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A New Existence Theorem of the Solution of a Functional
Fredholm Integral Equation in b-metric Spaces

MARIA DOBRITOIU ' AND WILHELM W. KECS 2

ABSTRACT. Using some recent results on nonlinear integral equations with new admissibility types in b-
metric spaces, this paper investigates the existence of solutions to a functional Fredholm integral equation in a
b-metric space. We establish the conditions under which a solution of the considered integral equation exists
and then formulate an existence theorem for such solutions. This theorem complements the results obtained
over time in the study of solutions to this type of functional Fredholm integral equation. The paper concludes
with two illustrative examples that demonstrate the applicability of this existence theorem.

1. INTRODUCTION

In the 1970s, a group of Romanian physics professors developed, during practical in-
vestigations (which were not formally published), a mathematical model governed by the
following functional Fredholm integral equation:

b
o) = / K(t,r,2(r), 2(a), 2(B)dr + f(1), t€ [a,b],

where a,b € R, a < b, K € C([a,b] x [a,b] x R?), f € Cla,b] are known functions, and
z € Cla, b is the unknown function.

The mathematical analysis of this equation - particularly regarding the existence and
uniqueness of its solution - was later carried out and published by their colleagues in the
field of mathematics, including the first author of this paper. Although the original physi-
cal investigations were not formally documented in scientific literature, they served as the
primary motivation for the subsequent mathematical study, which focused on studying
the properties of the solution of the integral equation above. Using classical theorems,
the following aspects were investigated: existence and uniqueness of the solution, contin-
uous dependence on data, differentiability, Ulam-Hyers stability, as well as comparison
theorems, integral inequalities, and methods for approximating the solution. The results
obtained were published in several articles that can be found in the mathematical liter-
ature. The first study addressing the existence and uniqueness of the solution to this
Fredholm integral equation with modified arguments was published in 1978, in [2]. This
development represents an early example of interdisciplinary collaboration, where prac-
tical needs from applied physics provided the motivation for theoretical advancements in
mathematical analysis. The 1978 article demonstrated that, under the assumptions of Ba-
nach’s fixed point theorem, this type of integral equation admits a unique solution. Since
the exact solution could not always be determined, the same paper presented a method
for approximating the solution, using the successive approximations method combined
with the trapezoidal quadrature rule. This Fredholm integral equation formed the basis
of the mathematical model studied by the group of physicists.
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In [22], the authors introduced the notion of an «, .-contraction, with ¢ > 1, which is
defined on a b-metric space with coefficient s > 1. This notion was used to prove sev-
eral fixed point theorems for an o c-contractions, with ¢ > 1, in a b-complete b-metric
space with coefficient s > 1. These fixed point results, along with the a-admissible func-
tions introduced in [27] were applied in [22], to establish the existence of a solution to the
nonlinear Fredholm integral equation:

b
x@%{/KﬁmeDM+f®7

where a,b € R, witha < b, K : [a,b] X [a,b] xR — Rand f : [a,b] — R are given functions
and z € C|a, b] is the unknown function.

To complement the study of the solution to the integral equation investigated in the
1970s, the notions and results from [7], [22] and [27] were employed, leading to the es-
tablishment of new conditions for the existence of its solution. The obtained result is
presented in paper [12].

Over time, several modifications to the arguments of the original integral equation
proposed in the 1970s were introduced, depending on specific conditions.

We now consider this functional nonlinear Fredholm integral equation with one of the
proposed modifications of the argument, by introducing a known continuous function
g9 € C([a,b], [a,b]):

b
(L1) xmz/lmmﬂmMW%mmMWW+m»teM%

where a,b € R, a < b, witha < b; K : [a,b] x [a,b] x R* = R, g : [a,b] — [a,b] and
f :[a,b] — R are the given functions and = € C|a, b] is the unknown function.

Some properties of the solution of this integral equation were studied using known
classical theorems and the obtained results can be found in several papers, of which we
mention [8]-[11]. To obtain these results, some presented results in [6], [23] and [24] were
used.

In this paper, we aim to contribute to the study of the functional Fredholm integral
equation (1.1) by establishing new conditions for the existence of its solution. These con-
ditions are derived using the notions of admissibility types defined on a b-metric space, as
introduced in [27], and by applying a fixed point theorem from [22]. For certain notions
related to b-metric spaces, we have consulted papers [7] and [20]. For a general overview
of early developments in fixed point theory on b-metric spaces, see also [5].

Our paper is organized into five sections.

Section 1 provides a brief presentation of the integral equation under study (1.1), along
with some mathematical details specific to it. It also recalls for the reader the notions and
results that will be used to establish the main result of the paper.

In Section 2, Preliminaries, we recall some definitions and results related to recent no-
tions introduced in ([22], [27]), which will be used to establish an existence theorem for
the solution of the functional Fredholm integral equation (1.1).

The main result is presented in Section 3, as an existence theorem for the solution of
the functional Fredholm integral equation under study. In Section 4, two examples are
provided to illustrate the application of this result.

The final section presents some concluding remarks regarding the result established in
this paper.
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2. PRELIMINARIES

First of all, for the reader’s convenience, the following notions will be recalled: b-metric
on a nonempty set X, b-metric space, b-continuous function, the altering distance func-
tion, the a-admissible function, the a-admissible function type s.

Let X be a nonempty set and s > 1 be a given real number.

Definition 2.1. A function d : X x X — [0, +00) is called b-metric on X, if forall x,y,z € X,
it satisfies the following conditions:
(i) d(z,y) =0ifand only if x = y;
(ii) d(x,y) = d(y, ),
(iii) d(z,y) < sld(z,z) +d(z,y)].
The pair (X, d) is called a b-metric space with the coefficient s > 1.

Remark 2.1. If s = 1, then the b-metric space is the usual metric space.

The notion of b-continuity, meaning the preservation of convergence in b-metric spaces,
is used in fixed point results for generalized contraction mappings (see [7], [1] and appli-
cations in [22]).

Definition 2.2. Let (X, d) be a b-metric space. A function f : X — X is said to be b-continuous
if for every sequence (z,) C X that converges to x € X in the b-metric (i.e., d(xzy,x) — 0), it
holds that

d(f(zy), f(x)) >0 asn — co.

The notions of b-convergence, b-completeness, and b-Cauchy sequence in a b-metric
space can be found in [7] and [27].

In [17], Khan et al. introduced the notion of the altering distance function as a control
function that modifies the distance between two points in a metric space (see also [21]).

Definition 2.3. A function ¢ : [0,+00) — [0,+00) is called an altering distance function if it
satisfies the following two properties:

(1) ¢ is continuous and non-decreasing;
(ii) @(t) = 0ifand only if t = 0.

Next, we present the notions of the a-admissible function and the a-admissible func-
tion type s (see [27]).
Let X be a nonempty set, and let & : X x X — [0, +00) be a given function.

Definition 2.4 ([27]). A function f : X — X is said to be an a-admissible function if it satisfies
the following condition:

zyeX, alr,y) 21 = of(z), f(y) =1
and the set of these functions was denoted
AX,a) ={f: X — X/fis an o — admissible function}.
In addition, let s be a given real number such that s > 1.

Definition 2.5 ([27]). A function f : X — X is said to be an a-admissible function type s, if it
satisfies the following condition:

vy e X, alr,y) 2s = a(f(x), f(y) = s
and the set of these functions was denoted
A X,a)={f: X = X/fis an a — admissible function type s}.
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Also, the notions of the weak a-admissible function and the weak a-admissible func-
tion type s, presented below, were introduced in [27].

Definition 2.6 ([27]). A function f : X — X is said to be a weak a-admissible function if it
satisfies the following condition:

zeX, alz, f(zx) 21 = a(f(x), f(f(z)) =1

and the set of these functions was denoted
WAX,a)={f: X — X/f is aweak oo — admissible function}.

Definition 2.7 ([27]). A function f : X — X is said to be a weak a-admissible function type s,
if it satisfies the following condition:

veX, oz f(z) >2s = a(f(z),[(f(x)) = s
and the set of these functions was denoted

WA(X, ) ={f: X = X/f is a weak a — admissible function type s}.

Remark 2.2. It is observed that A(X,a) C WA(X, o) and Ay(X, o) C WAL(X, ).

In [27] the notion of the («, v, ¢)s-contraction function was also introduced, defined as
follows:

Definition 2.8 ([27]). Let (X, d) be a b-metric space with coefficient s > 1, let oo : X x X —

[0, +00) be a given function and let 1), ¢ : [0, 400) — [0, +00) be two altering distance functions.

Then a function f : X — X isan (a, ), p)s-contraction function if the following condition holds:
vy € X,a(z,y) 25 = (s°d(f(2), f(y) < V(Ms(2,)) — o(Ms(z,y)),

where

M (o) = s o, ). 1), 5D AL

and is denoted by Qs(X, a, 1, ), the collection of all (e, v, )s-contraction functions on a b-
metric space (X, d) with coefficient s > 1.

In [22], the notion of the a, .-contraction function, where ¢ > 1, defined on a b-metric
space with coefficient s > 1, was introduced.

Definition 2.9. Let (X, d) be a b-metric space with coefficient s > 1and let o : X x X — [0, +00)
be a given function. Then a function f : X — X is said to be an « .-contraction function, where
e > 1, if it satisfies the following condition:

(22) z,y € X, alr,y) 2s = s7d(f(2), f(y)) < Ms(z,y).

In [22], this notion was used to obtain a new fixed point theorem, that serves as a
useful tool to determine the existence conditions for solution of a fixed point equation.
To establish the main result of our paper, we will use this fixed point theorem, which we
present below.

Theorem 2.1 ([22]). Let (X, d) be a b-complete b-metric space with coefficient s > 1, v : X X
X — [0, +00) a given function and f : X — X an o, — contraction function, wheree > 1.
Suppose that the following conditions hold:

(s1) fEWA(X, a);

(s2) there exists xg € X such that a(xg, f(x0)) > s;

(s3) fis b-continuous.
Then, f has at least one fixed point in X.
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Remark 2.3. If s > 1, then this theorem (Theorem 2.2 in [22]) is slight obtained from the results
presented in [27].

This existence result (Theorem 2.1) can be stated in a particular case where the gener-
alized contractive condition involves the distance d(z, y) directly, as presented below.

Theorem 2.2. Let (X, d) be a complete b-metric space and let f : X — X be a mapping such that
d(f(x), f(y)) < d(z,y), forallz,y € X.

If f satisfies an a-admissibility condition and f is b-continuous, then f has at least one fixed
point in X.

In [19], Miculescu and Mihail presented a lemma (Lemma 2.2) that serves as a use-
ful auxiliary result supporting the convergence part of Theorem 2.1, provided that the
contraction condition imposed by the mapping f ensures a suitable decay of successive
distances. For convenience, we restate this result as Lemma 2.1 in the present work.

Lemma 2.1 ([19]). Every sequence (xy,)nen in a b-metric space (X, d) that satisfies the condition
that there exists v € [0, 1) such that

d(xn+17 xn) S Y d(x'ru -'If'nfl)a
for every n € N, is a Cauchy sequence.

Lemma 2.1 can be effectively applied within the framework of Theorem 2.1, provided
that the appropriate contractive condition is satisfied.

More precisely, Lemma 2.1 states that if a sequence (z,,) in a b-metric space satisfies the
inequality

d(anrlv 1'n+2) S k- d($n7 xn+1)7
for all n € N and for some constant k € (0, 1), then the sequence (z,,) is Cauchy.

In Theorem 2.1, the sequence is constructed using the iterative scheme z,_1 = f(z,),
where f is a self-mapping on a b-metric space. If f satisfies a generalized contractive
condition that leads to the recursive inequality above, then Lemma 2.1 can be directly
applied to ensure the convergence of the sequence to a fixed point of f.

We emphasize that Lemma 2.1 provides a valuable tool for analyzing the convergence
of iterative sequences.

To establish the main result of this paper, Theorem 2.1 will be used in the next section.

3. MAIN RESULT

By using an a-admissible function type s and applying Theorem 2.1, we establish in this
section an existence result for the solution of the functional nonlinear Fredholm integral
equation (1.1):

b
m(t)=/ K(t,r,x(r), z(g(r)), z(a), z(b))dr + f(t),

where a,b € R, witha < b, K € C([a,b] x [a,b] x R*), g € C([a,b],[a,b]) and f € Cla,b]
are given functions and z € C|[a, b] is the unknown function.
Let X = Cla,b],and letd : X x X — [0, +00) be a b-metric defined by the relation:

(3.3) d(z,y) = sup |z(t) —y(t)[?,

t€la,b]

forall z,y € X and p > 1.
Then (X, d) is a b-complete b-metric space with the coefficient s = 2P~1.
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To this integral equation, we associate the operator A : X — X defined by the relation:

(3.4) A()(t) = / K(t, (), 2(g(r), 2(a), 2(b))dr + (2),

forallz € X and ¢ € [a, b].

In what follows, we establish the conditions under which the operator A has at least
one fixed point. In other words, we construct the proof of the theorem stated at the end of
this section, which represents the main result of this paper.

To this end, we define the function o : X x X — [0, +00) by the relation:

—1
@9 ot = {7 T EM

where T € (0,2P71).
Suppose that the function K is non-decreasing in its last four arguments. Then we
obtain:
A€ Ay(X,a) CWA(X, ).

Next, we suppose that there exists 9 € X such that

b
zo(t) < / K(t,r,x(r), z(g(r)), z(a), z(b))dr + f(t)

forallt € [a, b].
Consequently, it follows: a(zg, A(zg)) > 271
Let p > 1 and ¢ < oo be two real numbers such that 1% + % =1.
In what follows, suppose that

(3.6) ‘K(tmw(?“)w(g(r)),x(a), z(b)) = K(t, 7, y(r),y(g(r)), y(a),y(b))‘ <

<A(t,7) [II(T) —y(n)" +[x(g(r)) = ylg(r)” + |z(a) —y(a)|” + [x(b) — y(b)lp}

where t,r € [a,b], z,y € X with z(r) < y(r) for all » € [a,b], p > 1 and v € C([a,b] x
[a,b],[0,00)) is a function that satisfies

b p 1
(3.7) sup /a ('y(t,r)) dr) < PR A T fore>1.

t€la,b]
Now, using (3.4), (3.6) and (3.3), we have:

(20 a0 - a6 ) < 20"

(1 ra(r)0(r). (a2 (9) ~ Kt () y(a(0) ), w0 )

b
< 25(172—17) {(/ lqdr) ‘
‘p

K(t,r,x(r), x(g(r)), x(a), x(b) = K(t,r,y(r), y(g9(r)), y(a), y(b)) dr) }
b
< 25(1)2717)([) — a)% (/ (’Y(tﬂ"))p'
('”(T) =y +12(9(r) = y(g(r)I + |x(a) — y(a) [P + [x(b) — y(b)lp)pdr>

(f

|=

(f
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< 25(”2*p)(b —a)i /ab (’y(t,r))p . <4d(z,y))pdr
< 20" P gyt / b (v&.m)" (M) ar

<2 ap (o) s ([ (26.0)ar),

tela,b
and from (3.7), it results:
p p
(2 VA@)®) - AW©)]) < (M(o,y))
Therefore, we have:
20D A(@) (1) — Aly)(1)] < Mi(a,p),

ie.
s7d(A(z), Aly)) < Mi(z,y),

and thus, using (2.2), it results that the operator A is an o .-contraction, where ¢ > 1 and
the function « : Cla, b] x Cla,b] — [0, +00) is defined by the relation (3.5).

We now observe that the conditions of Theorem 2.1 are satisfied.

Therefore, by applying Theorem 2.1, an existence result for the solution of the func-
tional nonlinear Fredholm integral equation (1.1) can be formulated.

This existence result represents a new property of the solution to this type of functional
Fredholm integral equations. We present this theorem below.

Theorem 3.3 (Main Theorem). Consider the functional nonlinear Fredholm integral equation
(1.1). Suppose that the following conditions hold:

(i) K € C(la,b] x [a,b] x RY), g € C([a,b], [a,b]) and f € C|a,b);
(ii) K is non-decreasing in the last four arquments;
(iii) foreachr,t € [a,b] and z,y € X with x(s) < y(s) for all s € [a,b], we have:

|[K(t,r,2(r), 2(g(r)), z(a), z(b)) — K(t,r,y(r),y(g(r)),y(a),y(b))|
<At [[2(r) = y(r)? +la(g(r) — Yo + 2(a) - y(a)l"+
+2(6) = y®)F]. p > 1

where v € C([a, b] x [a, b], [0, 00)) satisfies:

b
1
Sup] </a (V(taT))pd7“> < 25(P2—P)+2p(b _ a)p_17 forcf > 1;

tela,b

(iv) there exists xg € C|a, b] such that

/ K(t,r,z(r),z(g(r)), z(a), z(b))dr + f(t)

forallt € [a,b].
Then, the functional nonlinear Fredholm integral equation (1.1) has at least one solution in
Cla, b].

This existence theorem complements the previously studied properties of the solutions
to this type of functional Fredholm integral equations.
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4. APPLICATIONS

In the following, we present two applications of the main result (Theorem 3.3). Specifi-
cally, we consider two integral equations of this type, for which we verify the hypotheses
of Theorem 3.3 and establish the existence of their solutions.

Example 4.1. Consider the following functional Fredholm integral equation:

(4.8) x(t):/o (“"(?jff@+m(0);m(1)>dr+1, telo,1],

. _ x(r)4x(r/2 tx(0)+rz(l
where K : [0,1] % [0,1] x R* — R, K(t,r,z(r), 2(r/2), z(0), x(1)) = 2Lt/ 4 t2Oire@)
g :[0,1] = [0,1], g(r) = S and f : [0,1] — R, f(t) = 1 are continuous functions and
x € C[0,1] is the unknown function.

In this case, we use the space C|0, 1] endowed with the b-metric d : C[0,1] x C[0,1] — [0, c0)
defined by the relation:
d(z,y) == sup |x(t) —y@)|P, forall z,y € C[0,1].
te(0,1]
The space (C[0, 1], d) is a b-complete b-metric space with the coefficient s = 2°P~1.
To this integral equation, we associate the operator A : C[0, 1] — C[0, 1] defined by the relation:

A()(t) = /0 (x(:)++rac+(r8/2) N tz(0) —grm(l))dr Ll

forall z € C[0,1] and t,r € [0,1].

In what follows, the conditions of Theorem 3.3 are verified.

It is observed that the function K is nondecreasing in its last four arquments.

At this moment, for t,r € [0,1], z,y € C[0,1] with x(r) < y(r) forall r € [0,1], p > 1, we
estimate the difference:

[t 2(0), 2(r/2),2(0),2(1)) = K (87 y(r), u(r/2), 9(0),3(1)|

z(r) +x(r/2)  tz(0)+rz(l) ylr)+y(r/2) ty(0)+ ry(1) ‘

t+r+38 8 t+r+38 8
< [HO Oy |2 o) = 0] + 5] -1 - w00
<[§]- Lot = v + [§] ot/ = v+ 3] o) = w01 + [5 o) - )

< 2 (J2) =y + |er/2) =y /2 + [2(0) = 5O + 1) ~ y(DI")

and it follows that the condition (3.6) is satisfied and ~(t,r) = 3

g-
In this case, we have
1\? 1
3) < ermim

23 > 05U+ — 35 c(p—1)42
and it results that for e > 1 and p > 1, the condition (3.7) is satisfied. Therefore, hypothesis (iii)
is also satisfied.

Using the properties of the functions K, g and f, we observe that the hypothesis (iv) is satisfied
forxzg = f € C[0,1].

It follows that
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We now observe that the conditions of Theorem 3.3 are satisfied and it follows that the integral
equation (4.8) has a solution.

Example 4.2. In this example, we consider another functional Fredholm integral equation, namely:

Ltr
4.9) x(t) = / r (sm(m(r)) + sin(z((2r +1)/3)) + z(0) + x(l))dr + cos(t),

o 64
where t € [0,1], K : [0,1] x [0,1] x R? — R, K(t,r,2(r),z((2r + 1)/3),2(0),z(1)) =
(szn( ) + sin(z((2r + 1)/3)) + 2(0) +x(1)), g: 0,1 = [0,1], g(r) = (2r +1)/3
and f 00,1 = R, f(t) = cos(t) are continuous functions and x € C|0,1] is the unknown
function.

The space C|[0, 1] endowed with the b-metric d : C[0,1] x C[0,1] — [0,00) defined by the
relation (3.3), form together a b-complete b-metric space with the coefficient s = 2P~1.

To the integral equation, we associate We attach to the integral equation (4.9), the operator
A : C[0,1] — CI0, 1] defined by the relation:

A(z(t) = /0 24 (sm(m(r)) + sin(z((2r +1)/3)) + z(0) + =(1 ))dr + cos(t),

forall z € C[0,1] and t,r € [0, 1].
Next, the conditions of Theorem 3.3 are verified.
It is clear that the function K is nondecreasing in its last four arguments.
Now, for t,r € [0,1], z,y € C[0,1] with z(r) < y(r) forall r € [0,1], p > 1, we estimate the

difference:
)K(t ryx(r), ((27“ + 1)/3) z(0), 96(1)) - K(t,r,y(r),y((Qr + 1)/3),y(0)’y(1))‘
= % . sm(ﬂ?(r)) + Sin(x((2r + 1)/3)) +2(0) + z(1)—

fsin(y(r)) - sin(y((ZT + 1)/3)) —y(0) - y(l)‘

< % . (‘szn(x(r)) — sm(y(r))‘ + ‘sin(w((% +1)/3)) — sin(y((2r + 1)/3))‘+

e (0) = y(0)] + |2(1) ~ y(1)])

< % .(2 Sm(m(r);y(r))‘. COS(%(T);y(r))’
+2‘Sm(x((2r +1)/3) ;y((2r+ 1)/3))‘ . ‘COS(:U((% +1)/3) ;—y((?r-i— 1)/3))‘
e (0) = y(0)] + |2(1) ~ y(1)])
tr

<\|&l (!x(r) —y(r)|+|z((2r +1)/3) —y((2r +1)/3)]

e (0) = y(0)] + |2(1) — y(1)])

and it follows that the condition (3.6) is satisfied and ~(t,r) = &.
The conditions (3.7) becomes:

Ly pd - 1
su — r -
te[or,)u o \64 9e(p2—p)+2p
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and it follows that e(p® — p) < 4p +loga(p + 1). Now, it results that there exists e > land p > 1
such that the condition (3.7) is satisfied. Therefore, the hypothesis (iii) is satisfied too.

Using the properties of the functions K, g and f, it is observed that hypothesis (iv) is satisfied
for xzo = f € C[0, 1].

Now, we observe that the conditions of Theorem 3.3 are satisfied and consequently, it results
that the integral equation (4.9) has a solution.

5. CONCLUSIONS

The Fredholm integral equation is one of the most well-known types of integral equa-
tions. In general, a nonlinear Fredholm integral equation has the following form:

x(t) = /QK(t,r,a:(r))dsJrf(t)7 t e,

where Q C R" is a bounded domain, K : @ x Q x R — Rand f : Q — R are given
continuous functions and z : 2 — R is the unknown function.

This equation has been studied in various particular cases for the bounded domain €2,
among which we mention: Q = (a,b) C Rand Q = (a,b) x (a,b) C R?, including cases
involving modified arguments.

Using the notions of admissibility types defined on a b-metric space, (see [27]), we ap-
ply the fixed point result given by Theorem 2.1, ([22]), to establish new conditions for
the existence of a solution to the functional nonlinear Fredholm integral equation (1.1).
Accordingly, the necessary conditions for applying Theorem 2.1 are established, and the
resulting existence criterion is formulated as Existence Theorem 3.2, which provides an
additional property of the studied integral equation. The paper concludes with two ex-
amples illustrating the application of the main result.

As a final remark, within the framework of the existence theorem for the solution of the
functional nonlinear Fredholm integral equation (1.1), once the existence of a solution is
established, several additional properties may be investigated—particularly those related
to the theory of Picard operators, such as well-posedness, Ulam-Hyers stability, and Os-
trowski stability. For this type of integral equation, these three concepts will be the subject
of a separate study, thereby leaving an open problem for future research.
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