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Weak and Strong Convergence of Split Douglas-Rachford
Algorithms for Monotone Inclusions

T1ANQI Lv and HONG-KUN XU

ABSTRACT. We are concerned in this paper with the convergence analysis of the primal-dual splitting (PDS)
and the split Douglas-Rachford (SDR) algorithms for monotone inclusions by using an operator-oriented ap-
proach. We shall show that both PDS and SDR algorithms can be driven by a (firmly) nonexpansive mapping in
a product Hilbert space. We are then able to apply the Krasnoselskii-Mann and Halpern fixed point algorithms
to PDS and SDR to get weakly and strongly convergent algorithms for finding solutions of the primal and dual
monotone inclusions. Moreover, an additional projection technique is used to derive strong convergence of a
modified SDR algorithm.

1. INTRODUCTION

Let H and K be real Hilbert spaces with inner product (-, -) and norm || - ||, respectively.
Consider a primal convex optimization problem of the form

(1.1) mi;lier%ize F(z):= f(x) + g(Lx),

where f € I'y(H) and g € T'y(K), and L : H — K is abounded linear operator. Here I'y ()
(resp., T'o(K)) denotes the family of all proper, lower semicontinuous, convex functions on
H (resp., K) taking values in R := (—o0, oq].

The dual problem of (1.1) (assuming F' € T'g(H)) is

(1.2) maxér’gize F*(v) := —f"(L*v) — g*(—v).

Here f* and g* are the conjugate of f and g, respectively, and L* is the adjoint of L defined
via the relation: (Lz,v) = (z,L*v) for all z € H and v € K. Recall that f* is defined by
fH(z*) = sup{{z*,z) — f(z) : « € H} for * € H, and ¢* is similarly defined.

Note that the dual problem (1.2) can equivalently be rewritten as a minimization prob-
lem as follows:
(1.3) minimize (—F*(v)) := f*(L*v) + g*(—v).

vek

Problem (1.1), together with its dual (1.2), can be extended to monotone inclusions.
Indeed, let A : H — 2* and B : K — 2* be maximal monotone operators. Consider the
inclusion problem:

(1.4) Find (2,9) € H x K suchthat 0¢€ A&+ L*5, 0 € B~ 0 — Li.

We shall use Z to denote the set of solutions of (1.4), and always assume Z # () throughout
the rest of this paper.

Note that when A = 9f and B = 0y, the subdifferentials of f € I'o(H) and g € I's(K),
respectively, the inclusion (1.4) is reduced to the problem of finding solutions Z € H of
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the primal problem (1.1) and ¢ € K of the dual problem (1.2), namely, the first-order
optimality conditions hold:

(1.5) 0€0f(&)+ L*oBoL(%), 0€ (dg) ' (8) — Lo (f) " o L*(—0).

This leads to the general primal and dual inclusions as follows:

(1.6) Primal inclusion: find & € H with the property 0 ¢ A&+ L*BL&

and

1.7) Dual inclusion: find © € K with the property 0 € B~'9 — LA™'L*(—d).

Observe that the inclusion (1.4) is equivalent to the inclusions (1.6) and (1.7) in the sense
that if (Z,0) € Z, then 2 and ¢ solve (1.6) and (1.7), respectively, and conversely, if & € H
is a solution to the primal inclusion (1.6), then there exists © € K (indeed, v € BL% such
that 0 € A% + L*?), which is a solution to the dual inclusion (1.7), such that (£, 9) € Z.

In the case where L = I (assuming H = K), then the primal inclusion (1.6) turns out to
be the problem of finding a zero of the sum of A and B, that is,

(1.8) find £ € X with the property 0 ¢ Az + Bi.

The set of solutions of (1.8) is denoted by zer(A + B) and assume that it is nonempty.
This problem can be solved by the Douglas-Rachford (DR) splitting method of Lions
and Mercier [12, Theorem 1], which generates a sequence (z,,) by the following iteration:

(19) An+l = JTB(2JTAZn - Zn) + 2n — JTAZn7 n= Oa 17 )

where 7 > 0, the initial point zy € H is chosen arbitrarily, and J, 4 = (I + 7A4)~! is the
resolvent of 7A. Lions and Mercier [12] proved that (z,,) converges weakly to a point 2
and J, 4% € zer(A + B).

Turning to the general inclusion (1.6) in the case where L is not the identity I, one needs
the maximal monotonicity of L*BL in order to directly apply DR (1.9), which is compu-
tationally costly due to sub-iterations for computing the resolvent J. - 51, as pointed out
in [2]. Consequently, splitting methods for separating the operator L from the resolvent
of B are needed. In [23], Vi1 introduced such a splitting method, known as primal-dual
splitting (PDP) method, as follows:

Algorithm:

(1 10) Tn1 = (]- - An)xn + AnJ‘rA(gcn - TL*Un)
' Unt1 = (1 = Ap)vn + Andop-1(vn + 0 L(2Ja(xn, — TL*0y,) — 24)),

where the initial guess (xg,v9) € H x K and the parameters 7,0 > 0 satisfy the condition
To||L|]? < 1.

A more general splitting method, referred to as split Douglas-Rachford (SDR), is stud-
ied in [2], which updates iterations as follows (we here use (2 to replace T in [2, Algorithm
1.2]).

Algorithm:

vy =3I — Js-1p) (L, + 37 uy,)
(1.11) Zp = Tp — QL*v,
Tp+1 = JQAZn

Un+1 = EL(anrl - xn) + Un
where 2 : H — H and ¥ : K — K are strongly monotone, self-adjoint, linear operators

such that Q! — L*Y L is monotone (equivalently, |22 LQz]|| < 1). Algorithm (1.11) is a
nonstandard metric version of DR for (1.6) [2].
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Primal-dual and Douglas-Rachford methods were extensively studied (see [4, 5, 3, 17,
8, 12, 13] and references therein).

We are aimed in this paper at addressing the convergence analysis of the primal-dual
splitting (PDS) and split Douglas-Rachford (SDR) algorithms for monotone inclusions
by using an operator-oriented approach. More precisely, we show that both PDS and
SDR algorithms can be driven by a (firmly) nonexpansive mapping in a product Hilbert
space. This enables us to apply the Krasnoselskii-Mann (KM) and Halpern fixed point
algorithms to PDS and SDR to get weakly and strongly convergent algorithms for finding
solutions of the primal and dual problems (1.6) and (1.7), i.e., elements of Z. Our obtained
results improve and generalize the corresponding results of [23] and [2].

The paper is organized as follows. In the next section we introduce some concepts of
nonexpansive and monotone mappings together with basic tools and the KM and Halpern
fixed point algorithms. In Section 3 we prove the main convergence results on PDP (1.10)
and SDR algorithm (1.11).

2. PRELIMINARIES

Let #H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively. We
use I to denote the identity on H. Given mappings G : H — H and A : H — 2%. We say
that

e G is nonexpansive [6] if |Gz — Gy| < ||z — y|| forall z,y € H.

e G is firmly nonexpansive [6] if (x — y,Gx — Gy) > ||Gx — Gy||? for all z,y € H;
equivalently, 2G — I is nonexpansive.

e A is monotone [19] if (x1 — z2,y1 — y2) > 0 for all x; € dom(A) and y; € Ax;
(i = 1,2). Here dom(A) = {z € H : Az # 0} is the (effective) domain of A.
Furthermore, A is maximal monotone if A is monotone and its graph, gra(4) :=
{(z,y) € H x H :z € dom(A), y € Az}, is not properly contained in the graph of
any other monotone operator.

The set of fixed point of G is denoted as Fix(G), that is, Fix(G) = {z € H : Gz = z}.
A typical example of firmly nonexpansive mappings is projections. Recall that the
projection from H onto a nonempty closed convex subset C' of H is defined as

Po(z) := argmin ||z — y|?>, z € H.
yel

Recall that the resolvent of a monotone mapping A : H — 2* is defined as J4 = (I +
A)~L. It is known that if A is maximal monotone, then .J4 is firmly nonexpansive on the
entire space . More details on monotone operators can be found from the monographs
[20, 16, 1].

To prove the convergence of our algorithms in Section 3, we need two fundamental
fixed point iteration algorithms, the Krasnoselskii-Mann (KM) [10, 14] and Halpern [7, 9]
algorithms.

The KM algorithm for the fixed point problem x = Gz generates a sequence (u,,) via
the iteration process:

(2.12) Unt1 = (1 — an)tn + @nGuyy, n=0,1,---,

where the initial guess ug € H and (a,) C [0, 1] (in certain circumstances, (a,,) C [0, 2]).
The Halpern algorithm for the fixed point problem = = Gx generates a sequence (u,,)
through the iteration procedure:

(213) Un+1 :ﬂnu—i_(l_ﬂn)Guﬂn n=0,1,---,
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where the initial guess up € H and (5,,) C [0, 1]. The fixed point u € H is referred to as
anchor.

The following convergence for KM and Halpern algorithms (2.12) and (2.15) are known.

Theorem 2.1. [18] Let G : H — H be nonexpansive with Fix(G) # 0 and suppose («,,) C [0,1]
satisfies the divergence condition

(2.14) Z an(l—ay,) = oco.

n=1
Then the sequence (u,) generated by the KM algorithm (2.12) converges weakly to a point of
Fix(G). Moreover, if G is firmly nonexpansive, then («,) can be relaxed to the range (av,) C [0, 2]
satisfying the divergence condition

ian(Z —ay,) = o0.
n=1

Theorem 2.2. [24, 22, 11] Let G : H — H be nonexpansive with Fix(G) # () and suppose
(Bn) C (0,1) satisfies the conditions:

(1) lim, oo B =0and Y07 | By = 00,

(ii) either > 7 | |Bnt1 — Bl < 00 or limy, o0 (Brt1/6n) = 1.
Then the sequence (u,) generated by the Halpern algorithm (2.15) converges strongly to Priy()u.

Moreover, if G is firmly nonexpansive, then the condition (ii) is superfluous. In addition, if one
takes f3,, = n%rlfor n > 0and u = ug, that is,

1 n
2.15 ]l = —— —— G, =0,1,---,
(2.15) Up41 n+1u+ o U n
then one has
2 —u* .
lun — Gun|| < A= S o ur e Fix(@).
n+1

In the rest of this paper, we shall use the standard notation:

e 1, — z means that (z,,) converges to  weakly,
e 1, — x means that (z,,) converges to x strongly.

3. CONVERGENCE ANALYSIS OF ALGORITHMS

Let H and K be real Hilbert spaces with inner product (-, -) and norm || - ||, respectively.
We begin with an improved simple case of Vii's algorithm [23].

3.1. Convergence of Vii's Algorithm (1.10). Vi [23, Algorithm (3.3), p. 671] introduced
a splitting algorithm for solving (1.6) and (1.7). The case of m = 1 with no perturbation
errors is the algorithm (1.10). Because Vii's proof of the general case (see the proof of
[23, Theorem 3.1]) is complicated (i.e., not easily understood), we will include a detailed
simpler proof of the following theorem which also relaxes the choice of the step-size pa-
rameters (\,,) from the interval [e, 1] for some 0 < ¢ < 1 [23, Theorem 3.1] to the interval
[0,2].

Theorem 3.3. Suppose the primal and dual problems (1.6) and (1.7) are solvable, i.e., Z # 0.
Suppose o ||L||? < 1and (X\,) C [0, 2] satisfies the divergence condition

(3.16) i An(2 = An) = oc.
n=1
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Then the sequences (x,,) and (v,) defined by the PDP algorithm (1.10) converge weakly to a
solution & of the primal problem (1.6) and a solution v of the dual problem (1.7), respectively, i.e.,
(,0) € 2.

Proof. We endow the product space # x K with the standard inner product and norm:
((,v), (2", 0") = (2, 0) + (@), (@ 0)ll = VI2lI* + [|v]]?

for (z,v), (2/,v") € H x K.
Define operators M, S : H x K — 2"*KX by

M(z,v) = (Az, B~ ), (z,v) € H xK
and
S(xz,v) = (L*v,—Lz), (x,v) € HxK.
Then we have that M, S are maximal monotone; moreover, S is skew (i.e., S* = —5).
Note that we have

(3.17) (M + S)(x,v) = (Az + L*v, B"*v — Lz), (x,v) € H xK
is maximal monotone. Moreover,
(3.18) (,0) ezer(M +S5) <= (z,0)€Z.

Namely, finding a point in the solution set Z is equivalently converted to finding a zero
of the maximal monotone mapping (M + S). To this end we define a linear operator
ViHxK—=HxKby

1 1
V(z,v) = (;x — L*v, ~v- Lz), (z,v)eHxK.

Then it is not hard to find that V' is self-adjoint (i.e., V* = V) and p-strongly positive (see
also a generalization in Lemma 3.1), with
p=min{r~" —|[L|*/n.oc™" —n},
where 7 is such that 7| L||> < n < o~ (which is possible due to the assumption 7o | L||* <
1), in particular, we may take n = (7||L||* + o71) /2.
As a matter of fact, we have, for each (z,v) € H x K,

(2, 0),V(2,0)) = (@, -2 — *0) + (v, ~ ~ La)

1 2 1 2
S “l)? = 2(L

Sl + Lol — 22, v)

1 1 _
> Lall + Ll — (- IE el 4+ ol
O 17 O S
= - EDypape 4 - i)

[ e .

> o= -

win {2 - B2 2 g + ot
= sl )

This also implies that ||V~ < p~1.
Set pp, = Jra(zn — TL*0y), Y = 2pn — Tp, and q,, = J,g-1(v, + o Ly,,). This simplifies
the algorithm (1.10) as

(3 19) Tn+1 = (1 - )\n)mn + )\npn =xn + )\n(pn - xn)y
. Un+1 = (1 - An)'Un + AnGn = vp + )\n(Qn - 'Un)~
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Following the definitions of p,, and ¢,,, we also have
1

;(In 7pn) - L*vn S A(pn)a

é(vn - Qn) - L(xn - pn) € Bil(Qn) - L(pn)

Set w,, = (zn,v,) and w], = (pn, gn). Then it is readily seen that

1 . 1
V(wn - w;) = (;(:L‘n - pn) - L ('Un - Qn)7 g(vn - Qn) - L(xn - pn))-

Thus, we get V(w,, — w},) € (M + S)w,, and V(w,) € (M + S + V)w,,. Consequently,
w,=(M+S+V) 'W(w,) =T +VHM+9)  w, = Jy-1(ar4.5)Wn-
In the product space H x K, the algorithm (3.19) is rewritten as
Wpy1 = Wy + Ay (W], — wy,)
(320) = Wy + )‘n (Jv—l(]\/j+s)wn — ’U)n) .
Renorm H x K by
<’LU, w/>V = <w7 V(w/»a ||w||V = <’LU, V(U})>

forw = (x,v), w’ = (2/,v") € Hx K. We now show that V~!(M +5) is maximal monotone
with respect to this new inner product. Indeed, since M + S is monotone, we have for
w=(z,v), w = (2/,v) e LXK
(w—w', VHM + S)w -V HM + S)w')y = (w—w', (M + S)yw — (M + S)w') > 0.

Because (M +S) is maximal monotone and V is strongly positive, V~!(M +5) is maximal
monotone. It then follows that the resolvent Jy -1 5/ ) is firmly nonexpansive. We may
now apply Theorem 2.1 to (3.20) to assert that (w,,) converges weakly to a point @ =
(#,0) € Fix(Jy-1(ar49)) = zer(M + S) = Z under the divergence condition (3.16). Hence,
x, = & and v, — 0, and (&,0) € Z. |

Taking A, = 1 for all n, the algorithm (1.10) is reduced to the following algorithm:
(321) Tnt1 = JTA(xn - TL*vn)
Unt1 = Jop-1(Un + 0 L(2Jra(2p — TL*vy) — x4)).
The result below follows immediately.

Corollary 3.1. Suppose the primal and dual problems (1.6) and (1.7) are solvable and to||L||* <
1. Then the sequences () and (vy,) defined by the algorithm (3.21) converge weakly to a solution
& of the primal problem (1.6) and a solution ¢ of the dual problem (1.7), respectively.

3.2. Convergence of Split Douglas-Rachford Algorithm. In this subsection we discuss
the convergence analysis of the algorithm (1.11). This algorithm is known as split Douglas-
Rachford (SDR) algorithm [2] which uses nonstandard metrics 2 and ¥. Here Q@ : H — H
and ¥ : K — K are strongly monotone self-adjoint linear operators.

Lemma 3.1. Suppose |£2 LQz || < 1 and define V : H x K — H x K by

(3.22) V(z,v) = (Q 'z — L*v,2 v — La), (z,v) € H xK.
Then V is p-strongly monotone, self-adjoint, and linear, with
1 - ired)?

TSN
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Proof. For (z,v) € H x K, we derive that
{(2,v),V(z,v)) = (2,Q ' — L*v) + (v, 2" v — La)
= (z,(Q7' = L*SL)2) + (XLx — v, Lz) + (v, 'v — L)
(3.23) =(z,(Q°' = L*SL)2) + |2 v — Lz|)%.
Similarly, we also derive that
(3.24) (2, 0), V(2,0)) = (v, (27" = LQL*)0) + | 2 — L*v|3,.
Set § := ||L2LQz|| < 1. Then |22 LQ2y|| < ||y|| for each y € H. Now it follows that for
eachz € H
(z,(Q7' = L*SL)2) = (2,Q 'z) — (XLx, L)
= 27 %a|* — 22 LOE0 0
= oll” = 22 LQ%y | (withy = Q" %2)
> (1 - 92)\\yl|2
” 2= 1= =2 02 |

(3.25) > - —
HQ [ 192

Il

since |ly|| = [z = Q7|7 |z].
Similarly, we get
1-|Q3L*55 |2
=22
Multiply ¢ € (0,1) to Eq. (3.25) and (1 — ¢) to Eq. (3.26), respectively, and add them up to
get (noticing || X2 Lz || = [|Q2 L*Xz|))

(3.26) (v, (271 — LOL*)v) > o]

1— |22 003 |2 Q2 L7552
((@,0),V(2,0)) ZtWHxIIQHl* )WII v||?
— (1|22 |2 < 24 2)
(= 192204 ) (e llel + ool
11 . t 1-—-
627) z<1—||z2mz|2>nmn{”Q T ||2}<|| ol + ol
Notice that the min in (3.27) is maximized at ¢’ := %, with minimum value of
22422
———L Tt then follows from (3.27) that
IQ2]2+Ixz 2
122003 |2

(3.28) ((z,v),V(z,v)) = M(Hx“z + [[o]?).
This completes the proof. O

3.2.1. Weak Convergence. We convert Algorithm (1.11) to another formulation in terms of
(zn, vn,) which reads as follows:

(3.29) Fret = Joalon = QL)
Upt+1 = JEBfl(Un + EL(2JQA(J:” — QL*Un) — Jin))
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Note that v,,+1 can also be written as
(330) Un+1 = Jrnp-1 (Un + EL<2xn+1 - mn))

As a matter of fact, to get v, 11 in (3.29), we first utilize [1, Proposition 23.34(iii)] to obtain
I —XJ5-1557 ! = Jsp-1. We then derive from (1.11) that

Ung1 =2 = Jg-15)(Lans1 + X uns1)
= S(Lapy1 + X i) — SIs-1p(Lani + X uny)
=YLapi1 +tni1 — SJs-155 H(ELan i1 + tUpi1)
= (I = SJ5-155" ) (ELaps1 + Unt1)
= Jsp-1(ZL(2Tp11 — Tpn) + Up)
= Jep-1(BL(2Jaa(zn — QL v,) — 2,) + vp).

This is (3.29).
Now consider the operator 7" on the product space H x K defined by

(331) T(x,v) = (Jaa(zr — QL*v), Jnp-1(XL(2Jga(x — QL*v) — ) +v)) =: (xF,vT)
for (z,v) € H x K, where 2 = Jga(z — QL*v) and vt = Jgp-1 (ZL(22T — x) + v).
Lemma 3.2. We have Fix(T) = Z.
Proof. Let (z,v) € H x K be given. We have
T(z,v) = (z,v) & x=a" = Joa(z — QL*v)and v = v* = Jyg1(ZL(221 — 2) +v)

& 22— QL e (I+QA)rand SL(22T —x)+v € (I +SB Yo

& —L*v € Az and L(22+ —z) € B~

& 0cAr+L*vand 0 € B™'v — La (note: 0 € Az + L*v = 2t =)

& (x,v) € Z.

|

Lemma 3.3. We have Tw = Jy-1(y4-gyw for w = (w,v) € H x K. Thus, T is firmly nonex-
pansive under the condition |2 Lz || < 1, with respect to the norm || - ||y

Proof. Letw = (z,v) € H x K be given and set Jy -1 (a4 gyw = w’ = (2',v"). Let us prove
that w’ = Tw = w* = (2%, v"). We proceed as follows.
Jy-rursyw=w = we(l+V I M+ = V(w)e(V+M+Suw'

By the definitions of V and M + S in (3.22) and (3.17), respectively, the last relation is split
into the relations:

O e —L'veQ e —L* + A2’ + L™ = Q7 12’ + A/,
Y- Lrex ™ —La'+ B — L’ =W — 202’ + B~W'.
It turns out that
r—QL*w e (I+QA)2 = 2’ =Joalx—QL*) =2a",
YL22 —2)+vev +EB™W = W =Jgpa(ZL2zT —2) +v) =0T
Finally, if [22LO2|| < 1, then V is strongly positive, self-adjoint, and linear (see Lemma
3.1), thus V=1 (M + S) is maximal monotone w.r.t. the inner product (-, -)y. Consequently,

as the resolvent of a maximal monotone operator, T is firmly nonexpansive. The proof is
complete. O
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Now we extend the algorithm (1.11) (or (3.29)) using the KM technique as follows:

(3.32) Tpt1 = (1= An)zn + Andoa(zn — QL vp)
' Vnt1 = (1= A\)vn + Mdsp-1(SL(2Jqa(z, — QL*v,) — 2,) + vy))
where the initial guess (z9,vo) € # x K and (A,) C [0,2].

We have the following convergence result.

Theorem 3.4. Suppose |22 LQz|| < 1 and the divergence condition (3.16) holds. Then the
sequence {(x,, v, )} generated by the algorithm (3.32) converges weakly to a point in Z.

Proof. Setting w,, = (x,, v,) and by virtue of (3.31), we can rewrite the algorithm (3.32) as
(3.33) Wn+1 = (1 - )‘n)wn + AnTwy,

where T' = Jy -1(jr45) is firmly nonexpansive by Lemma 3.3.
Applying Theorem 2.1, we assert that (w,,) converges weakly to a point in Fix(T") =
zer(M + S) = Z. O

Corollary 3.2. Suppose ||S2 LQz || < 1. Then the sequence {(,,, v,)} generated by the algorithm
(1.11) converges weakly to a point in Z.

Proof. This is a special case of Theorem 3.4 where \,, = 1 for all n. O

3.2.2. Strong Convergence. The Krasnoselskii-Mann version of SDR algorithm (3.32), which
includes SDR (1.11), is not strongly convergent in the infinite-dimensional setting, in gen-
eral, unless additional conditions are assumed to satisfy. In this subsection we apply
Halpern’s method for modifying SDR (3.32) in order to get strongly convergent algo-
rithms. With the starting point (x¢, vo) € H x K, we define (z,, v,) iteratively by

Tnit1 = ﬁni + (1 - ﬁn)JQA(xn - QL*Un)
Unt1 = B0+ (1 = Bn)Jsp-1(ZL(2Jqa(z, — QL*vy,) — x,) + vy))

forn=0,1,---,where (Z,0) € H x K is the anchor and (8,,) C [0, 1].

(3.34)

Theorem 3.5. Assume Z # () and ||£2 LQ= || < 1. Assume also (3,,) satisfies the condition (i)
of Theorem 2.2, i.e., 3, — 0 and Y| B, = co. Then the sequence {(z,,,v,)} generated by the
algorithm (3.34) converges strongly to a point (&,0) € Z such that (Z,0) = Pz(&, ). Moreover,

if we take 8, = = and (&, ) = (o, vo), that is, (3.34) reduces to

(3.35) Tnt1 = 7ip%o + 2y Jaa(zn — QL v,)
Unt+1 = n%_lvo + HL_HJEBA(EL(ZJQA(JCH QL ) — ) + vn)

then we have the O(1/n) rate of convergence to zero for the asymptotic reqularity of || w, — Tw,||
with w, = (xy, vp):

2||wo — w*|lv

, n>0,w" ez
n+1

lwn — Txylly <
Proof. In terms of the firmly nonexpansive mapping 7" as defined in (3.31), the algorithm
(3.34) can be rewritten in the product space H x K compactly as:
1 n

+ Twn,

(3.36) Wntt = W0+~

where w,, = (2, v, ) for all n > 0. The results now follow from Theorem 2.2. O
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Projection methods are extensively employed in optimization and fixed points. Ad-
ditional forcing projections can improve the weak convergence of the proximal point al-
gorithm [19] to strong convergence [21]. We now apply this idea to the SDR algorithm
(1.11). Ouwur algorithm is defined as follows. For the sake of convenience, below we drop

the subscript V' from both the inner product (-,-)y and norm || - ||y. Choose the initial
guess wy = (xg, vg) € H x K arbitrarily. After w,, = (z,,v,,) is generated, we set
(3.37) Yn = Twy, = w;l = (a7}, v,

Z‘: = JQA(xn - QL*Un)v
vl = Jsg-1 (v, + XL(2Joa(x, — QL v,) — 2,,)),

(3.38) E,={weHxK:(w—yn,w, —yn) <0},
(3.39) Gn={weHXK: {(w—wn,wy—w,) <0}.
The (n + 1)th iterate w,, 41 is then defined as the projection of the initial guess wq onto the
intersection of the above constructed two half-spaces E,, and G, that is,
(3.40) Wnt1 = P, na, (wo)-

We first demonstrate that the algorithm (3.40) is well defined, namely, E,, N G,, # 0 for
all n > 0. As a matter of fact, we have the following result.
Lemma 3.4. We have E, NG, D Z forn=0,1,2,---.
Proof. First observe that we always have E,, D Z for each n > 0. This is because w,, —y,, =
Wy, — Jy-1(m45)Wn € VHM + S)(wy). Thus, if w € Z,ie,0€ V(M +S5)(w), then the
monotonicity of V(M + S) immediately implies that (w — w,,, w, — y,) < 0. Namely,
w € E,. Next, we use induction to prove the conclusion. For n = 0, since Gy = H x K, we
get Eg NGy D Z. Assume now E,, NG, D Z for some n > 0; then w,, 1 is well defined
through the projection in (3.40), which implies that

(wg — Wpt1,w —wpy1) <0 Ywe E, NG, D Z.

This particularly shows that G,,4+1 D Z; hence, E,11 N Gp41 O Z and the Lemma is
proved. O

We also need the following lemma.
Lemma 3.5. [15, Lemma 1.5] Let K be a nonempty closed convex subset of a Hilbert space H.
Let {x,,} be a sequence in H and w € H. Let ¢ = Pyu. If {x,,} satisfies the conditions

(i) wp(zn) C K,
(ii) ||z — ul| < |lu — g|| for all n.

Then x,, — q.
Theorem 3.6. Assume Z # () and |2 LQ2|| < 1. Then the sequence {w,} = {(xn,vn)}

generated by the algorithm (3.40) converges strongly to a point w* = (z*,v*) € Z such that
w* = PZ (wo).

Proof. First we observe from (3.40) and Lemma 3.4 that for each w’ € Z, |[wy41 — @' =
|1 P&, na, (wo) — w'|| < ||lwo — w'||. Hence, {w,} is bounded.
By definition of G,, we get w,, = Pg, (wo). This, together with the fact that w,y; € Gy,
implies that
lwpt1 — wnH2 = ||Pa, (wnt1) — Pa, (w0)||2
< s = woll® = (T = P, Jwars — (I = Pa, Juol?

= |lwns1 = woll® — [[wn — woll*.
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It turns out that the sequence {||w,, —wy||?} is increasing, and due to boundedness, {||w,, —
wpl[?} converges. It then also turns out that [|wy,+1 — w,[|? — 0.
Since wy 1 € E,, it follows that

0< 2<wn+1 —Yn,Yn — wn>

12 = llyn — wall*.

= lwns1 = wal* = lwnt1 = yn
Hence, ||y, — wp|| < [[wpt1 — wy| — 0. Since y,, = Tw,, we get ||w, — Tw,| — 0. By
the demiclosedness principle of nonexpansive mappings in a Hilbert space, we must have
ww(wy) C Fix(T) = Z; that is, each weak cluster point of (w,,) lies in Z.
Now set w* = Pz(wp). By the algorithm (3.40), it is evident that, for all n > 1,
lwn —w*| = |PB, _1ng, ywo — w*|| < [lwo — w]].

Since we have already proved that w,,(w,) C Z, Lemma 3.5 is applicable and we finally
obtain w, — w™. The proof is complete. O

We conclude the paper with the following strong convergence result on SDR (3.29)
with additional conditions imposed on the operators A and B, or on the solution set Z,
respectively.

Theorem 3.7. Suppose |2 LQz || < 1 and one of the conditions below is satisfied:
(i) Aand Bareodd;ie., A(—z) = —A(z) forall x € H and B(—v) = —B(v) forallv € K,
(ii) Z has nonempty interior.

Then the sequence {(x,,, vy)} generated by SDR (3.29) converges in norm to a point in Z.

Proof. First observe that the sequence {(z,, v, )} generated by SDR (3.29) can be rewritten
as (wy, = (zn,vn))

wy, =Twp_1=---=T"wy, n=0,1,2,---.
Since T' = Jy-1), is firmly nonexpansive (w.r.t. the norm | - ||y; below we drop the
subscript V for the sake of convenience). Thus T is asymptotically regular, that is,
(3.41) lim | 7" w — T"w| =0, Yw e H x K.
n—oo

(i) It is easily seen that the oddness of A andB implies that the resolvents Jo4 and
Jsp-1 = I — SJx-153571 are odd as well. It then turns out that the mapping T defined
by (3.31) is also odd, which implies that T(0) = 0. Hence, (0,0) € Z. And for each
w € H x K, the real nonnegative sequence {||T"w|} is nonincreasing, hence convergent.
Set r = lim,,_, || T™wp||. Again since T"is odd, we get for each fixed i > 0,

1T wo + T wol| = | T wo — T™ (—wo)|| < 1T wo + T uwo-
This shows that {||7" w4+ T™wo || }52, is nonincreasing. We further have, for n > m > 0,
2r < 2||T™wol| = || T"wo + T™ wo + T™wo — T™wy|
<17 wo + T o + [T wo — T o |
< || T™wo + T g || + | T™wo — T" || (letting n — o)
= | T wo + T™ ]| < || T™wol| + | T awo || < 2||T™wol| — 2.
Consequently,

lm || T"wo + T™wol| = 2r.

n,m—00

Moreover, as n, m — oo,
T wo — T wol|? = 2(]|T™wo|* + ||T™wo||?) — [| T wo + T™wo||* = 2(r* +r?) — (2r)2 =0
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and {T™wy} is Cauchy, hence convergent in norm.

(ii) By assumption, we have some p € int(Z) = int(Fix(7")). In other words, there exists
d > 0 such that p + dw € Fix(T') for all w € H x K suhc that ||w|| < 1. As wy, 1 = Twy, we
derive (for each ||w|| < 1)

w1 = plI* = 20(wns1 — p,w) + 6% [w]]? = [lwngr — (p+ 6w)|* = [ Twn — (p+ 6w)|?
< lwn = (p + dw)|* = [[wy — p||* = 26(wy, — p,w) + %[|w]*.
This results in that
20(wy — wnt1,w) < [Jwp 7p||2 — [lwnta *p”z'
Since this is valid for each w such that ||w| < 1, it follows immediately that

20wy, — wnsa || < [lwn = plI* = [lwpsr = pl*.

This implies that the series Y | ||w, — wy,41|| is convergent, which ensures that {w,, } is
Cauchy, hence convergent. This finishes the proof. O

Remark 3.1. An example of an odd maximal monotone operator is A = O, where p € To(H) is
even, i.e., p(—x) = ¢(x) forall x € H.
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