CARPATHIAN ] MATH. Online version at https://www.carpathian.cunbm.utcluj.ro/
Volume 40 (2024), No. 2, Print Edition: ISSN 1584 - 2851; Online Edition: ISSN 1843 - 4401
Pages 493 - 513 DOI https:/ /doi.org/10.37193 /CJM.2024.02.17

Characterizations of c-Approximate Solutions for Robust
Convex Semidefinite Programming Problems

RABIAN WANGKEEREE! and PAKKAPON PREECHASILP?

ABSTRACT. In this article, we explore the characterizations of e-approximate solutions for convex semidef-
inite programming problems that involve uncertain data. It first reviews essential findings regarding the op-
timality condition and duality of robust convex semidefinite programming problems. Then, we establish the
optimality and duality conditions concerning the problem by assuming specific constraint qualifications. The
study investigates e-Kuhn-Tucker vectors and their relationships with the optimal solutions, maximizers of the
corresponding Lagrangian dual problem, saddle points of the Lagrangian, and Kuhn-Tucker vectors. Finally, the
article establishes the characterization of e-approximate solution sets for the problem by studying the connection
among three sets: the set of Lagrange multipliers corresponding to e-approximate solutions, the set of e-Kuhn-
Tucker vectors, and the set of approximate solutions for their Lagrangian dual problems. The characterization
is illustrated with several examples.

1. INTRODUCTION

Robust convex semidefinite programming is a type of mathematical optimization that
aims to solve semidefinite programming problems with uncertain data. The objective is
to minimize a convex function subject to the constraint that an affine combination of sym-
metric matrices is positive semidefinite, where these symmetric matrices are only known
to belong to some uncertainty sets. The applications of semidefinite programming prob-
lems under data uncertainty are extensive, including fields like engineering, computer sci-
ence, finance, control theory, signal processing, quantum information theory, and machine
learning [3, 4, 19, 20]. Many studies have focused on robust semidefinite programming
from both theoretical and practical perspectives, including works such as [1, 2, 28, 29] and
their respective references.

Approximate solutions are widely studied in robust optimization because finding the
exact solution to a problem may be challenging or impractical. Even though an ap-
proximate solution is not necessarily optimal, it can provide useful insights and inform
decision-making in many situations. Approximate solutions can also strike a balance be-
tween computational cost and solution quality. For example, a good enough answer can
be obtained in a shorter amount of time using an approximate solution, while a more pre-
cise solution may require more computing time and resources. Many papers have con-
tributed to the development of approximate solutions for robust optimization, including
[11,13, 14, 15,17, 22, 26, 27].

In the past decade, the characterization of robust optimal solutions has been one of
the most interesting and intensively studied areas, as evidenced by [8, 10, 18, 23, 25, 27].
The reason for this interest is that the characterization of the solution set can aid in iden-
tifying the problem’s structure, thereby leading to more efficient algorithm design. This
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can also help identify the limitations of existing methods and develop new approaches
capable of addressing more complex and realistic problems. In recent years, there has
been a significant amount of research focused on characterizing robust optimal solutions.
The initial research on characterizing the solution sets of convex optimization problems
with uncertain data was conducted by Jeyakumar et al. [10], who assumed the presence
of the robust Slater constraint qualification. Li and Wang [18] provided a characterization
of the features of the robust solution sets of convex optimization problems with data un-
certainty by using the less restrictive robust Farkas-Minkowski constraint qualification.
Sun et al. [24] introduced certain descriptions of robust optimal solutions for a convex op-
timization problem that experiences data uncertainty in both the objective function and
constraints. Sun and colleagues [26] proposed novel characterizations of robust e-quasi
Pareto efficient solutions for semi-infinite multiobjective programming problems that are
nonconvex and subject to data uncertainty in both the objective functions and constraints.
For more related findings, refer to [12, 23, 25].

Our observation indicates that there are no existing findings that discuss the charac-
terization of approximate solutions for convex semidefinite programming problems in
the presence of data uncertainty. However, some initial outcomes have been reported
that pertain to the identification of approximate solutions for general problems, includ-
ing convex or semi-infinite problems, under uncertain data conditions. The importance of
studying convex semidefinite programming problems with uncertain data lies in their op-
timization over positive semidefinite matrices, which leads to the introduction of unique
structures and constraints that are absent in other convex optimization problems. Due to
the focus on positive semidefinite matrices, there exist specialized techniques and algo-
rithms that are specific to semidefinite programs with uncertain data. In what follows, we
consider the following robust convex semidefinite programming problem.

Minimize ¢(z),
(RSDP) subject to Q(z) := Qo + Z ;i Qi = 0,
i=1

VQ; €U, i€ T:=1{0,1,2,...,m},

x:=(21,22,...,7m) € K,

where ¢ : R™ — R is a convex function, K is a nonempty closed convex subset of R" and
for each i € I, Q; is uncertain and belongs to the uncertainty set ¢/; which is closed and
convex subset of n x n symmetric matrices.

We will use the notation F(K) to refer to the feasible set of problem RSDP, i.e.,

f(K) =FNK:= {l’ ceR™: Q0+Z.§C1Q7 >_'O7VQ7 e U;,i e I} N K,
i=1
and by inf (RSDP) the optimal valued of (RSDP). For any given e > 0, € F(K) is said to
be an e-approximate solution of (RSDP), if ¢(Z) < ¢(y) + ¢, Vy € F(K). We will denote
Sol.(RSDP) as the s-approximate solution for RSDP.

The aim of this paper is to present characterizations of e-approximate solutions for
RSDP. To begin with, we will review some fundamental findings related to the optimal-
ity condition and duality of robust convex semidefinite programming problems. Specif-
ically, we establish the optimality and duality conditions within the context of problem
RSDP by assuming certain constraint qualifications. Taking inspiration from [21], the idea
of e-Kuhn-Tucker vectors is investigated for robust versions of convex semidefinite pro-
gramming problems, and the relationships between the optimal solutions, maximizers
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of the corresponding Lagrangian dual problem, saddle points of the Lagrangian, and
Kuhn-Tucker vectors are investigated. Our findings reveal that if strong duality holds,
the collection of e-Kuhn-Tucker vectors for RSDPs is equivalent to the assortment of e-
approximate solutions for their respective Lagrangian dual problems. Furthermore, we
observe that there is a connection between the set of e-solutions for RSDPs and the La-
grange multipliers that correspond to these e-solutions, provided that the reviewed ap-
proximate optimality condition is satisfied. Using this observation, we use the optimality
conditions for e-approximate solutions of RSDPs to construct the set of all e-solutions that
correspond to Lagrange multipliers satisfying the particular optimality condition. To sum
up, we establish the characterization of e-approximate solution sets for RSDPs by above
studying the relationships among three sets: the set of Lagrange multipliers correspond-
ing to e-approximate solutions for RSDPs, the set of e-Kuhn-Tucker vectors for RSDPs,
and the set of approximate solutions for their Lagrangian dual problems.

This paper is organized as follows: Section 2 provides basic notations and essential
tools that will be used in this article. Additionally, we review some e-approximate opti-
mality and duality conditions. Section 3 characterizes the e-approximate solution set of a
convex semidefinite programming problem in terms of the e-subdifferential of the convex
objective and the structure of semidefinite matrices. We provide an example to illustrate
these results. In Section 4, we discuss the robust semidefinite programming problem. As
a practical application, we examine the characterization of e-approximate solution sets
for semidefinite linear programming problems with uncertain data. We provide several
examples to illustrate our characterization results.

2. PRELIMINARIES

In this article, we have gathered several notations and tools that will be used later on.
The Euclidean space of n dimensions is denoted by R”, while the non-negative orthant
is denoted by R’!. The inner product of two vectors z and y belonging to R" is repre-
sented by (z, y), which is equal to the summation of the products of their corresponding
elements, i.e, >\ | z;y;.

Let S™ be the set of all n x n symmetric matrices. For any A,B ¢ S", their inner
product is represented by (A, B), which is defined as the trace of their matrix product,
i.e.,, tr[AB]. Here, tr[M] is the sum of diagonal entries of the matrix M = [m;;|nxn. A
matrix A belonging to S™ is said to be positive semidefinite (denoted by A > 0) if for
any z € R", z'Ax > 0. A matrix A is said to be positive definite (denoted by A > 0)
if for any 0 # = € R™, 2'Az > 0. The set of all n x n positive semidefinite (positive
definite) symmetric matrices is denoted by S (S} ), respectively. The linear operator

@(m) : R™ — S™ is defined by
Q) =Y Qi
i=1

A subset K C R™ is convex if for every o € [0,1], ax + (1 — o)y € K forall z,y € K.
Let cl(K) and conv(K) denote the closure of subset K and convex hull of subset K of R™.
A function ¢ : K — R is said to be convex if for each o € [0,1], ¢p(az + (1 — a)y) <
ag(z)+ (1 —a)p(y) forall z,y € K. For a convex function ¢ : R" — R, the subdifferential
of a function ¢ at u € dom(¢) is defined by

9¢(u) :=={v €R" : ¢(y) = ¢(u) + (v,y —u), Vy €R"}.
For ¢ > 0, the e-subdifferential of a function ¢ at u € dom(¢) is defined by
O:0(u) :={v e R : ¢(y) > d(u) + (v,y —u) —e, Vy e R"}.
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It is conventionally agreed that 0.¢(a) = 0 if a ¢ dom(¢). For a function ¢ : R — R U
+00, we define its conjugate function ¢* : R" — RU+o00as ¢*(v) = sup,eg» {(v,4) — ¢(y)}-
Furthermore, we define the epigraph of ¢ as

epi¢ = {(z,a) ER" xR : ¢(x) < a}.

It should be noted that the epigraph of a positively homogeneous function is a cone, and
the epigraph of a convex and lower semi-continuous function is a closed and convex set.
The indicator function Zx : R® — RU {+o0} is defined for a nonempty subset K of R™

as follows:
0 ifze K
Tk(z) = '
x(?) {+oo if » ¢ K.

Similarly, for the subset K, the support function Sk : R" — R U {400} is defined by
Sk(w) = sup {{w, z) : z € K}. Itis evident that the support function is the conjugate of
the indicator function, i.e., Zj; = Sk. Moreover, the epigraph of the support function,
epi Sk, is a closed convex cone.

Let K C R"™ be a closed convex set. The normal cone to K at u, N(K,u), is defined by
N(K,u)={veR": (v,y—u) <0forally € K}.Fore > 0, the e-normal set to K at u is
defined as N.(K,u) ={v € R": (v,y —u) < eforally € K}.

The proposition below explains how the epigraph of a conjugate of a sum of functions
is related to the sum of the epigraphs of conjugate functions.

Proposition 2.1. [7] Let ¢1,¢2 : R™ — R U {+o0} be proper lower semicontinuous convex
functions. If dom ¢1 N dom ¢po # 0, then epi(p1 + ¢2)* = cl(epi ¢} + epi¢h). Moreover, if one
of the functions ¢1 and ¢ is continuous, then epi(¢1 + ¢2)* = epi ¢} + epi ¢3.

We are now prepared to provide the following sum rule for approximating subdiffer-
entials of convex functions, which is used in the optimality theorem.

Proposition 2.2. [5, 6] Let ¢ : R™ — R be a convex function and K C R™ be a closed convex
set. Then,
0:(0+Ix)x) = |J  {0:00(2) + 0Tk (2)} -
€0>0,61>0
cote1=¢
2.1. c-approximate optimality theorem. In this section, we recall some approximate op-
timality and duality conditions for RSDP. Before presenting the approximate optimality
theorem for the solution of (RSDP), it is important to review the conditions for constraint
qualification that are utilized to characterize e-approximate solutions.
For the problem (RSDP), the robust characteristic cone is defined as follows:

D) Qiegiel {((tr[QlA},frggé)/;k].!btr[QmA])) _epiSK}.

(A,6)es xRy

Remark 2.1. In [11, 17], the authors investigated the problem (RSDP) in the case where
K = R™. They introduced the following characteristic cone D and gave the optimality
and duality theory for (quasi) approximate solution in (RSDP);

o U (el e))

(A,8)€ST xRy
According to Jeyakumar and Li’s findings in [9], the set D forms a cone provided that /; is

a closed and convex set for all i € I. Additionally, they establish the closed and convexity
of the characteristic cone D under appropriate conditions as follows.
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Proposition 2.3. [9] For each i € I, let U; C S™ be compact and convex. Assume that
{x €R™: Qo+ Y i, 2:Q; = 0,YQ; €U, i € I} # 0. Then the robust characteristic cone D is
closed.

Proposition 2.4. [9] For any i € I, let Q; € U; := {A? + 2221 vjA{, (v},...,vh) € V,-},

K2
where V; is compact convex set in R!, A} € S™ and Al € St,ied{l,2,...,m},j€{1,2,...,1}.
Then the robust characteristic cone D is a convex subset of R™ 11,

Moreover, if for any, ¢ € I, U, is compact and convex, then cl(conv(D)) = —epiZy =
—epiSr, (see [17]).

The following robust version of Farkas’s Lemma for convex semidefinite programming
is now gathered.

Lemma 2.1. Suppose that F(K) # 0 and U; is a compact and convex subset of S™ for all i € I.
Then, the following are equivalent:

(i) F(K) C{zx e R™: (¢,z) >~}

i (Yealen| Y (@M RN s,

Qi€U; iel
(A,a)ESi xRy

Proof. (=) Weseethat F(K) C {x € R™ : (¢,z) — v > 0}. We define real-valued function
I': R™ — RasTI'(z) = (¢, z) — 7. Thanks to continuity of I" and proposition 2.1, one has

(0,0) € epi(I' + Zr(x))" = epiI"™ + epi T ) = (c,7) + {0} X Ry + epi T k.
This implies that
2.1) (¢,7) € —epiZyg) — {0} x Ry.
It follows from cl(conv(D)) = —epiZ% that
— epiI}(K) = —epiSrnx = —cl(epiSr + epi Sk )

= cl(—epiZF — epiSk) = cl(cl(conv(D)) — epi Sk)

= cl(conv(D) — epiSk) = cl (conv(D — epiSk))

= cl(conv(D(K))).
Applying (2.1), this gives that

(¢,7) € D(K) := cl(conv(D — epiSk)) .

(<=) Let z € F(K). Since (c,7) € cl(conv(D — epi Sk )) = — epi Sr(k), one has
(—¢, =) € epiSr) = sup (—c,y) < =
yeF(K)
= (c,z) > 7.

]

Remark 2.2. If K = R™ in Lemma 2.1, then epi Sk = {0} x R;. Thus, Lemma 2.1 reduces
to Lemma 2.1 in [17].

Using Lemma 2.1, we can derive the e-approximate optimality condition for robust
convex semidefinite programming, given that D(K) is a closed and convex cone.



498 R. Wangkeeree and P. Preechasilp

Lemma 2.2. [Optimality Theorem for e-Approximation Robust Solutions] Let & € F(K)
and € > 0. We suppose further that D(K) is closed and convex cone. Then, & € Sol.(RSDP) if

and only if there exist g > 0,61 > 0, 0 € O, 0(Z) + Ne, (K, T), A€ St oand Q; € U;, Vi € 1
such that

(Condition R) o = (@A 6 @2A), . (@Al ) and

(@0 + Z@@) A

i=1

eg+e1 +tr = €.

Proof. Lete > 0. Since & € Sol.(RSDP), one has
o(Z) < p(y) +¢, forally € F(K).
That is, ¢(Z) + Zrk)(z) < @(x) + Zrk)(x) + ¢, forallz € R™. By the concept of e-

subdifferential, it can be rewritten as, 0 € 0. (<p +Zx K)) (Z) . Then, by Proposition 2.2,
there exist non-negative real numbers cg,&’ with ¢ = ¢y +¢’, 0 € 0.,¢(%) and -0 €

0=/ Tr(ky(Z). Then, by Lemma 2.1 and D(K) is closed and convex cone one has

( @75_5,) e U {((tr[QlA],jrt[ggz]A,}.;,;r[QmA]))} _ epiSn.

Q. eU;iel
(A,Q)ESi xRy

Thus there exists (A, ) € ST xRy, Qi € Uy,i € I and ¢ € dom Sk such that
o= (@A) @A (@A)
(0,%) — & = —tr[QoA] — 6 — Sk (2).
We then have that

+517

Qo + Z@@z) A

where £, = Sk (&) — (&) + 6 > 0. It means that, for any y € K

(Ey—&) = (Cy) — (&,7) = (&,y) + 1 — Sk(6) — b < e1.

This implies that ¢ € N, (K, ), hence we have desired.
On the other hand, we assume there exist ¢ > 0,61 > 0, 0 € O, ¢(Z) + N¢, (K, ),
A e S7h,and Q; € U;, Vi € I such that

b= (tr[élx], tr[QoA], ... ,tr[@mKD and

(éo + Z@@z) A

i=1

eg+e1 +tr =c.
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Then © = u + w for some u € 0.,¢(Z) and w € N, (K, Z). We have that

ey) —¢(@) = (u,y—1T)—c, Yy eR™,
(wyy—x) < e, Vye K.

Thus, for any y € K,

o)

o)

= <—w + (tr[@lx], tr[Q2A], ... ,tr[@mK]) Y — :E> —tr

e(y) — p(Z) —tr

> (u,y — T) — tr — &

= (—w,y — T) + <(tr@11~X],tr[@21~X}, ... ,tr[@,,ﬂ]) Y — 56>
(@o + i%@) A

> —e1+ <<tr[€~211~ﬂ,tr[©2m7 . ,tr[@mx]) Y — f> —tr

—€p

— €9

(@0 + Zyz@z> A
i=1

= <<tr[élx}, tr[éjgx], o ,tr[@mx]) ,y> —€&p — €1

(08 QN 50,8) ) 16[@0A] - 1s | (S0 ) &
() [

|
G
<Q0+AZ% )

— €0 —¢&1

— &g — &1 = —¢€.

(2.2)

Thus

o(T) +tr

<QO+Zy1 z)N] o(y) +¢e forally € K.

Thanks to tr [(Qo + 3 Y Z) K} >0, Yy € F(K), Hence,
0(Z) < ely) +¢, Yy € F(K).
Hence, 7 is a minimizer of e-approximate solution of (RSDP). O

Remark 2.3. (1) When K = R™ in Lemma 2.2, the set epi Sy = {0} x Ry and for any
e > 0and v € R™, the set N.(K,u) = {0}. Hence, Lemma 2.2 covers Lemma 3.1
from [17].
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(2) For any ¢ € I, suppose U; is a singleton set contained in S™. Problem (RSDP)
covers convex semidefinite programming, as studied by Lee and Lee in [16], which
examines approximate duality conditions.

2.2. c-approximate duality for RSDP. We provide a robust strong duality theorem for
the primal problem RSDP and its Lagrangian dual problem, which is formulated in terms
of the robust characteristic cone D(K). Specifically, The concept of strong duality asserts
that the optimal solutions for both the primal and dual problems are equivalent in value.

Letd := Uy x Uy X ... X Uy, = HZ/IZ- and @ € U means that for each i € I, Q; € U;,

=0
Q= (Q1,Q2,...,Qmn). We define mapping ® : S} x U — R as

(Qﬁz% ) ]K}

The Lagrangian dual problem of RSDP is given as follows.
(RSDD) max {® (A, Q) : (A,Q) €St xU},

@(A,Q)inf{ (z) —tr

The notation sup (RSDD) represents the maximum achievable value of problem RSDDs.
We say that strong duality holds for problem (RSDP) if inf (RSDP) = sup (RSDD)

The following lemma demonstrates that when the characteristic cone D(K) satisfies
the conditions of being a closed and convex cone, the strong duality between RSDP and
RSDD is valid.

Proposition 2.5. [Strong duality theorem] Assume that F(K) # 0 and D(K) is a closed and
convex cone. Then, inf (RSDP) = sup (RSDD).

Proof. [Weak duality] Let z := (z1,...,2m) € F(K). Then

m

Qo+ Qi =0,YQi €lUy,i€l.

i=1

For each (A, Q) € S x U, we see that tr [(Qo + Y_i~, z;Q;) A] > 0. This implies that

p(x) — tr (QO + szQz> A} < o().
i=1
Thus,
®(A,Q) = inf 1o { (z) —tr < 0+Z$1Q> }<;g§(¢( ).

Hence, sup (RSDD) < inf (RSDP).

[Strong duality] If inf (RSDP) = —oo, then inf (RSDP) < sup (RSDD) holds. Since
F(K) # 0, inf (RSDP) < oo. Let ®(x) = ¢(x) — inf (RSDP) for all z € R™. This means that
x € F(K) = &(x) > 0. From our hypothesis,

(0,0) € epi®* — cl(conv(D(K)))
= (0, inf (RSDP)) + epi ¢* — cl(conv(D(K)))
= (0, inf (RSDP)) + epip* — D(K)
= (0,inf (RSDP)) + epi¢” + epi Tx k-
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Thus, there exist (z,6) € epi¢” and (—z, =0 — inf (RSDP)) € epiZ k. This gives us that,
there exist (A, Q) € S"! x U such that, for each y € K,

—¢(y) +tr (Qo +Z%Qz> =(z,y) —py) + (—z,y) + tr (Qo +Zyz )
i=1
=<Z,y>—<p(y)+<— >_tr [_ <Q0+Zyz z) 1
< 0" (2) + Trx)(—2)
<4+ (=0 — inf (RSDP)) = — inf (RSDP).
This implies that

<Q0 + Z yiQi> A

i=1

5! N > inf (RSDP).
(A,Qr?gs}z{; xU {yng {tp(y) tr }} > inf (RSDP)
Therefore, sup (RSDD) > inf (RSDP). -

Before we move to the next section let’s recall some concepts of e-Kuhn-Tucker vector
which will be used in our main result. Building upon the concept of e-Kuhn-Tucker vector
introduced by Scovel et al. [21] for convex optimization problems, we adapt its use to the
case of robust convex semidefinite programming problems. We also introduce the concept
of e-approximate solutions for RSDD and e-saddle points for RSDP, and investigate the
relationship between these solution sets.

Lete > 0. An array (A, Q) € S x U is said to be e-Kuhn-Tucker vector for (RSDP) if
®(A, Q) > inf (RSDP) — e.
Anarray (A, Q) € S% x U is said to be e-approximate solution of (RSDD) if
®(A, Q) > sup (RSDD) — «.
An array (7, /~\, @) € K x S x U is said to be e-saddle point for (RSDP) if

(7) —tr [(QO + Zivaz> Al —e < () —tr <@0 + Zfz©z> A
(RSP.) < ply) — tr KQO + Zm,Q )

forall (y,A,Q) € K xS xU.

The set of e-approximate solutions for (RSDD), the set of all robust e-Kuhn-Tucker vec-
tors for (RSDP), and the set of all robust e-saddle points are denoted by Sol.(RSDD), RKT,,
and RSad., respectively.

Remark 2.4. Verifying that RKT. C Sol.(RSDD) is not difficult, as weak duality holds.

The following lemma establishes an equality relationship between Sol.(RSDD) and
RKT,, assuming that strong duality holds.

Lemma 2.3. Assume that strong duality for RSDP and RSDD holds. Given € > 0. Then,
Sol.(RSDD) = RKT-.
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Proof. It suffices to show that Sol.(RSDD) C RKT.. Let (A, Q) € Sol.(RSDD). Then we
have
sup (RSDD) < ®(A, Q) +«.

Strong duality implies that inf (RSDP) = sup (RSDD) < ®(A, Q) + ¢. Therefore, (A, Q) €
RKT.. O
Proposition 2.6. Assume that (7\, @) € S x U satisfies the Condition R corresponding to the
e-approximate solution & of (RSDP). Suppose further that strong duality holds. Then, (A, Q) €
RKT..

Proof. Since (A Q) satisfies the Condition R corresponding &, there exist g > 0,61 > 0
and v € 0, (%) + N, (K, Z) such that

— (@A), 6r[@2A), .., (@A} ) and

(@0 . ZQ) i

i=1

go+e1 +tr

Thus, there exists u + 0 € 0, (%) such that —u € N, (C, z). We get
e(y) — (&) 2 (u+ 0,y — &) — o, Vy € K.
This argues that
o(y) — (@) — (0,y — &) = (u,y — &) — 0, Yy € K.
Since —u € N, (K, ), we have that
o(y) — () = (0,y — T) > —e0 — €1, Vy € K.

Hence,

e[l

(&) > —tr

(éo + E fz@z) 7\1 — €0 — €1
i=1
=—¢, Yy e K.

Therefore,

+e¢ forally € K.

@(~) ( _tr [(QO“!‘Z% z)

By the virtue of weak duality, one has

D (A Q) < 12}‘{ o(x) = p(z), forall (A,Q) €S xU.

This gives that

(A Q)—e<p@) <py) —tr [(Qo—kal Z)/N\] forally € K.

Then, for all (A, Q) € ST} x U,

@(K,@): mf{ (y) —tr

yeK

o)

Thus, (/N\, @) is an e-solution of (RSDD). It follows from Lemma 2.3 that (INX, @) is also a
point in RKT.. O

}><I)(A Q) —e.
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3. CHARACTERIZATION FOR e-APPROXIMATE SOLUTION SETS

This section focuses on characterizing e-approximate solutions for robust convex
semidefinite programming problems. To achieve this, we introduce a following lemma
that will be instrumental in the characterization process.

Lemma 3.4. Let € > 0and % be an e-solution of (RSDP). Assume that Condition R holds. Then,
there exists an array (A, Q) € S} x U such that

o)

Proof. We assume that the Condition R holds, there exist ¢g > 0,1 > 0 and array (JNX, @) IS
St x U such that

(3.3) o(T) + tr oly)+eforally € K.

(tr@lx],tr[@m,...,tr[éjmx]) € 9.,0(%) + N, (K, ),

(@o + Z iz@z> A

i=1

gg+e1 +tr

Applying the equation (2.2) of Lemma 2.2, the result is complete. O
Remark 3.5. (i) It follows from inequality (3.3) that

0<tr K@o +i§7i@i> A

i=1

(if) For any Z # 2 € Sol.(RSDP), inequality (3.3) implies

(@o + Z%@z) A

i=1

() — o(&) + tr

Therefore, 0 < tr KQO +30, ZQ ) ] < 2e.

Lemma 3.5. Let & € F(K). If there exists an array (A, Q) e S x U such that

(@o N zy@) i

i=1

©(T) + tr <oy +e YyeK,

then & € Sol.(RSDP).
Proof. For feasible solution & = (%1, Z2,...,%m) € F(K) C K, we get

Qo-i-leQz =0 = tr

=1

Thus, forany y € F(K) C K,

Hence, & € Sol.(RSDP). |

It’s important to note that the array (A, Q) mentioned above is not the only possible

array for an e-approximate solution &. The collection of all arrays (A, Q) that correspond
to & and satisfy the Condition R will be referred to as RM,(%).
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Lemma 3.6. Assume that i € Sol.(RSDP) and (A, Q) € RM.(&). Then an array (Z, A, Q)isa
solution of (RSP,).

Proof. Let (A, Q) € RM_(%). It follows from Lemma 3.4 that

o)

Since { (Qo + Z$1Q1> , } C S%, one has tr [(Qo + Z:EZCZ) A
i=1 =1
Thus, for any y € K,

(@o + Z yz@z) A
=1

(3.4) o(T) +tr o(y) +e, Vy e K.

(3.5 o(Z) + tr <eply) te+tr

(Qo + Z@@) A

i=1

< e. Combining with (3.4) and
i=1

(3.5), one has for each (y, A, Q) € K x ST x U,

Remark 3.5 (i) gives that, 0 < tr [(Qo + Z; Z @l> A

(%) —tr <Q0 + Z@Qz> Al —e < (@) -
=1
<o) x| (243502
1=1
<o) -t (@o . zm) i e
=1

We will introduce a technique for deriving the set of e-approximate solutions of (RSDP).
To define the set of e-approximate solutions for the positive semidefinite matrix A, we will
utilize the following lemmas.

Lemma 3.7. Given ¢ > 0.

(i) Let & € Sol.(RSDP). Then, there exist ey € [0,¢], & € O, f(Z) and array (A, Q) € St xU
such that

(i, y — T) > g —e+tr , Yy € K.

o)

(ii) For g € [0,¢] and & € F(K). If there exist u € O, f(Z) and array (A, Q) € St x U such
that

(U, y — &) >eg—e+tr , Vy e K,

o)

then & € Sol.(RSDP).
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Proof. (i) Let £ € Sol.(RSDP). It follows from Condition R, there exist ¢g > 0,61 > 0
and array (A, Q) € S} x U such that

- (tr@lx],tr[éjm,...,tr[@mx]) € 0.,0(%) + N., (K, #) and

(@o + ii@) K] -

So, there exist @ € J,, f(Z) with - + v € N, (K, Z). This 1rnp11es that

€g+e +tr

forall y € K. Since v := (tr[Q1 A, tr[Q2A] tr[QmA ]) the above inequality is
equivalent to

(,y —T) >eg—e+tr , forally € K.

(@o + Z :'ﬁ@z) A
i=1

(i) Let g € [0,¢] and & € A. By our hypothesis, there exist & € 9., f(%) and array
(A, Q) € ST x U such that

(U,y — T) > eg—e+tr , forally € K.

(@0 =+ Z yz©z> A
i=1

Since @ € 9, (Z), one has

oY) — p(T) > (u

Y —
Notice that tr [(Qo + 3y z) } 0, foreach y = (y1,92,---,ym) € F(K). This
gives that

Z) —ep, forally € K.

e(y) — (@) = (G, y — T) — €0
(@0 s zm) K] e
i=1
(@o + Z yiéi) A
i=1
> —¢, forally € F(K).
Therefore, & € Sol.(RSDP).

>€eg—€+tr

= —eg+tr

]

Givene > 0 and €’ € [0, ¢]. The e-approximate solution set of (RSDP) corresponding to
(A, Q, ") is denoted Sol(A, Q,<’). That is,

u € 0. f(Z),
(u,y — &) > eg—e+tr [(@0+2yiéi> K] , Yy € F(K),
i=1

0<tr |:<é0 + i1@1> K

Sol(A,Q,e') =< 7 € F(K)




506 R. Wangkeeree and P. Preechasilp
Set

Sol-(A,Q) == | Sol(A,Q.e").
e’>0

It is clear that Sol.(A, Q) C Sol.(RSDP).

Theorem 3.1. Assume that strong duality between RSDP and RSDD holds. Let € > 0, then

Sol.(RSDP) = | J  Sol-(A,Q),
(A,Q)ERKT,
where
Sol- (A, Q)= |J Sol-(A,Q,¢).
0<e’'<e
That is,
(3.6)
Sol.(RSDP) =

NS 65’f(z)7

(v,y —2z) > e0—€e+tr

i—1
(Qo + ZZzQz) A:| <2
i=1

Proof. Let £ € Sol.(RSDP). It follows from Lemma 3.7 (i) that there exist ¢g € [0,¢],
0 € 0, f(Z) and (A, Q) € S™} x U such that

(@0 + Z yz©1> A
i=1

Thus, & € Sol(A,Q, o) and then Sol. (A, Q). By Proposition 2.6, one has (A, Q) € RKT...
This implies that

U U {zeFK)

(A,Q)ERKT, 0<e’<e
0<tr

(0, y — &) >eg—e+tr , Vy € K.

Sol.RSDP) | ] Sol- (A, Q).
(A,Q)ERKT.

Conversely, let € 5 g)erir. S0l (A, Q). Then, then there exist (A,Q) € RKT. and
0 < &’ < e such that & € Sol(A, Q, ). Since (A, Q) € RKT. = Sol.(RSDD), one has

(7\, @) e St xU.
By Lemma 3.7 (ii), Z is an e-solution of (RSDP). |

Remark 3.6. Since the problem (RSDP) is finite, for any minimizing sequence {z;} €
F(K) such that p(x) — inf (RSDP), the formula (3.6) can be rewritten by the following
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formula.
Sol.(RSDP) =
v € 0 f(2),

(v,xk — 2) > €0 —e+tr ,Vk € N,

Qo + Z w(i,k)Qi) A
=1
0<tr {(Qo +ZZ¢Q1‘> Al <2
i=1

Example 3.1. Consider the following robust convex semidefinite programming:

z € F(K)
(A,Q)ERKT, 0<e’<e

(P)) Minimize 2z + 23,
subjectto Qo+ x1Q1 + 22Q2 = 0,VQ; € U;,1=0,1,2,

(.’L‘l,l’g) S Ri,

where

up 0 O 0 0 O

Uy = 0 0 0 ug=1,, U = 0 0 wp|:u€ [—1, 1] and
0 0 0 0 wp O
u9 0 0

Uy = 0 0 0] :ux€el0,1]
0 0 O

Thus, we have that
1+ U2T 0 0
Qo+ x1Q1 + 22Q2 = 0 0w

0 U1y 0
We observe that the set of robust feasible solutions for the convex semidefinite problem
(Py) is given by
{z:= (v1,22) € R* : 21 = 0 and x5 > 0},

from which we can immediately conclude that inf (P;) = 0. Furthermore, we have that
Sol.(Py) := {(0,x2) : 0 < wp < e}

We can express the dual problem of (P;) in the following manner, where A := [);;] € S
and Q; € U; fori =10,1,2.

D(A,Qo,Q1,Q2)
= inf  {f(z) —tr[(Qo + 21Q1 + 22Q2) A]}

(z1,22)€ERZ

= inf {z 423 — (14 ugwa) + Aasurzy + Agou 2]}
(wl,zz)ERi

= (11,ir21)f6R2+ {.Tl + x% - All(l + u2$2) — 2A23U1$1}

. >\11U2)2 ()\11U2)2
= f 1—2)\ 2\ ( - -
(xl,ach:)eRi {( 23U1)T1 + 5 11U2%2 + 1 1 11
()\11U2)2}2 (A11uz)? \ }

9 - 1 —A11 ¢ -

= inf {(1 — 2)\23’&1)1’1 + |:£L'2 —

(z1 ,zg)GRi
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This implies that

_ Quaug)® : 1
A1, if A > 0and 0 < Mgz < 3,

DA, Qo,Q1,Q2) = { 4

—00, if otherwise.
The following Lagrangian dual problem of (P;) is

(Dl) max ®(A7Q07Q17Q2)-
(A,Q0,@1,Q2)€8% x[T2o Us

Hence, sup (D1) = 0, so we have that the strong duality holds. Moreover,

1
Sol(D1) = {(AaQOanaQZ) €S3 XUy x Uy xUs: A1 =0and 0 < Agg < 2},

A1 A2 A
where A = | M2 Xaa  Aos
A1z A2z Ass

Let ¢ = 1, the e-appproximate solution set of (D) is
0 S )\23 S % and
— 3 _ u3
Soly (D1) = { (A, Qo, Q1. Q2) € 8% x U x Uy xUa | | [o, mﬁl where s € (0.1]
2

Lemma (2.3) gives that Soli(D1) = RKT. For minimizing sequence {(xa w2} =
{(0, %)}, one has

(3.7)

SOZ%(Pl) =
v € Do f(2),

(vyoK —2) > €& —e+tr Vk € N,

<Q0 + Z x(i,k)Qi) A

i=1

U U {zeFK)

(A,Q0,Q1,Q2)€RKT1 0<e’/< % m
4 0<tr QO"‘ZZiQi A

1
S 2
i=1

For z = (0, 22) € F(K), we notice that
Dt f(21,29) = {1} x [zzQ — 2Vl 229 + 2\@] :

If we take any v = (1, 229 +2t\e') € 0. f(21, 22), where t € [—1, 1], then the first inequality
in (3.7) can be inferred

(222 + 2tVe') (o ) — 22) = (1,02) < -0 >

T2,k) — 22
= (v,x — 2)
2
> —e+tr <Q0 + Zx(iyk)QZ-) A
i=1

=’ — e+ 2 zurz 1 ) + A1 (1 + vz (2 1))
= —e+ )\11(1 + U2$(2,k))'



Characterizations of e-Approximate Solutions for Robust Convex Semidefinite Programming Problems 509

Consequently,
1
(22’2 + Qt@)(x(z)k) — 22) > - 1 + )\11(1 + ugx(g}k)).

For minimizing {(0, )} give that

1 1 1
(22’2 +2t\/{:7) <k‘ 2,’2> Z 5/ — 1 +A11 (1+UQ]€> .

Taking k — 400 gives us
1
(229 + 20VE ) (—2) > &' — TR
It implies that

1 1
222 4+ 2tVelzy — € + 7= 0Qa+ 2Ve ) (20) — €' + 7~ <0

From above inequality, one has

—Qt@— « —Qt\/g—k «
22 € TR 1

, where o = \/(Zt\/g)2 —4(2)(—¢' + i — A1).

So that

4T 4 /T65 — 8 1 322+ B2x
(3.8) zQe[o, Vet — et ”)].

The second inequality in (3.7) implies that

0 § tr [(Qo +ZZZQ’L> A
i=1

=2Xo3u121 + A1 (1 +ugz) <

)

N

and so

(3.9) 0 < Air(1+upz) <

DN | =

2
—242¢/1+%2
Forany ¢’ € [0,1], Ai1 € [0, ——2—| and up € (0,1], the union of sets satisfying

uz
(3.8)and (3.9) is [0, 1].
4. ROBUST SEMIDEFINITE LINEAR PROGRAMMING

The following represents a mathematical formulation of the robust semidefinite linear
programming problem [9].

Minimize ¢’ z,

(RSDLP) subject to Q(z) := Qo + inQi =0,
i=1
VQZ eU;,iel.
This model is a special case of RSDP, where K = R™ and p(z) = ¢’ (z) for all z € R™.
Given e > 0, & € F is said to be an e-approximate solution of RSDLP if (¢, — y) < ¢ for
all y € F. Let Sol.(RSDLP) denote e-approximate solution set of RSDLP. The Lagrangian
dual problem for RSDLPs is defined as follows:

s QoA (wIQ1AL WIQoA, ., wlQmA]) = o}
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We assume D is closed and convex cone for strong duality of RSDLP and its Lagrangian
dual problem.

Corollary 4.1. Given € > 0. Suppose further that Condition R holds for problem RSDLP.
(i) If & € Sol.(RSDLP), then there exist o € [0, ¢] and array (A, Q) € S x U such that

= (tr[élx],tr[QngL . ,tr[@mm) and g + tr (Qo + leQ ) =ec.

=1
(i) Foreq € [0,¢] and & € F, if there exist an array (A, Q) € ST x U such that

- (tr[élm,tr[@m,...,tr[émK]) and o + tr (éo + Z@@) Al =e,
L i=1 |

then & € Sol.(RSDLP).
Proof. (i) Since Z is an e-approximate solution of (RSDLP), for any y € F

(c,Z) < {c,y) te
It follows from Lemma 2.2 that there exist ¢g > 0,7 > 0, ¥ € J,,¢Z + N, (R™, ),
and (A, Q) € S x U such that

7= (u[@lK],tr [627\] e ,tr[@mK]) and

(éo + ixé) 7\] -

This means that there exist ¢, > 0 and (A, Q) € S x U such that

go+e1+tr

- (u[@“m,tr[@gm,...,tr[cﬁjmm) and &g + tr <QO+Z£1@¢>/~\ =

i=1

(ii) Leteg € [0,] and & € F. Suppose that there exist an array (A, Q) € S x U such that

— (n[@lm,u[@m...,m«[@mm) and ¢ + tr (éﬁzgm@)K —e.

=1
(@0 + i%@) A
(e, ) — (¢, F) = <(tr[©1K],tr[©27\], . tr[@mfx]) x>
~ (6@ A), tr[Q2A),. ).%)

:<zyi@i,x>+<@o, (@i <zyi@i,x>
= i=1

(o 50 +{fo-$0)

> —€+¢ey > —¢€.

Since tr > 0, for every y € F, one has

Thus,
(c,@) < {c,y) +e, VyeF.
That is, Z € Sol.(RSDLP).
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O

From Corollary 4.1, we immediately obtain the following result for characterization of
g-approximate solution set for RSDLPs.

Corollary 4.2. Given ¢ > 0, one has
c = (tr[Q1A], tr[Q24], .. ., tr[QmA]) ,

<Q0 + ZziQ,) A] —e—¢

i=1

Sol(RSDLP) = [ ] U qz¢eF
(A,Q)ERKT, 0<e’<e

We now give the following example to illustrate Corollary 4.2.

Example 4.2. Consider the following robust semidefinite linear programming with un-
certainty data:

(Pg) Minimize x1 + Ta,
Uy UIX1 0
subject to UL 0 0] >0,
0 0 1
where

00 O 0 w O
Z/{():{(O 0 0) UQ—l},Z/ﬁ:{(ul 0 O):ule[—l,l]}
0 0 wp 0 0 0
andL{QZ{( )ZUQE[O,I]}.

Thus, the feasible solution for problem (FP2) is {(0,z2) : 2 > 0}, and so the optimal
valued is 0.
The Lagrangian dual problem for problem (F;) is defined as follows:

(D2) max , {—=tr[QoA] : (tr[@1A],tr[Q2A]) = (1,1)}

(A.Qo.@1.@est x | [ s
=0

= max ) {7)\33 . (2&1A12,U2)\11) = (]., 1)}

(A,Q0,Q1,Q2)€S3 x H U;
=0

A1z A2z Ass
approximate solution is {(0, z2) : 0 < 2o < e}. If ¢ = 2, then

A1 A2 Az
where A = | A2 A2 A3 |. Hence, strong duality holds. For any ¢ > 0, the e-

2
Soly(Ds) = { (A, Q0,Q1,Q2) € S x [[thi : (2urAia, ushi1) = (1,1) and Agz € [0, 2] }7
and

2
RKTQ(DQ) = { (A,Q07Q17Q2) S Si X HUZ : (2U1>\12,U2)\11) = (1, 1) and A33 € [0,2} }
=0
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Then,

1 1) = (2”1)\12 uz)\u)and }
Sols(Py) = cr| & ,
e (4,Q0.Q Lg )ERKT: o<u<2 {Z upA1122 + 2urAi221 + Agg =2 — €’
3o, 1,2 2Uxe’s
(1,1) = (2u1 A12, ug A1) and
U U {(QZQ)GF'OSZ?:Q_E/_/\%

(A,Q0,Q1,Q2)ERKT, 0<e'<2
={(0,22) : 0 < 25 <2}.

5. CONCLUSIONS

This article is focused on the characterization of e-approximate solutions for convex
semidefinite programming problems that involve uncertainty data. The paper begins
by reviewing essential findings related to the optimality condition and duality of robust
convex semidefinite programming problems. It then establishes the optimality and
duality conditions for the problem by assuming specific constraint qualifications. The
study investigates e-Kuhn-Tucker vectors and their relationships with optimal solutions,
maximizers of the corresponding Lagrangian dual problem, saddle points of the Lagrangian,
and Kuhn-Tucker vectors. Finally, the article describes the characterization of e-approximate
solution sets for the problem, analyzing the connection between three sets: the set of
Lagrange multipliers corresponding to e-approximate solutions, the set of e-Kuhn-Tucker
vectors, and the set of approximate solutions for their Lagrangian dual problems. This
special characterization is seen due to the semidefinite structure of robust convex semidef-
inite programming problems. Additionally, the article examines the practical application
of the characterization of e-approximate solution sets for semidefinite linear programming
problems with uncertain data. The characterization is illustrated using several examples.
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