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Proximal point approach for solving convex minimization
problems in positive curvature

DUANGKAMON KITKUAN!, ANANTACHAI PADCHAROEN'*, KENYI CALDERON? and
JUAN MARTINEZ-MORENO?

ABSTRACT. In this research, we offer a new proximal point technique for approximating a common member
of the set of all solutions of the convex minimization problems in the setting of CAT(1) spaces. We further show
that, in some modest circumstances, the resulting process is convergent. Our results extend and enhance other
related results in the literature.

1. INTRODUCTION

The proximal point algorithm(PPA), was first developed by Martinet [16] in 1970. It is
an efficient technique for tackling this problem. Later, in 1976, Rockafellar [18] showed
that the PPA converges to the solution of the convex problems in Hilbert spaces. Let f be
a proper, convex, and lower semi-continuous function on a Hilbert space ©. The PPA is
generated by ¢; € © and

. 1
(RY Ponn = argmin [C(a) + 5 — ]
a€O Mo

where i, > 0 for all v € N. It was proved that the sequence {y, } converges weakly to a
minimizer of ¢ provided > | ., = c0.

Bruck and Reich [7] introduced the nonexpansive projections and resolvents of accre-
tive operators in Banach spaces in 1970. Next, Ba¢dk and Reich [3] studied the asymp-
totic behavior of a class of nonlinear semigroups in Hadamard spaces. Later, Bargetz et
al. [4] considered on a large geodesic metric space, including Banach space, hyperbolic
space, and geodesic CAT (k) space, and investigate the space of nonexpansive mappings
on either a convex or a star-shaped subset in these settings. They proved that the strict
contractions form a negligible subset of this space, in the sense that they form a o-porous
subset.

The concept of A-convergence in general metric spaces was first discussed by Lim [15]
in 1976. Let x € R. Then, a geodesic space that has a geodesic triangle that is sufficiently
thinner than the comparable comparison triangle in a model space with curvature & is
said to be a CAT(k) space.

Kirk [14] originally investigated the fixed point theory in CAT(x) spaces in 2003. Since
each CAT(k) space is a CAT(x’) space for any ' > &, the results of a CAT(0) space can
be applied to any CAT(x) space with £ < 0 (see in [6]). However, many researchers have
studied CAT(x) spaces for « > 0 (e.g., [1, 5, 8, 10, 17, 19, 20, 21, 22]).
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Kimura et al. [11] introduced the PPA in the following way in a CAT(1) space:

p1 € @,
1.2 1
(1.2) o1 = argmingeo|C(a) + — tan(w(a, ¢v)) sin(w(a, )],

Ho
where i, > 0 for all v € N. By the Fejér monotonicity, it was proved that, if ¢ has a
minimizer and Y o7 | y, = oo, then {p, } A-converges to its minimizer (see in [3]).

We would like to solve the common solution of the set of solutions of the convex min-
imization problems in the setting of CAT(1) spaces by using a new proximal point tech-
nique.

2. PRELIMINARIES

Let {¢,} be a bounded sequence in a complete CAT(1) space ©. For all ¢ € O, we
denote:

r( {on}) = limsupw(e, @).
The asymptotic radius r({¢, }) is given by

r({pv}) = inf{r(p, o) : ¢ € O}
and the asymptotic center A({y,}) of {¢, } is defined as:

Alpn}) ={p € © :7(p,90) = r({pu})}-
An element ¢ of © is said to be an asymptotic center of {¢, } if

(e, {pu}) = r({pu})-

If the sequence {p, } converges to ¢ in ©, then r(0, {p,}) = 0 and A(©, {¢,}) = {¢} (see
more detail in [9]).

Let (O,w) be a CAT(1) space. A sequence {g,} in © is said to be A-convergent to a
point ¢ € O if ¢ is the unique asymptotic center of every subsequence {¢,, } of {¢,}. In
this case, we write A- lim, o0 0y = @

A mapping ¢ : © — O is said to be demi-compact if, for any sequence {¢,} in C such
that lim, oo w(pw, Ye,) = 0, {¢,} has a convergent subsequence.

If theset E = {p € © : {(p) < A} is closed in © for all A € R then ( is said to be lower
semi-continuous.

The resolvent of a proper lower semi-continuous function ¢ in admissible CAT(1) spaces
for p > 0 as follows:

1
(2.3) R, () = argmin[((b) + m tanw(p, b) sinw(yp, b)], forally € O.
beo

The mappingR,, is well defined and the set of fixed points of the resolvent associated with
¢ coincides with the set of minimizers of ¢ [12].

Lemma 2.1. [11] Let (O, w) be an admissible complete CAT(1) space and  : © — (—o0, ] be
a proper lower semi-continuous convex function. If p > 0, € © and \* € argmin ¢, then the
following inequalities hold:

(2.4)
3 (i (om0 cosalh” Byp)—cosl ) = 1 (€)= V)
and

(2.5) cosw(Ryup, @) cosw(A*, Ryp) > cosw(A*, ¢).
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Lemma 2.2. [12] Let (O, w) be a admissible complete CAT(1) space and ¢ : © — (—o0, 0] be a
proper lower semi-continuous convex function. Then, ¢ is A-lower semi-continuous.

Denote that Wa({p,}) = {¢ € © : thereexists {o,} C {¢,} such that {o,} A —
converges to ¢} # 0.

Lemma 2.3. [13] Let (O, w) be a admissible complete CAT(1) space and {¢,} be a spherical
bounded sequence in ©. If {w(py, \*)} is convergent for all \* € Wa({¢y}), then the sequence
{@v} is A-convergent.

Lemma 2.4. [17] Let ¢ : © — © be a nonexpansive mapping defined on a nonempty closed convex
subset of a complete CAT(1) space (©,w). If {¢ } is a bounded sequence with lim,_, oo w(py, Yp,) =
0 and A-lim, o, = @, then p € © and Y = .

3. MAIN RESULTS

Lemma 3.5. Let (©,w) be an admissible complete CAT(1) space and {,§ : © — (—oo, o0] be
proper lower semi-continuous convex functions. Let i) : © — O be a nonexpansive mapping such
that A = F(¢)Narg minycg ¢(b) N argmin g &(c) # 0. Let {p, }, {0} and {«,, } be sequences
in [y, B] for some ~, 8 € (0,1) and for all v > 1 and let {u,} and {1, } be sequences in (0, co)
suchthat 0 < p < p, <land 0 <7 <7, < 1forallv > 1. For ¢1 € O, let {p,} be a sequence
in © defined in the following way:

&:mmmwﬂ@+jwmww%»mwm%m,

o = argmin e €(e) + — tan(w(e, ) sin(w(e,5,))]
Xv = ¢[(1 - pv)(Sv @ Pqﬂﬁm],

¢1) = d)[(l - O—v)nv S Uq;¢X1)]7

Po41 = 'l/][(]- - av)Q/JXv @ Oéviﬂ%},

for each v > 1. Then, we have the following:

(3.6)

(1) lmy oo w(py, A*) exists for each \* € A;
(2) limy— 00 w(@w, Yip,) = 0.

Proof. (1) We show that lim,_, o w(p,, A*) exists for each A* € A. Let A* € A. Note that
0y = Ry, 9y and 1, = R, 6, for all v > 1. Then, from Lemma 2.1, we have

(3.7) min(cosw(A*, d,), cosw(dy, ©y)) = cosw(A*, d,) cosw(dy, py) > cosw(N, p,)
and

(3.8) min(cos w(A*,ny), cosw(ny, dy)) > cosw(A*, 1) cosw(ny, §y) > cosw(A*, dy).

Thus,

(3.9) max{w(A*, 0y ), w(dy, Pu)} < WA, @),
and

(3.10) max{w(A*, 7y), (10, 0v, )} < WA, 80),
which implies that

(3.11) WX, 8,) < w(A*, p)-
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Using the definition of nonexpansive mapping, © is admissible, and (3.6), we have
cosw(A, xu) = cos (X, BI(L = p)0u © pytoma])
> cosw(A*, (1 = pu)dy © puthny)
> (1= py) cosw(A*,8,) + pp cosw(A*, Ym,)
(3.12) > (1 — py) cosw(A*,8y) + py cosw(A*, 1)
> (1 = py) cosw(A*, dy) + py cosw(A*, )
= cosw(A*, dy)
> cosw(A\*, py),
cosw(A*, ¢y) = cosw(A*, Y[(1 — 04)nw  TpthXu])

> cosw(A*, (1 —0y)n ® outh)y)
> (1 — 0y) cosw(N*,ny) + 04, cosw(A™, Yxy)

(3.13) > (1 — ay) cosw(N*,ny) + g, cosw(N*, xu)
> (1 —o0y)cosw(A*, @) + oy cosw(A, p,)
= cosw(A¥, ¢y)

and

cosw(A", pyt1) = cosw A", Y[(1 — ay)Pxo ® apthdy])
> cosw(A\*, (1 — au)xy ® aydy)
2 (1 = ) cosw(A", ¥xo) + auw(A™, oy)

(3.14) > (1 — ) cosw(N, xp) + aw(A*, éy)

> (1 — ay) cosw(A*, vy) + apw(A*, vy)
= cosw(A*, @y).

This has the effect of

(3.15) WV o) SV p) SN ) < T

As a result of (3.11) and (3.15),

(3.16) lim sup w(A*, d,) < limsupw(A*, p,) < T

v—> 00 v—>00 2

Hence, the sequences {¢, } and {¢,} are spherically bounded. So, Sup, > W( Py, 0y) < g
and -

limy, 00 W(A*, @y) < 3 exists for all \* € A.

(2) We show that lim,_, o w(@y, ¥, ) = 0. Let

(3.17) ILm w(A* ) =d > 0.

As a result of
cosw(A", put1) = cosw(A™, Y[(1 = aw)xo ® awthdy])
> cosw(A, (1 — o )thxo ® o)
(1 — ap) cosw(A*, hxw) + auw(A", ¥y)
(1 — ay) cosw(A*, xv) + apw(A*, &)
(1 = ay) cosw(A*, @) + apw(N, dy)
= cosw(A\*, ©y) — @y cosw(N*, ©y) + auw(N*, &),

(3.18)

(AVAR VALY,
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which implies that

(3.19) QoS w(A*, 0y) > cosw(A*, y) — cosw(AN", put1) + auw (A, @y)
this is,

1
(3.20) cosw(A", py) = —(cosw(A\", py) — cosw(A, pyi1)) + wW(AT, dy).

v

Since a,, > v > 0 for each v > 1, we obtain

1
(3.21) cosw(A*, p,) > a(cosw()\*, ©u) — coswW(A*, 0u11)) + W(A*, &y).
Using (3.17), it also results in
(3.22) d= lirginf cosw(A*, @y) > 1irginfw(/\*, D).

From (3.13), we obtain

(3.23) lim sup w(A*, ¢,) > limsup cosw(A*, p,) = d.
vV— 00 V— 00
As a result of (3.22) and (3.23), we obtain
(3.24) lim cosw(\*, ¢,) = d.
vV— 00

Next, we will look at
cosw(A", ¢y) = cosw(A™, Y[(1 = oy)mu B ovihxu])
> cosw(A*, (1 = 0y)ny @ opthXo)
> (1 —oy,)cosw(A*, 1) + 0y cos w(A*, Pxy)

(3.25) > (1 —0y)cosw(A*, py) + 0y cosw(A*, Pxy)

> (1 —0y)cosw(A, ) + 0y cosw(N, xy)

= cosw(A*, @y) — 0y cosw(AN*, @y) + gy cosw(A*, Xy),
which implies that
(3.26) 04 COSW(A™, ) = cosw(A*, py) — cosw(A*, @y) + 0y coswW(A*, Xo ),
this is,
(3.27) cosw(A\*, @) > %(COSW(A*’ V) — cosw(A*, dy)) + cosw(N*, xy).

Since o, > v > 0 for each v > 1, we obtain
1
(3.28) cosw(A\*, py) > g(cosw(/\*, V) — cosw(A*, ¢y)) + cosw(A*, xu).

Using (3.17) and (3.24), it also results in

(3.29) d = liminf cosw(\*, ¢,) > liminf w(A*, xy).
vV—r 00 vV—r 00
From (3.12), we obtain
(3.30) lim sup w(A*, x») > limsup cosw(\*, p,) = d.
V—00 V—00

As a result of (3.29) and (3.30), we obtain
(3.31) lim cosw(A*, x,) = d.

vV— 00
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From (3.9)-(3.12), we obtain
cosw(X*, Xu) = cosw (N, (1 = pu)bs @ putim,])
> cosw(A", (1 = py)dy © puiPny)
> (1= py) cosw(X", 8,) + py cosw(N", 6m,)
> (1—pv)cosw()\ v) + pucosw(A*,n,)
(

(3.32) > (1 — py) cosw(\*, @y + pycosw(A*,m,)
cosw(A*, v,
> (1= py)cosw(A*, @) + pp—"Fc—— X, 0)
cosw(d U,gov
= cosw(A™, @y) + py cosw(A*, @y) ( 1) )
CObw va‘Pv
which implies that
3.33 N Xo) — A n) > py "5 o -1],
(333)  cosw(M.xe) —cosw(MN.p,) > py cosw(A', o) Q%wm% )
this is,
cosw(\*, xv) 1
3.34 promsvivassertil Il 2N vyt O
(3.34) cosw(A*, p,) P <COSW(5U,S%) )
Since p, > v > 0 for each v > 1. As a result of (3.17) and (3.31), we obtain
(335) lim w((sva 901)) =0,
this implies that
(3.36) Jim (R, @0, 0) = 0.

So, as p, > p > 0 for each v > 1, we obtain
(3.37) hm w(R#gov, py) = 0.

Similar to that
cosw(A*, xy) = cosw( A, ¥[(1 — py)dy ® putny])
> cosw(A", (1 = py)dy @ putiny)

> (1 — py) cosw(X*,6,) + poy cosw(N*, 1n,)
(3.38) > (1 — py) cosw(A*,8y) + py cosw(X*, 1)
cosw(A*,dy)
> (1— sw(A*
= (1= pv) coswo(d ’6v)+pvcosw(nv,5v)
x . 1
= cosio(0,) + peosio(0) (o 1) ,
which implies that

(3.39) cosw(A®, xu) — cosw(A*,dy) > py cosw(A*, dy)

/N 7 N

1
— 1
cos w(ny, 0y) > ’
this is,
cos w(A*, o) 1
huudabut S, CYANR RS (. —
cos w(A*, d,) Po (cosw(nv,év) )
Since p, > v > 0 for each v > 1. As a result of (3.17) and (3.31), we obtain
(3.41) lim w(ny,d,) =0,

vV— 00

(3.40)
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which implies that

(3.42) ILm W(Rr,0u, Ry, 0) = 0.
So,as p, > > 0and 7, > 7 > 0 for each v > 1, we obtain
(3.43)

lim w(R;0,, R,p,) = 0.

V—> 00
From (2.2), we obtain
WQ()\*a Xv) = WQ()\*a 77[][(1 - pv)év @ PuW?u])
< w2(>\*a (1 - pv)av @ pqﬂ/fm)

R
<(1- pv)w2(/\*a dy) + va2(/\*7 Yny) — 5 (1 - Pv)ﬂuw2(5v7¢%)

2
* X R

< (1 - pv)WQ()‘ 13071) + pvw2()‘ 7771)) - 5aﬁw2(5v’wnv)
. X R

S (1 - pv)w2(/\ a‘PU) + pUWQ(/\ a‘ﬂv) - 5045002(57171?%)

" R
= WQ()‘ aﬂpv) - 50fﬁw2(5v7¢m),

this implies that
2
2 < 2y * 20k
W (0w, Ymy) < Raﬁ(w (A" ) — W (A", X0))-
Hence,
(3.44) lim w (b, ) = 0.
Also,

w2()\*7 b)) = w2(>‘*v Y[(1 = 00)n0 © outhXo])
WZ()\*v (1 - O"u)nv S2) O-’UwX’U)

IN

< (1 - UU)WQ()‘*vnv) + va2(/\*a va) - E(l - UU)UUwQ(nW’(/)XU)

2
< (1 - Uv)w2()‘*v va) + va2()‘*7Xv) - gaﬂwz(ava Q/JXU)
< (1= )X, 00) + 0P (N 90) = 3B By Yx0)
. R
= w2(>‘ a@v) - 50450‘]2(51)’ ¢Xv)a
this implies that
2
2 < 2y * 2y * )
w (&)7va) > Raﬁ(w (>\ 78011) w (/\ a¢v))
Hence,
(3.45)

lim w(dy,¥Pxy,) = 0.
v— 00
Using the triangle inequality along with (3.35), (3.41) and (3.44), we obtain

W(pw; Yipu) < w(Pu, 0y) + w(dy, Y1) + W (W1, ¥0y) + w(dy, Pepy)
(3-46) < 2w(§0va 51}) + w(5v7 11177@) + W("?vy 51))
—0 as v — o0.
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Theorem 3.1. Let (O, w) be an admissible complete CAT(1) space, (,§ : © — (—o0, 00| be proper
lower semi-continuous convex functions and ¢ : © — O be a nonexpansive mapping. Then, the
sequence {p,, } generated by (3.6) A-converges to an element of A.

Proof. Let A* € A. Then ((A\*) < ((d,) for each v > 1. Now, from Lemma 2.1, we have
(3.47)
NU(C(év) - g()‘*)) <5

™ 1 . .
(cosw(&,,gpv) + 1) (cosw(dy, @y) cosw(A™, d,) — cosw(A™, ¢,)),

-2
which yields
(3.48)
1
0 < 11y (C(00) —C(AT)) < ;T (cos%;(éap) + 1> (cosw(dy, Py) COSW(A™, §y) —cosw(A™, @y)).

Since 0 < u < p, for each v > 1, from Lemma 3.5, we have

(3.49) Uli_>ngow(6v,<pv) =0, Uli_>rgow()\*,<pv) and Uli_)n;o w(A*, d,) exist.
From (3.48) and (3.49), we have

(3.50) vllrgo ¢(d,) = inf ¢(©).

Continuing in the same way as above, we have

(3.51) lim &(ny) = nf &(O).

Next we show that Wa(dv) = Uy, ycqs,3 A{0}) C A. Let A € Wa(6,). Then there
exists a subsequence {o,} of {J,} such that A(§,) = {d}. Thus, there exists a subse-
quence {v,} of {J,} such that A-lim, .oy, = v for some v € A. In view of Lemma
3.5, we have lim,_, o0 W(7y, ¥yy) = 0 and limy,_, o0 w(dy,¥,) = 0 which lim,,_, o w(7,,) and
lim,_, o w(7, d,) exist and by Lemma 2.4, we have § = ~. This shows that Wa (¢,) C A. By
using Lemma 2.3, we obtain that {¢, } A-converges to an element of A. O

Theorem 3.2. Let (©,w) be an admissible complete CAT(1) space and (,§ : © — (—o0, 00| be
proper lower semi-continuous convex functions. If one of the mappings R,, or R, or ¢ is demi-
compact, then the sequence {, } generated by (3.6) converges strongly to an element of A.

Proof. From Lemma 3.5, we have
(3.52) Ulgglo w(pw, Rupy) = Ulgrolo W(Pw, Rrw) = ulggo W(Pw, Yipy) =0

We can assume, without losing generality, that R, or R or 1) is demi-compact, then there
exists a subsequence {g,} of {¢,} such that {g,} converges strongly to A € ©. By using
(3.52) and the nonexpansiveness of the mappings R,,, R-, ¢, then we obtain

W\, RuA) = w(X, R A) = w(A\, ¥A) =0,

which yields A € A. Further, we can prove the strong convergence of {¢,} to an element
of A. This completes the proof. O

4. APPLICATIONS

We obtain various applications to the convex minimization issue and the common fixed
point problem in CAT(x) space, where « is a bounded positive real number.
Throughout this section, we assume that the following assertions hold:
(a) © is a complete CAT(x) space with w(gal, w2) < D, for all 1,y € O.
(b) « is a positive real number and D, W'
(©) ¢,€: 0 — (—o0, 0] be proper lower semi-continuous convex functions.



Proximal point approach for solving convex minimization problems in positive curvature 341
(d) R,, R, be resolvent mappings on © defined as
~ , 1 .
R, = argmin[((b) + — tan(v/kw(b, ¢)) sin(vkw (b, ¢))]
be® H
and

R, = argmin[¢(c) + %tan(\/ﬁw(c, 5)) sin(v/Aw(c, 8))]

ccO
forall u,7 > 0and p,d € O.

Corollary 4.1. Let (O, \/kw) be an admissible complete CAT(1) space and (,§ : © — (—o00, 0]
be proper lower semi-continuous convex functions. Let 1) : © — © be a nonexpansive mapping
such that A = F(v) N argminy g ¢(b) Nargmin, g &(c) # 0. Let {p,}, {0y} and {c,} be
sequences in [y, ] for some v, 5 € (0,1) and for all v > 1 and let {y, } and {7, } be sequences in
(0,00) such that 0 < pp < p, < land 0 < 7 <7, < 1forallv > 1. For 1 € ©, let {p,} bea
sequence in © defined in the following way:

6, = argmincolC(H) + - tan(yRu(b, ) sinly Rl 2,))].

v

o = axg min o €(¢) + — tan (/R (c,6,)) sin( (e, 6,)],
Xv = 7/}[(1 - ,01;)5@ 57 vanvL

Gy = Zﬁ[(l - Uv)nv 2] vaXv]a

Po+1 = ’(/}[(1 - av)va D avw¢v]a

for each v > 1. If the assumptions (a)-(d) hold then, sequence {p, } A-converges to an element of
A.

(4.53)

Proof. The proof follows by using assumptions (a)-(d) and the proof of Lemma 3.5 and
Theorem 3.1. O

Corollary 4.2. Let (0, +/kw) be an admissible complete CAT(1) space, ¢, : © — (—o0,00] be
proper lower semi-continuous convex functions and ¢ : © — © be a nonexpansive mapping. If

one of the mappings R or R, or 1) is demi- -compact and assumptions (a)-(d) are true, then, the
sequence {py } genemted by (4.53) A-converges to an element of A.

Proof. The proof follows by using assumptions (a)-(d) and the proof of Lemma 3.5 and
Theorem 3.2. O
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