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Modified inertial Tseng type method for zeros of the sum of
monotone operators in Hilbert spaces

NARIN PETROT2, MANATCHANOK KHONCHALIEW? and MONTIRA SUWANNAPRAPA*

ABSTRACT. In this work, we propose a modified inertial Tseng type method for finding a solution to the
monotone inclusion problem in Hilbert spaces. The strong convergence of the algorithm is guaranteed by suffi-
cient conditions on the control sequences of related parameters. The forms of proposed algorithms for solving
some important applications of the monotone inclusion problem models are provided. Also, the numerical
experiments of the proposed algorithm are discussed.

1. INTRODUCTION

Let H be a real Hilbert space and let B : H — 2 be a set-valued operator. The
variational inclusion problem, which was introduced by Martinet [18], is the problem of
finding a point 2* € H such that

(1.1) 0 € Bz*.

If B is a maximal monotone operator, the elements in the solution set of the problem (1.1)
are called the zeros of a maximal monotone operator. The variational inclusion prob-
lems are being used as mathematical programming models to study a large number of
optimization problems that arise in finance, economics, network, transportation, and en-
gineering science. For solving the problem (1.1), many authors considered the following
proximal point method: for a given z; € H,

(1.2) Tpi1 = Jy T,  VnEN,

where {\,} C (0,00) and J{} = (I + X, B)~" is the resolvent of the maximal monotone
operator B corresponding to A,; see [12, 19, 33, 36] for more information.

A type of generalization of (1.1) is the following inclusion problem: finding a point
z* € H such that

(1.3) 0 € Az™ + Bz*,

where A : H — H is a single-valued operator and B : H — 2/ is a set-valued operator.
The elements in the solution set of the monotone inclusion problem (1.3) are called the
zeros of the sum of monotone operators; see [6, 8, 20, 25, 32] and the references therein.
Note that, when A is a continuous and monotone operator and B is a maximal monotone
operator, we have A + B is a maximal monotone operator; see [26]. A popular itera-
tive method for solving the problem (1.3) is the so-called the forward-backward splitting
method, which defines a sequence {z,,} by the following algorithm: for any z; € H,

(1.4) Tni1 = Jy (I —A\A)z,, VR €EN,
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where {)\,} is a sequence of positive real numbers, A : H — H and B : H — 2H are
maximal monotone operators, see Passty [22].

Furthermore, the study of the inertial technique was first presented by Polyak in 1964,
to speed up the rate of convergence; see [24]. This technique is a two-step iterative
method, in which each iteration involves the previous two iterates. Consequently, many
authors considered the inertial method because of this faster convergence rate property
of the algorithm; see [1, 4, 9, 10, 11, 14, 23, 27] for more information.

In 2001, Alvarez and Attouch [3] proposed the inertial proximal point method for find-
ing the solution of the problem (1.1): for arbitrary xq, z, € H,

Yn = Tn + ,un(xn - xn—l)y
(1.5) Tpt1 = anyn, Vn € N,

where {)\,,} is non-decreasing sequence and {x,,} C [0,1) satisfy with > 7, pu, |z, —
Tp-1]|? < oo, and presented the weakly convergence results.

In 2015, Lorenz and Pock [16] studied the monotone inclusion problem (1.3) and pro-
posed the following inertial forward-backward algorithm: for arbitrary o, 1 € H,

Yn = In+ﬂn(zn *xn—l)a
(1.6) Toyr = JL T —MA)yn, YREN,

where {),} is a positive real sequence and {x,,} C [0,1). By suitable conditions, they
proved that the sequence {x,} converges weakly to a solution of the problem (1.3).

In 2018, Cholamjiak et al. [9] proposed the Halpern type inertial forward-backward
method for solving the problem (1.3): for arbitrary u, zo, z1 € H,

Yn = Tp+ Nn(xn - xnfl)a
(1.7) Tptl = QuU+ BnYn + 'ynJABn (I — M A)yn, Vn € N,

where {u,,} C [0, 1) with u € [0,1), the sequences {a,,}, {8,} and {7, } are in (0,1) and
some suitable conditions. They proved that the sequence {z,} converges strongly to a
solution of the problem (1.3).

On the other hand, in 2000, Tseng [32] proposed a modified forward-backward splitting
method for solving the problem (1.3), also known as Tseng’s splitting algorithm: let C' C
H be closed and convex set which intersects the solution set of (1.3), for any z; € C,

Yn = J)]i (I - )\nA)xn7
(1.8) Tnt1 = Po (yn — A (Ay, — Aa:n)), Vn € N,

where )\, is chosen to be the largest A € {4, 41,612, ... } satisfying A|| Ay, — Az,|| < pllyn —
Z,|, when d > 0and [, 1 € (0,1). Tseng proved that the sequence {x,} converges weakly
to the zeros of A + B. Subsequently, the study of the strong convergence methods with
Tseng’s splitting algorithm for the problem (1.3) are studied; see [2, 13, 14, 28] for more
details.

In [14], Kaewyong and Sitthithakerngkiet studied the monotone inclusion problem
(1.3). They introduced the following modified Tseng type algorithm: for arbitrary x,
T € H,

Zn = Tn+ ,Un(zn - zn—1)7
w, = J{ (- A)z,
Yn = Wp — An(Au}n - AZn),

(1.9) Tnt1 = ath(l‘n) + (1 - an)yn7 Vn € N,
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where {a,} is a sequence in (0, 1) satisfy lim,,_,oc @, = 0and > 7, o, =00, Vh: H - H
is o-Lipschitz continuous with ¢ € [0,1), {i,,} C [0,1) and {\, } is defined by

. 0||zn —wn| . .
Nss = min {|AznAwn|7>‘”}7 if Az, — Aw,, #0;
Ans otherwise,
when Ay > 0and 6 € (0,1). They showed that if the sequence {u,,} € [0,1) such that
fin
|

limy, oo — ||n, — 2p—1]] = 0 and lim,, o0 fin ||Zrn — Zn—1|| = 0, then the generated sequence

{zn} convgrges strongly to a solution point of the problem (1.3).

In this paper, motivated and inspired by the above literature and the presented algo-
rithm in [14], we are going to consider problem (1.3) by aiming to provide the modified
inertial Tseng type algorithms for finding a solution of the problem and provide some
suitable conditions to guarantee that the constructed sequence {z,,} converges strongly to
a solution point.

2. PRELIMINARIES

Let H be a real Hilbert space with the inner product (-, ) and its induced norm || - ||
For a sequence {z,} in H, we denote the strong convergence and weak convergence of
the sequence {z,} to z by z,, — = and z,, — z, respectively.

LetT : H — H be a mapping. Then T is said to be
(i) Lipschitz if there exists L > 0 such that
[Tz = Ty|| < Llje —yll,  Va,y€H.

The number L, associated with T, is called a Lipschitz constant. Moreover, if L € [0, 1),
we say that T"is contraction. And, if L = 1, we say that 7" is nonexpansive.
(ii) Firmly nonexpansive if

||T$—Ty|\2§<m—y,Tx—Ty>, VfCayGH~
(iiif) B-inverse strongly monotone (B-ism) if for a positive real number 5,
<T.’E—Ty,.’£—y> Zﬁ”T{E—Ty“2, Vl,yéH

The set of fixed points of a self-mapping T" will be denoted by F(T'), that is F(T) =
{z € H : Tx = x}. We note that if T' is nonexpansive, then F(T') is closed and convex.

Now, we collect some important properties for our proof.

Lemma 2.1. [6, 34] The following are true:
(i) IfA:H — H is -ism, then Ais %—Lipschitz continuous and monotone mapping.
(ii) If A: H — His S-ismand X € (0, 8], then T := I — MA is firmly nonexpansive.

Let B : H — 28 be a set-valued mapping. The effective domain of B is denoted by
D(B), thatis, D(B) = {z € H : Bz # (}. Recall that B is said to be monotone if

(x —y,u—wv) >0, Va,y € D(B),u € Bx,v € By.

A monotone mapping B is said to be maximal if its graph is not properly contained in the
graph of any other monotone operator. To a maximal monotone operator B : H — 2/
and X\ > 0, its resolvent J 7 is defined by

JP = (I +\B)™': H — D(B).
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Notice that the resolvent JZ is a single-valued and firmly nonexpansive mapping, and
F(JP)=B"0={x € H:0€ Bz}, VA>0;seel29,30].

Lemma 2.2. [5] Let C be a nonempty, closed, and convex subset of a real Hilbert space H and
A : C — H be an operator. If B : H — 2" is a maximal monotone operator, then F(JZ(I —
M)) = (A+ B)~0.

The following known results are needed in our proof.

For each z,y, z € H, the following facts are valid for inner product spaces,

(2.10) oz + (1= a)y|? = afzl| + (1 = a)[lyl]* — (1 — @)l — y|1?,
and

loax + By +vz* = allzl®+ Bllyl* + =17
(2.11) —afllz —ylI> — erllz — 2> = Bylly — =%,

for any «, 8, € [0,1] such that a + 8 + v = 1; see [21, 29].

Let C be a nonempty closed convex subset of H. For a point z € H, there exists a
unique nearest point in C, denoted by Pcx, such that

[ — Pox| <[l —yll, vVyeC.

Pc is called a metric projection of H onto C; see [31]. The following property of Pc is well
known and useful:
(x — Pox,y — Pox) <0, Vxe HyeC.
We also use the following lemma for proving the main theorems.

Lemma 2.3. [15, 33] Let {a,, } be a sequence of nonnegative real numbers satisfying the following
relation:

Ap+41 < (1 - O‘n)an + anbn + ¢n, Vn € N:

where {a, }, {by} and {c, } are sequences of real numbers satisfying
(i) {an} C 0.1, Yo, @ = o0;
(i) limsup,,_,., bn <0;
(iii) ¢, >0, foreachn € N,y | ¢, < .

Then, a,, — 0as n — oco.

3. MAIN RESULTS

In this section, we start by introducing the following algorithm that combines the in-
ertial method with Tseng type and viscosity type algorithm for solving the monotone
inclusion problem, the problem (1.3).

Algorithm 3.1. Let {o, }, {8} and {0, } be sequences in (0,1) with a, + By, + 0, = 1 and the
initial xo,x1 € H be arbitraries, define

Zn = Tp+ pn(T, —Tp_1),

w, = an (I —MA)zy,

Yn = wWp— A\ (Aw, — Azy,),
(3.12) Tnt1 = nf(xn) + BnZn + Onln, Vn € N,
where {p, } C [0, p) with p € [0,1) and {\,, } is defined by
(3.13) Ny = min {m, )\n}, if Az, — Aw, # 0;

Ans otherwise,
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when Ay > 0and 6 € (0,1).
We will consider the Algorithm 3.1 under the following assumptions.

(Al) A: H — H is a v-Lipschitz continuous and monotone operator;
(A2) B : H — 2" is a maximal monotone operator;
(A3) f : H — H is a contraction mapping with coefficient « € [0, 1).

We denote Q := (A + B) !0 for the solution set of the problem (1.3) and assume that
is nonempty.

Now, we will present Lemmas and the strong convergence theorem (Theorem 3.1), by
using the above assumptions to Algorithm 3.1.

Lemma 3.4. The sequence {\,,} generated by (3.13) is a non-increasing sequence and

im A, =)\> min{)\l, 0}.
n—00 14

Proof. By the definition of {\,,} in (3.13), it follows immediately that the sequence {\,}

is non-increasing. Moreover, Az, — Aw,, # 0 implies Ollzn = wn]l > Q Therefore, it is
Az, — Aw,| — v
6
obvious that {)\, } has a lower bound min {)\1, [ This completes the proof. O

Lemma 3.5. Let H be a real Hilbert space and let {y,, } be a sequence which is appeared in Algo-
rithm 3.1. If assumptions (A1)-(A3) hold, then

A
619 o =9l < oo = 17 = (1= 825 ) o = w2,
n+1
forall p € Qand
A
(315) ||yn - wnH S 9}\ i ||Zn - wn”-
n+1

Proof. By the choice of {\,} in (3.13), if Az, # Aw,, we have

. Ollzn — wa| Ollzn — wy|
= _— < o

b =min{ < e
for each n € N. This implies that
(3.16) Az, — Auw,| < Wz =wnll

/\n+1
Note that, in fact (3.16) holds for all n € N.
Now, consider
lyn — pH2 = Jlwn = An(Aw, — Azp) — p||2

= ||wn _p||2 + /\iHAwn - Azn||2 - 2)\n<wn 2 Aw,, — Azn>
= ||Z7L_pH2+||Zn_wn|‘2+2<wn_zn72n_p>
+)\3LHAwn — Az ||? = 20\ (wy, — p, Aw,, — Az,)
= |z = plI* = 120 — wnl* + 2(wn — 2, wn, — p)
+Ai|\Awn — Azn||2 — 2 p(wy, — p, Aw, — Azy)
= |z —pl? = 20 — wall® = 2(2n — wy, — An (A2, — Awy), wy, — p)
(3.17) A% Awy — Az 1%,
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for each n € N. By using (3.16), we obtain

2 2 s \p 2
lyn = pII7 = llzn = pII" = (1= 07557 |20 — wall
n+1
(3.18) —2<zn —wp, — A\ (Az, — Awy,), w, — p>.

Next, we will show that (z, — w, — A\, (A2, — Awy,), w, — p) > 0. Note that, w, =
(I +X\B)7YI — Xy A)zy, implies (I — A\, A)z, € (I + \,B)w,. Since B is a maximal
monotone operator, there exists v,, € Bw,, such that (I — X\, A)z, = w, + A\,v,. This gives

(3.19) Uy = )\i(zn — Wy — A Azy).
Furthermore, since 0 € (A+ B)p and Aw,, +v,, € (A+ B)w,, together with the maximality
of A+ B, we get

(3.20) (Awy, + vy, w, —p) > 0.
Substituting (3.19) into (3.20), we obtain
1
A—(zn — Wy, — ApAzy + A Awp, w, —p) > 0.
So,

(2n — wn — M (A2, — Awy,), w, — p) > 0.
Thus, from (3.18), we have

)\2
o — 2I1? < 120 — 2 - (1 g )nzn —wl?,

foreachn € N.
In addition, by using (3.16), we obtain

[yn —wall = [lwn = An(Awn — Azy) — wy|
< lAw, — Az, ||
An
< 6 -
= 2 — wall,
for each n € N. This completes the proof. O

Theorem 3.1. Let H be a real Hilbert space and let {x,,} be generated by Algorithm 3.1. Suppose
that the assumptions (A1)-(A3) hold and the following control conditions are satisfied:
(C1) limy 00 0y, = 0and Y7 | @ty = 00;
(C2) There exist a positive real number a with 0 < a < 5, and 0 < a < 6, for eachn € N;
(C3) limy_s o0 %Hxn — Zp_1]| = 0.
Then, {x,} converéles strongly to p € , where p = Pq f(p).

Proof. Firstly, we show that the sequence {z, } is bounded. Let z € Q. Then, we have
z € (A4 B)~'0, and this implies that J{ (I — A, 4)z = .

2
Since lim,,_, oo (1 - 92/\;\”) =1—62 > 0, there exists ng € N such that
n+1

2

(3.21) 1—6? 2" >0,
)‘nJrl

for each n > ng. Thus, from (3.14), we have
(3.22) lyn — 2l < 2 — 2],




for each n > ny.
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Next, by the definition of z,, and the condition (C3), we obtain that for each n > ny,

(3.23)

lzn =2l = ||zn+ pn(@n — 20—1) — 2|

lzn — 2|l + pnllzn — 1|

IN

:”%*ﬂ+%%Wwﬁwﬂ
n

A

|lzn — 2| + an My,

for some M; > 0. It follows by using (3.23) that

(3.24)

lyn =2l < llen = 2l + an .

By using (3.24) and the definition of x,1, we have

e
<
<
<
<
<

(3.25) <

oanf(:cn) - ZH + BullTn — 2| + dnllyn — 2|l

O‘n”f(xn) - f('z)H + aan(z) - ZH + Bnllzn — 2|l + 0nllyn — 2|l
ankl|T, — 2| + aan(z) — zH + Bullzn — 2| + 5n(|\xn —z|| + aan)
(0w + 8-t 8l 21+ 172) =2+ )

Hﬂ@—%+Mﬁ

(1= a1 = 1) o 21 + (1 = ) (P2

max{”xn —z|, Hf(z) _ ZH + M }

1—k

|£(z) = =[] + M
max ”xno - Z||7 1_k )

for each n > ng. This means {||z,, — z||} is a bounded sequence, and it follows that {x,, }
is bounded. Subsequently, the sequences {z,}, {y,} and {f(z,)} are also bounded.

Next, we note that Py f(+) is a contraction mapping. Let p be a unique fixed point of
Pqf(-), thatis p = Pqf(p). For each n > ng, we see that

Iz = pII?

(3.26)

= |#n + (@ — 20 1) —p|?
= lzw = pl* + 220120 = 2ar | + 20 (20 — P20 — 01)
< lon = ol + #2112 = 2na | + 20l = Pllllzn — 20l
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By using (3.26), we have
[2nt1 =pI* = (anf(zn) + Butn + nln — P, Tny1 — p)
= an(f(zn) = f(0): nt1 — 1) + an(f(p) = P, Tns1 — p)
+Bn{xn — D, Tpg1 — P) + 6n(Yn — P, Tny1 — P)

< (176 = 10 + onia —ol?)
2 (oo + e )
On
o2 (ol s )
+on(f(p) = P, Tni1 —p)
2 - On 1
< (B 5ol Sl =l + Gl =l
+an(f(p) =P Tnt1 —p)
n 2 n 6” 1
< (‘3"“;5*)H%_p24-2||xn+1—p||2
51’L 31
0 24 Bt — ol — 0

+an(f(p) = P, Znt1 — ),
for each n > ng. Thus,
lZn41 7p||2 < (1 —ap(l - “2)) |zn — sz + Ni”mn - zn—IHQ
+2pn||Tn — pllllTn — -1l + 204n<f(p) — Dy Tnt1 — p>
= (1= —=5)|lz, —pl?
Fpnl|Tn — T (ﬂonn —Tp_1| + 2|z, — p||)
+20, (f(P) = s Znt1 — p)

< (1 —ap(1— KQ)) Hxn - p”2 + Moy ||y, — xn—lu
+20,(f(p) = Py Zny1 — )
< (1= (1= 82)[lan - pl?
M 2
2 2 /Ufn
(327) +Oén(1 - K )(1 — K2 ;n||zn - ‘Tn—lu + 1 — K2 <f(p) — Dy Tn+1 p>>7

where My = 3sup,, {pllzn, — n-1|, lzn —p||} > 0.
Now, we consider the following two cases.

Case 1: Suppose that {||z,, — p|} is monotonically non-increasing for all n > ng. Since
{llz — pl|} is bounded, in this situation we can confirm that it is a convergent sequence.

Now, from (3.23) we have

(lzn — pll + an M)

= len = plI? + 200, M ||, — pl| + af, M
|Zn _pH2 + an(2M1”$n —pll+ aan)
ln — plI* + a Ms,

l2n = pII?

(3.28)
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for each n > ng, where Mz = sup,, {2M;||z,, — p|| + e, M} > 0.
By using (2.11), (3.14) and (3.28), we obtain
lznss = pl* = |lanf(@n) + Bawn + 6y — p||”
= |jan(f(za) = p) + Bulzn — ) + 6u(yn — )|
= an|[ f@a) = p||” + Bullzn = pI* + dullyn — plI?
0Bl F (@) = Tnl|” = €| £ (20) = 9| = Bubnlln =y

< | f@n) = p||” + Ballwn — plI? + Oullyn — pl?
< o[£ (@) = p||” + Ballzn — plI?

e O e L
< anl|F(@n) = pl|* + Ballzn — plI?

)\2
+6n(|wn DI+ M (1 g2 )|zn —wn||2)
)‘n+1

2
)‘nJrl

2 A2
< e —pl? +an(uf<xn> | +M3) —5n(1 e )|zn —
for each n > ng. This implies

)\2
6n(1—92/\2” )zn—wnw < lon = pl2 = llonss — pl?
n+1

(3.29) o (Hf(a?n) L Mg),

for each n > ng. Thus, by condition (C1), (C2) and (3.21), we get
(3.30) lim ||z, — wy,| =0.
n—oo

Using this one together with (3.15), we also get

(3.31) lim ||y, — wy|| = 0.
n—oo
Observe that
2
[2ni1 —pI* = o/ f(zn) —p||"+ Ballzn — plI* + 6nllyn — Pl

— 0 || f () — $n||2 — O || f(2n) — yn||2 — Bnonl|Tn — yn||27

for each n > ng. This is,

2
Bndn”l'n*yn”2 < Oéan(xn)pr +ﬂn”1'n7p”2+5n”yn7p“2
(3.32) ~lns1 = pl*.

Moreover, we know that

lyn = plI> < 20 = plI* < |20 — pII” + an Ms.



408 N. Petrot, M. Khonchaliew and M. Suwannaprapa
Then, from (3.32), we obtain

2
Bubnllzn —ynll> < an||f(zn) = p||” + Ballzn — pI* + Snllzn — plI* + ndnMs
—l|#ns1 = pl?
2
(333) < (156 =9I+ 882 ) + e = pIP = it =
By conditions (C1) and (C2), we have
(3.34) lim ||z, —yn| = 0.
n— o0
Next, we will show that lim,, o ||#n4+1 — 2| = 0. Using the definition of z,,11, we
have
||mn+1 - mn” = Hanf(xn> + BnTn + Onln — an
< aan(xn) - an + 6nllyn — zall,

for each n > ng. By using (3.34) and condition (C1), we obtain
(3.35) lim [[2zp 41 — 25| = 0.
n—oo
Now, consider

lzn — znl|| = Hxn + pin(Tn — Tn—1) — an

IN

Hn
(07% Hxn _',I:’n71||7
ap

for each n > ny. By conditions (C1) and (C3), we get
(3.36) lim |z, — @[] = 0.

On the other hand, since {z,} is bounded on H, there exists a subsequence {z,,} of
{z,} converges weakly to z* € H. Next, we will show that z* € Q. Consider

||ac* — JABH(I — )\nA)x*||2 < <ac* — Jfﬂ(] — A A)z* " — zn_j>
+<93* — J/\'il (I = A\A)T™, 2, — Jﬁ (I - )\nA)znj>
+a* = JZ (I = XA)x*, I (I = MpA)zn, — IV (I — A A)z™),
for each j € N. By using (3.30) and (3.36), we obtain
lim ||z — J{ (I = A A)z*|| = 0.

Jj—o0

It follows that, z* = J (I — X\, A)z* and hence z* € (.

Finally, we prove that the sequence {x, } converges strongly to p = Py f(p). Now, we
know that {z, } is bounded, and we have from (3.35) that ||z,+1 — @,|| — 0, as n — oc.
With loss of generality, we may assume that a subsequence {1} of {z,41} converges
weakly to z* € H. Thus, we have

. 2 .
sy 12 00~ ptws 7)< im0 )
2 *
(337) = ——{f) ~pa"—p) <0,

By using (3.37) and together with the condition (C3), we obtain
. M2 Hn
(3.38)  limsup (1 — ;nllxn — ol + 75 () =P 2ana —p}) <0.

From (3.27), by using Lemma 2.3, we can conclude that z,, — p, as n — oc.
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Case 2: Suppose that { |z, —p| } is not monotonically non-increasing for all n > ny. By
the setting I',, = ||z, — p||, Vn € Nand let 7 : N — N be a mapping defined by

T(n) := max{k eEN:k<n, T'p< Fk+1}7

for all n > ng. Then, we have {7(n)} is a nondecreasing sequence, with 7(n) — oo as
n — oo and

0<TI7m) <T@y, Yn 2> nog,

see [17]. And, it follows that |z ¢,) — p||* — |27(m)+1 — p||* < 0, for each n > ng. From
(3.29), we obtain the following relation

s 1_ 02 Al (m) _ 2
7(n) 2 HZT(’IL) Wr(n) H

T(n)+1

< Hx‘r(n) _p||2 - ||x7'(n)+1 - pH2 + a‘r(n)(”f(xT(n)) _p||2 + M3)
< ar) (I f (@) — pII? + M),

for each n > ng. Following the line proof as in the Case 1, we can get

nh—>néo ||ZT(7L) — Wr(n) || = 07

lim ||y7(n) — wT(n)H = 0,

n—oo
nh—{?go ||x‘r(n)+1 - x'r(n)” = 07
and
: My prn) 2 )
limsup (| —— Trin) — Tr(n)—1|| + — = — Dy Tr(n)+1 — <0.
n—>oop (1 — K2 Qr(n) H e w 1” 1—r? <f(p) Y e p>

Since the sequence {z,(,)} is bounded, we can find a subsequence of {z.(,)}, and for
the sake of simplicity we will still denote it by {,(,)}, which converges weakly to z* €
(A + B)~10. From the relation in (3.27), we obtain

HmT(n)—O—l _pll2 < (1 - a‘r(n)(l - 52)) ”x‘r(n) - p”2
+O‘T(n)(l - Hz)TT(n)a
M2 :u‘T(n)

1 — k2 Qlr(n)
n > ng. Consequently, we have

where T,y = 127y = Tr@my—1ll + (f(p) = psTr(n)41 — p), for each

1— k2

ar(n)(l - KQ)HJCT(n) _p||2 < H‘TT(TL) _p||2 - ||m'r(n)+l _p”2
+a‘r(n)(1 - K2)T‘r(n)
(3.39) < Oé,,-(n)(l — HQ)TT(n).

Since ai;(,) (1 — %) > 0, it follows from (3.39) that
limsup ||z, () — p||*> < 0.
n—oo
This implies
. o 2 _
nh_{[olo Hx‘r(n) Pl 0,
and also

(3.40) lim ||z, —p| = 0.
n—o0
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By using lim,, ;oo ||Z7(n)+1 — Z7(n)l| = 0 and (3.40), then we have
(341) ||x7-(n)+1 _pH S Hx‘r(n)-‘rl - 'TT(TL)” + HxT(n) _p” - 07
as n — oo. Moreover, if 7(n) < n, we also have I'.(,,y < I';(,,)41, because I'-(,,y 11 > T'; for
7(n) + 1 < j < n. Consequently, we obtain
0 < Ty <max{T ) Criys1} = Drgn)yt1s

for each n > ng. By using (3.41), we have that lim,,_, I';, = 0. Therefore, we can conclude
that {z,, } converges strongly to p. This completes the proof. O

Remark 3.1. Observe that if 3,, = 0, Algorithm 3.1 is reduced to Algorithm (1.9). How-
ever, according to condition (C2), we can not use the Theorem 3.1 to guarantee the con-
vergence of sequence {z, } to a solution point in this situation.

Remark 3.2. (a) [27] The condition (C3) is easily implemented in numerical computation
because we can find the value of ||x,, — x,_1]|| before choosing 1,,. Indeed, we can choose
the parameter 1, such that 0 < p,, < fi,,, where

Wn

B min{u,}, if x, # zp-1;
Hn = [#n — @1
1, otherwise,

where w,, is a positive sequence such that w,, = o(a,).

1 1
(b) The following choice is the special case of (a); we choose o, = = CESIE
-1
and p = L B [0,1). Then, we have
n+rk—1
n—1 1

min , , ifx, # Tu_1;

o e e o LR

" n—1 .

U TE— otherwise.
n+rk—1

(c)If f := Vh, where h : H — R is a continuous differentiable function, then in The-
orem 3.1 we have {z,} converges strongly to p € €, where p = PoVh(p), which is the
optimality condition for the minimization problem

1
min o ||z — h(z).

4. APPLICATIONS
In this section, we will show some applications of the problem (1.3) via Theorem 3.1.
4.1. Variational inequality problem. Recall that the normal cone to C at v € C'is defined
as
(4.42) Ne(uw)={z€ H:{(z,y—u) <0, VyeC}.

It is well known that N¢ is a maximal monotone operator. In the case B := N¢ : H — 2,
we can verify that the problem (1.3) is reduced to the variational inequality problem: the
problem of finding 2* € C such that

(4.43) (Az*,z — x™) > 0, Vz € C.
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We will denote VIP(C, A) for the solution set of the problem (4.43). Also, in this case, we
have JZ =: P (the metric projection of H onto C). By the above setting, the problem
(1.3) is reduced to a problem of finding a point

(4.44) " € VIP(C,A) = Quc.
Thus, by applying Theorem 3.1, we obtain the following result.

Algorithm 4.1. Let {a,,}, {8} and {5, } be sequences in (0,1) with o, + By, + 6, = 1 and the
initial o, 1 € H be arbitraries, define

Zn = Tp+ pn(Tn — Tno1),
wy, = Po(l—MA)zp,
Yn = wWp— A\(Aw, — Azy),
(4.45) Tnt1 = anf(@n) + Bn®n +0nYn, VneN,

where {pn} C [0, ) with p € [0,1) and {\,,} is defined by

: Qllzn_wn‘l H _ .
) ) min {IAznAwnl JAn py If Azy — Aw, #0;
n+1 —
An, otherwise,

when Ay > 0and 6 € (0,1).

Theorem 4.2. Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Let
{x,,} be generated by Algorithm 4.1. Suppose that the assumptions (A1) and (A3) hold, Q4. # 0
and the following control conditions are satisfied:

(C1) limy o0 tyy = 0and Y07 | vy, = 00;

(C2) There exist a positive real number a with 0 < a < B, and 0 < a < 6, for eachn € N;

(C3) limy_so0 22|20 — || = 0.
(67

Then, {x,} convergnes strongly to p € Qa,c, where p = Po, . f(p).

4.2. Convex minimization problem. We will consider a convex function g : H — R,
which is Fréchet differentiable. Let C be a given closed convex subset of H. In this case, by
setting A := Vg (the gradient of g) and B := N, the problem of finding 2* € (A+ B)~'0
is equivalent to find a point 2* € C such that

(4.46) (Vg(x*),x —a*) >0, vz € C.
Note that (4.46) is equivalent to the following minimization problem: find z* € C such

that

z” € argmin g(x).
Thus, in this situation, the problem (1.3) is reduced to a problem of finding a point

(4.47) x* € arg migg(x) = Qg.c.
T€ ’

Subsequently, we obtain the following result.
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Algorithm 4.2. Let {o, }, {8, } and {0, } be sequences in (0,1) with a, + By, + 0, = 1 and the
initial xo,x1 € H be arbitraries, define

Zn = Xp+ //"n(mn - xn—l)a
wy, = Po(I =X Vg)zn,
Yn = Wp— Ay (vy(wn) - Vg(zn))a
(4.48) Tnt1 = anf(xn) + BnTn + Onyn, Yn € N,

where {pn} C [0, w) with p € [0,1) and {\,,} is defined by

; 0llzn —wn || ; .

My — 4 10Im {w(>—w<w>| An}’ ifVg(zn) — Vg(wn) # 0;
An,s otherwise,

when Ay > 0and 0 € (0,1).

Theorem 4.3. Let H be a real Hilbert space and C be a nonempty closed convex subset of H.
Let g : H — R be convex and Fréchet differentiable, Vg be n-Lipschitz. Let {x,} be generated
by Algorithm 4.2. Suppose that the assumptions (A4) hold, Qg « # 0 and the following control
conditions are satisfied:

(C1) limy 00 @y, = 0and Y7 | @ty = 00;

(C2) There exist a positive real number a with 0 < a < B, and 0 < a < 6, for eachn € N;

(C3) lim,, 00 22|
«

Then, {x,} convergfles strongly to p € Q4 ¢, where p = Po, . f(p).

|2 — zn—1] = 0.

4.3. Split feasibility problem. Let H; and H, be two real Hilbert spaces. Let C' and @
be nonempty closed convex subsets of H; and Hy, respectively, and let L : H; — Hj be
a bounded linear operator. We set B := N¢ : H; — 21, then J£ =: Pc. It follows that
F(JJ) = F(Pc) = C. Now, we note that L*(I — Pq)L is g7z — ism; see [30]. By the
setting A =: L*(I — Pg)L, then it is 2| L||*>-Lipschitz. From the above setting, we can verify
that the problem (1.3) is reduced to the following split feasibility problem; the problem of
finding a point

(4.49) e CNL'Q = Qo

see [7, 35] for more information. Then, by applying Theorem 3.1, we obtain the following
result.

Algorithm 4.3. Let {a,,}, {8} and {3, } be sequences in (0,1) with o, + By, + 6, = 1 and the
initial o, x1 € H be arbitraries, define

Zn = Tp+ pn(Th —Tp_1),

w, = Po(I—AL*(I—Py)L)z,

Un = Wy —MA(L*(I — Pg)Lw, — L*(I — Pg)Lz,),
(4.50) Tny1 = anf(@n)+ Bnn + 0nYn, Vn € N,

where {p,} C [0, ) with p € [0,1) and {\,,} is defined by

1 9“ n_ n” ;. * * .
Ay = 4 { DAROE oY) Foimem s s vy yorme B )‘n}» if L*(I — Pq)Lz, — L*(I — Pg)Lw, # 0;
An, otherwise,

when Ay > 0and 6 € (0,1).
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Theorem 4.4. Let Hy and H» be two real Hilbert spaces. Let C and () be nonempty closed convex
subsets of Hy and Ho, respectively, and let L : Hy — Hy be a bounded linear operator. Let {x,} be
generated by Algorithm 4.3. Suppose that the assumptions (A3) hold, Q¢ o # 0 and the following
control conditions are satisfied:

(C) limy oo tyy = 0and Y02 | vy, = 00;

(C2) There exist a positive real number a with 0 < a < 3, and 0 < a < 6, for eachn € N;

(C3) limy o0 22|20 — || = 0.
Q.

n
Then, {x,} converges strongly to p € Q¢ q, where p = Po, , f(p).
5. NUMERICAL EXPERIMENTS

In this section, we will consider some numerical experiments to illustrate the use of
Theorem 3.1.

Example 5.1. Let H = R? be equipped with the Euclidean norm. For each z := (ﬁl) €H,
2

we consider the following two norms:
[l = |za] + z2] and [z]le = max {|z1], [z2]}.
Let a function g : H — R, which is defined by
g(z) = ||z||1, Vxe€H.
Now, we have a subdifferential operator of g is
dg(x) = {z € H:(x,z) =z, |z]lco < 1}, Vo € H.

Since g is a convex function, then 9g(-) is a maximal monotone operator. Moreover, for
each A > 0, we have

J(z) = {(Zl> € H :u; = x; — (min{|a,], A\})sgn(z;), for i= 1,2},

2

where sgn(-) stands for the signum function.

Next, let z := <5> € H be fixed vector. We consider 1-Lipschitz operator Py, where

4
Q:={ueH:(z,u) <-9}.

1
Furthermore, we consider a contraction mapping f := (2) g .
10
Under the above settings, we will consider the problem to find a point

(5.51) x* € (Pg + dg)~"0.

Notice that the solution set of problem (5.51) is Q := { (4;:1) €EH:x> 0.25}. More-
5
0.25

over, we can check that p = fq(p), when p = ( 0

> . We determine the results using the

[Zn+1 — @all < 1.0e-96.

stopping criterion by max{L [zn]l} =
X b n

We first consider Algorithm 3.1 with four cases of the step size parameters ¢, 8, and

5
Case 1 L 5 09,6, =01 L
asel.ay = —,8,=009,6,=01— ——;
@ n4 10 n4 10
Case2. a, = ——, B3, =0.5,8, =05 — ——:
ase 2. an = =5/ n+10
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1

1
Case3. 0, = —— B, =0.1,6, =09 — —
ase 3. an = =5/ n+ 10

1
Cased.ap=——,03,=0,0,=1- .
ased- an = g0 n+ 10
We consider seven different initial points as follows:

IP1. 20 = (0,00, 2, = (1,1)7;

IP2. 29 = (—1,—-1)T, 2, = (1,1)T;
IP3. zp = (1,—1)T,x (-1,1)T;
IP4. 20 = (1,10) 7,21 = (1, —10)T,
IP5. 20 = (1,10) T, (—1 0)7;
IP 6. xo = (1, —10) =(1,10)7;
IP 7. 2 = (—10, 10) = (10,—10)7.
We choose ¢ = 0.5 and let w,, = m, and define y,, by following Remark 3.2(a).

Under the different initial points, the results are shown in Table 1, with fixed values of
0 = 0.5 and A\; = 0.5. From Table 1, we compute the average of iterations for different
four cases of parameters o, 5, and d,, and show in Figure 1. The figure shows that the
average iteration number seems to decrease when the parameter /3, is decreased (consider
Case 1 with Case 2 and Case 3). However, when we consider Case 3 and Case 4, we find
that the number of iteration numbers is increased, but 3, is decreased from 0.1 to 0.

In Table 2, we consider the numerical experiments by focusing to the parameter §. We
consider the initial point IP 2 with the four cases of parameters «,,, 8, and d,, as above.
We will consider different three values of 6 thatare 8 = 0.1, 0 = 0.5, and 8 = 0.9. From the
presented results in Table 2, we found that the Case 3 of parameters «,, 5, and §,, with
0 = 0.5, and 6 = 0.9 show the superiority result of the iteration number. Indeed, we may
observe that the larger values of parameter ¢ provide faster convergence.

In conclusion, as we can see that when we consider the Case 4 of parameters «,, 8,
and 4, the Algorithm 3.1 is nothing but Algorithm (1.9). Thus, the above results and ex-
periment show that more choices on the parameters based on Algorithm 3.1 will provide
more chances for getting better convergence results.

2500

2,064
2000
1,570
1,523
L 1,407
| I I
1 2 3

FIGURE 1. The average of iterations for different cases of parameters «,,, 3, and 6,,.

-
o
(=]
(=]

Average of iterations
=
Q
=]
(=]

=

Case
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TABLE 1. Numerical experiments for the different stepsize parameters of
O, B, and §,, to Algorithm 3.1 with some initial points.

415

Case — Case 1 Case 2 Case 3 Case 4

#xo,x1 | Iters Sol Iters Sol Iters Sol Iters Sol
®1 3 (gooms) 3% (ooomss) 26 (cooner)  * (coonoor)
IP2 399 <8:§g£§é> 318 (8:3383@2) 286 (8:3332;;) 896 (8%3(1)22)
®s 282 (go0ims) 125 (oooomms) % (coomort) * (coonoor)
ws 282 (go0imrs) 125 (oooomms) % (ooomor) * (coonoor)
s v (DENT) aw (200 s (L) oy (D)
we 29 (yo0im) 2 (ooooms) 3% (coomone) 35% (coon0rr)
P7 3,808 <0.247953) 1,085 (0.249196) 1661 (0.249462> 1,660 (0.249515)

0.000151

0.000060

0.000040

0.000036

TABLE 2. Influence of the parameter 0 of Algorithm 3.1 for different cases

of parameters a,, 3, and ¢,, with the initial point zo = (-1, 1),z

(L,1)".
Case — Case 1 Case 2 Case 3 Case 4
#60 ] Iters Sol Iters Sol Iters Sol Iters Sol
r=01 52 (vonn) ** (oooooss) 7 (noooosz) 37 (o000m)
1=05 3 (voman) ® (ooooses) 2 (nooosor) ® (ooo00sr)
oo (L) (U)o (1200 e (020

6. CONCLUSIONS

In this work, we present a new algorithm for finding a solution of monotone inclu-
sion problems in Hilbert spaces, problem (1.3). The suggestion algorithm is modified by
including the inertial method and Tseng type algorithm, Algorithm 3.1. By providing
suitable control conditions to the process, we obtain the strong convergence theorem of
the proposed algorithm (Theorem 3.1). In applications, we apply the theorem to the vari-
ational inequality problem, convex minimization problem, and split feasibility problem.
Finally, the numerical experiments of the suggested algorithm are shown, and it is found
that considerations on the choice of parameters are needed in order to get better conver-
gence results.
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