm

Initialization:We follow the same initialization process as Algorithm 3.

Step 1: The same as Algorithm 3.

Step 2: Compute ¢4 via the manner:

Yo =t + okt — th—1)

2l =tk + Br(ts — tr—1)

Wi = (1 — Ay + Aprox,, . (1 — e Vipr)zy
tet1 = yo(wg) + (1 = yr)prox,, . (1 — cxVib1)zy
Update k = k + 1 and return to Step 1.

(4.59)

Theorem 4.5. The sequence generated by Algorithm 6 converges strongly to an element f € Q,
where f = pou(f).

4.4. Image Restoration problem. The general image restoration problem can be formu-
lated by the inversion of the observation model given by

(4.60) y = Az + ¢,

where z is the original image, y is the observed image, and ¢ is the additive noise. The
kernel function A models the blurring operation.
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A regularization method should be used in the image restoration process. The notion
of regularization method has the goal of constraining, in the solution, the effect of the
growth of the error coming from the data, by means of modifying the problem condition.
The ¢; regularization can remove noise in the restoration process and it is the problem of
finding

1
(4.61) min 5| Az = yl3 + plles,

where ||.||2 is the ¢o-norm, p is a positive regularization parameter which measures the
trade-off between a good fit and a regularized solution, and ||.||; is the ¢;-norm. Finding
the solutions of (4.60) can be seen as finding a solution to the least-square problem (4.61).

We apply Algorithm 6 (GIVFBS) for solving an image restoration problem (4.60) and
compare the performance of our method in restoring blurred images with FBS [20] al-
gorithm with 500 iterations. For comparison, we consider the standard test images of
Butterfly (256 x 256) and Camera Man (512 x 512) (see Figure 1).

(A) Butterfly (B) Cameraman

FIGURE 1. Original test images: (A) Butterfly and (B) Cameraman

To measure the quality of recovered images, we calculate the improved signal-to-noise

ratio (ISNR) and structural similarity index measure (SSIM). For the control parameters,
15 —4

we take 7, = ( = 1k0_2"uk = %, 0, = 1?).k_5+k17 A = 0.95,v;, = 127, and c¢;, = 0.05.

Moreover, the contraction mapping is defined by v(x) = 0.95z. Now, by taking ¢4 (x) =

|Az — y||3 and 2 (z) = pl|z|j1, we can solve image restoration problems using our algo-
rithm (GIVFBS) and the FBS algorithm.
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(A) Blurred () FBS

(A) Blurred (B) GIVFBS (c) FBS

FIGURE 3. Degraded and restored Butterfly images.

(A) Blurred (B) GIVFBS (c) FBS

(A) Blurred (B) GIVFBS (c) FBS

FIGURE 5. Degraded and restored Cameraman images.

It can be seen from Figure 3 and Figure 5 that the recovered images by GIVFBS algo-
rithm are better than that of FBS algorithm.
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TABLE 1. ISNR and SSIM values for Butterfly and Cameraman images
using GIVFBS and FBS algorithms

GIVFBS FBS
Images ISNR SSIM ISNR SSIM
Butterfly 9.009122 0.999997 3.309512 0.999989
Cameraman 9.202300 0.999994 4.103025 0.999983

$NR
&
SNR

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
Number of iterations Number of iterations

(A) Butterfly (B) Cameraman

FIGURE 6. Comparisons of SNR values for (A) Butterfly and (B) Camera-
man images using GIVFBS and FBS algorithms

We can observe from Figure 6 and Table 1 that GIVFBS algorithm has higher SNR,
ISNR, and SSIM values which shows that the quality of the images recovered by GIVFBS
algorithm is better than that of FBS algorithm.

5. CONCLUSIONS

We introduce the modified general inertial Mann algorithm for finding the fixed point
of nonexpansive mappings and prove weak convergence of the sequence generated by
this algorithm. This new algorithm generalizes the algorithm which was developed by
Dong et al. [14]. Moreover, we introduce the general inertial viscosity algorithm and
prove strong convergence of the sequence generated by this algorithm to a common fixed
point of a countable family of nonexpansive operators. Finally, we show an applications
of Algorithm 6 to solve image restoration problem and the numerical results show that
the proposed algorithm outperforms that of FBS algorithm in recovering the original im-
age (See Figure 6 and Fable 1).
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