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Convergence analysis of Bregman projection methods with
a new extrapolation technique for solving variational
inequalities in reflexive Banach spaces

ZHONG-BAO WANG!2, ZHONG-CHENG ZHANG!, ZHANG-YOU CHEN!2,
AND PONGSAKORN SUNTHRAYUTH?*

ABSTRACT. In this paper, we firstly propose a Bregman projection algorithm with a new extrapolation tech-
nique for solving quasi-monotone variational inequalities in reflexive Banach spaces. We establish the weak
convergence and non-asymptotic O (ﬁ) convergence rate of the algorithm under appropriate and mild as-
sumptions. Secondly, we introduce the second algorithm and demonstrate its linear convergence under stronger
conditions. Our numerical experiments show that our methods outperform existing algorithms in the literature.

1. INTRODUCTION

Throughout the paper, let E be a reflexive Banach space with the dual space E*, the
dual pair between E* and E be denoted by (:,-). Suppose C' is a nonempty, closed and
convex subset of £, and A : C' — E* is a nonlinear mapping. The variational inequalities
(VI) have the following form: find a point 2* € C such that

(1.1) (Az*,y —x*) >0, Vy e C.

We denote by VI(C, A) the solution set of VI (1.I). Meanwhile, the solution set of the
dual variational inequalities is represented by

(1.2) DVI(C,A) ={z": (Ay,y —a*) >0, Vy e C},

which is a closed and convex subset in C, see [8].

Since variational inequalities were introduced firstly by Fichera ([9], [10]) in 1963, they
have become a useful tool in studying various linear and nonlinear problems from elas-
ticity, economics, transportation, optimization, network analysis, control theory, and en-
gineering sciences, see, for example, [8, 22} 23, 45]. Due to the importance of variational
inequalities in modern scientific research, numerous numerical methods for solving vari-
ational inequalities have been presented.

In particular, the extragradient technique (EGM) for solving variational inequalities,
which was put forth by Korpelevich [24] and is among the most well-liked and extensively
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applied projection-type methods. It can be described simply as follows:

vp = Po(un, — AAuy,),
Up+1 = Po(un, — ANAuy).

where A\ > 0 is a suitable step size and P () = argmin {%Hy —x*:ye C}.

However, EGM needs to compute two projections onto C' in each iterative step. This
may have a bad influence on the convergence speed of the algorithm in the case of the set
C'is very complicated. To overcome this shortcoming, Tseng [42] introduced the following
method

vp, = Po (u, — MMuy,),
Up4+1 = Un — A (Avn - Aun) 5

which is usually called the Tseng extragradient method (TEGM). And TEGM only requires
to compute the metric projection once in each iteration, which significantly reduces the
complexity of computations and improves its overall computational efficiency. Over time,
both EGM and TEGM have undergone numerous improvements and enhancements in
Hilbert spaces and more general Banach spaces, see [1}[15] 16} [18] [19] [36] [38), /48] [46].

Additionally, Voung [43] proposed the relaxed inertial projection algorithm (RIPA) by
a discrete version of the proposed dynamical system for solving variational inequalities
in Hilbert spaces:

Wp = VUp + 0(’Un - ’Unfl)a
Upt1 = (1 = p)w, + pPeo (wy, — Nwy,) .

If A is strongly pseudo-monotone and Lipschitz continuous in a Hilbert space, then the
linear convergence of RIPA is proved under suitable choices of parameters.

Under the Euclidean distance, the golden ratio algorithm for variational inequalities
was introduced by Malitsky [26] and its name comes from the fact that this algorithm
owns a new extrapolation that is ‘Plexk. + iwk_l and ¢ = % Inspired by [26], re-
cently, Oyewole and Reich [31] introduced the new extrapolation into the subgradient ex-
tragradient method for solving pseudomonotone variational inequalities and presented
two algorithms and proved the weak convergence and linear convergence of the algo-

rithms, respectively. Although the coefficient ¢ € (1,+00) and is no longer 1+2\/5, they
still call this extrapolation the golden ratio technique.

Many well-known distance concepts, such as the square of Euclidean distance, the
Kullback-Leibler distance, and the Squared Mahalanobis distance, are examples of Breg-
man distances generated by various types of functions. Replacing the Euclidean distance
with a more general Bregman distance is a useful way to potentially improve extragra-
dient algorithms for variational inequalities in Hilbert spaces or Banach spaces. For in-
stance, Wang et al. [46] introduced three new Bregman projection methods with non-
monotone adaptive step sizes in real Hilbert spaces. Under suitable conditions, they
proved the weak convergence and strong convergence of these methods. In reflexive Ba-
nach spaces, Jolaoso et al. [17] introduced a single Bregman projection method with adap-
tive step sizes and Izuchukwu et al. [16] proposed a one-step Bregman projection method
with adaptive step sizes and proved some weak and strong convergence results for the
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proposed method under suitable conditions.Tam and Uteda [38] extended the golden ra-
tio algorithms of [26] to the Bregman fixed step size version and Bregman-adaptive step
size version, and established the linear convergence rate of the Bregman golden ratio algo-
rithm with fixed step sizes. Under the Bregman distance framework, other extragradient-
type algorithms for solving variational inequalities can be found in [13| 40} 41} 44]. It's
worth noting that there is little literature for discussing the convergence rate of the extra-
gradient type algorithm with adaptive step sizes under the Bregman distance.

Driven by the previously mentioned research, we firstly provide a new Bregman pro-
jection algorithm for solving quasi-monotone variational inequalities in Banach spaces.
The algorithm incorporates the new extrapolation technique whose ideas are derived
from the golden ratio technique of [31} [26] and non-monotone adaptive step sizes strat-
egy, which results in a fast convergence rate without the need for prior information on
the Lipschitz constant of the mapping A. The weak convergence and non-asymptotic
0 (ﬁ) convergence rate for the algorithm is proved under appropriate and mild as-
sumptions. Furthermore, the second algorithm is showcased, and its linear convergence
rate is determined. Some numerical experiments show that the proposed algorithms are
more effective than some existing ones.

The structure of the paper is as follows: Section 2 introduces the necessary definitions
and lemmas for this article. In Section 3, we present the main results of the proposed
algorithm. Section 4 includes several numerical experiments to showcase the performance
of our algorithms. Finally, Section 5 provides concluding remarks.

2. PRELIMINARIES

In this section, we present some definitions and preliminary results that is needed in
our convergence analysis. In the sequel, we denote the weak convergence and strong
convergence of a sequence {z,} to z by z,, = z and z,, — z, respectively.

Definition 2.1. The mapping A : C — E* is said to be
(i) monotone on C if
(Ay — Az,y —x) > 0, Vz,y € C,
(ii) pseudo-monotone on C' if
(Az,y —2) > 0= (Ay,y — x) > 0, Va,y € C;
(iii) quasi-monotone on C' if
(Az,y —x) >0 = (Ay,y — ) > 0, Vzx,y € C;

(iv) sequentially weakly continuous at x if Ax,, — Ax whenever x,, — x;
(v) L-Lipschitz continuous on C' if there exists some constant L > 0 satisfying

[Az — Ay|| < Ljjz =y, Va,y € C;
(vi) B-strongly pseudo-monotone on C' if there exists some constant > 0 satisfying

<A£C,y—.’I}> 202} <Ay7y—l‘> Zﬁux_yHQ? V$>y€C
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Remark 2.1. From the above definition, we can see that (i)== (ii)==>(iii) and (vi)==> (ii). But
the converse is generally false, see [39].

The domain of f denotes by domf := {z € E: f (x) < oo} and the interior of the do-
main of f is represented by int(domf).

Definition 2.2. The function f : E — (—o0, +00] is said to be:

(1) proper if dom f # 0;

(2) lower semi-continuous if {x € dom f : f (x) < a} is closed set for Va € R;

(3) convex if f (tx+ (1 —t)y) < tf(z)+ (1 —1¢t)f(y), Vo, y € domf, t € [0,1] and it
is said to be strictly convex if f (tz + (1 —t)y) < tf(x)+ (1 —1) f(y), Va,y € domf
withx # yandt € (0,1);

(4) uniformly convex if there exists a nondecreasing and continuous function g : [0, 00) —
[0,00) with g(0) = 0 such that f (tz+ (1 —t)y) < tf(z) + (1 —1t) f(y) — t(1 —
g (lz —yl), Vo, y € domf and t € [0, 1];

(56) bounded on bounded sets if f(U) is bounded for each bounded subset U of E;

(6) uniformly smooth if there exists a nondecreasing and continuous function h : [0,00) —
[0,00) with h(0) = 0 such that f(tx+ (1 —1t)y) > tf(x) + (1—1¢)f(y) — t(1 —
th(|lx —yl), Vz,y € domf and t € [0, 1].

Assume that f : E — (—o0, +00] is a proper and convex function. The Fenchel conju-
gate of f is defined by f* (z*) = sup {(z*,z) — f(x)}, Va* € E*.
RIS D)
The directional derivative of f at z € int (domf) in the direction y € E is defined by

2.1) P (ay) = lim f(x+ tzi) - f(:v).

We say that f is Gateaux differentiable at «x if for all y € E, the directional derivative
of f at x exists and f'(z,y) = (Vf(z),y), where V f(z) is the value of the gradient of f
at . If f is Gateaux differentiable at each x € int (domf), then f is said to be Gateaux
differentiable.

We say that f is Fréchet differentiable at x if the limit is attained uniformly for
every y € E with |ly|| = 1. Furthermore, if the limit is attained uniformly for each
x € C C Eandy € Ewith |ly|]| = 1, then f is said to be uniformly Fréchet differentiable on
C. Itis clear that if f is a Fréchet differentiable function, then it is Gateaux differentiable,
see [32].

Definition 2.3 ([34, 35]). Let f : E — (—o0,+0o0] be a proper, lower semi-continuous and

convex function. It is said to be Legendre if f such that

(L1) int(domf) # 0, f is Gateaux differentiable on int(dom f) and domV f = int(domf);

(L2) int(domf*) # 0, f* is GAteaux differentiable on int(dom f*) and domV f* = int(dom f*).
If f is a Legendre function, then V f is a bijection from int(domf) into int(domf*) such that
Vf* = (Vf)}, see [2].

Definition 2.4 ([3]). If f : E — (—o0,+00] is convex and Gateaux differentiable, then Dy :
domf x int(domf) — [0, 00) is referred to the Bregman distance in terms of f, where

Dy (z,y) = f(x) = f(y) = (Vf(y),z —y) Vo € domf, y € int (dom ).
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The geometric of Bregman distance associated with f can be found in [19} 36].
The function D¢ owns the following properties:

(a) Dy (z,y)—Ds(z,y) = f(z)—f(2)—(V[f(y),z — 2),Vx,z € domf, y € int(domf);
(b) three-point identity, that is,

Dy (x,y) — Dy (x,2) — Df (2,y) = (Vf(2) = Vf(y),x —2),Va,z € domf, y € int(domf);
(c) let x € domf, y, u, v € int(domf)anda € R, if Vf(y) =aVf(u)+(1—a)Vf(v),
we have
Dy (2,) = a[Dy (v,u) = Dy (y,u)] + (1 — ) [Dy (2,v) — Dy (y,v)].
The proof of the Property (c) can be found in [38].

The Giateaux differentiable function f is called to be strongly convex with a fixed constant

k>0, if
(Vf(z)=Vf(y),z—y) > clz—y|? Ve,y € domf.
This implies
K
and then
K
Dy (z,y) > 5z =y, Yo,y € domf.

In addition, let Gateaux differentiable function f : domf — (—oo, 00| be strongly convex, and
C be a nonempty, closed and convex subset of dom f. We refer to the unique vector Pg (u) € Cas
Bregman projection of f of x € int(domf) onto C if

Dy (pg (z) :c) —inf{D; (v,2),v € C}.

Moreover, a function f : E — (—o0, +00] is said to be strongly coercive if

f@

1m =
lzl|—oo |||

Definition 2.5 ([34,35]). The function vy : int(domf) x [0, +00) — [0, 4+00) is defined by
vf (z,1) = inf {Dy (y,2) : y € int(domf), ly — z| = t},

where f is a convex and Gateaux differentiable function. We say that the function f is totally
convex at a point z € int(domf) if vy(z,t) > 0,V ¢ > 0. Moreover, we say that the function f is
totally convex on bounded subsets of E if v¢(X,t) > 0 for every bounded subset X of E and for
any t > 0, where

vy (X,t) = inf {vy (z,t) : © € X Nint(domf)}.

It is evident that if f is strongly convex, then f is totally convex. In addition, it is well
known that f is totally convex on bounded subsets if and only if f is uniformly convex on
bounded subsets, see Theorem 2.10 of [4], and if f is uniformly convex, then f is totally
convex, but the converge is generally false, see Section 1.3 of [5].

Lemma 2.1 ([20]). If A is continuous, then DVI (C,A) C VI(C,A) and if A is a pseudo-
monotone mapping too, then DVI (C, A) = VI (C, A).
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Lemma 2.2 ([33]). Let K be a given nonempty bounded subset of E. Suppose that the bounded
function f : E — R is convex and uniformly Fréchet differentiable on K, then V f is uniformly
continuous on K.

Lemma 2.3 ([27]]). Let the function f : E — R be Gateaux differentiable and totally convex on
E,if{x,} CEand xg € E, {D¢ (0, xy)} is bounded, then {x,} is also bounded.

Lemma 2.4 ([7]). Let x € Eand f : E — R be a totally convex and Gateaux differentiable
function. Then the following conclusions hold:

(@) p= PL(x) & (Vf(z)—Vf(p),z—p) <0, VzeC;

(1) Dy(u, PL(x)) + Dy (PL(),2) < Dy(u,z), Yu € C.

Lemma 2.5 ([29]). Suppose that f : E — R is a convex function and f is bounded on bounded
subsets of E. Then the following three statements are equivalent:

(a) f is uniformly convex and strongly coercive on bounded subsets of E;

(b) domf* = E*, f* is uniformly smooth and bounded on bounded subsets of E*;

(c) domf* = E*, f* is Fréchet differentiable, moreover, V f* is uniformly norm-to-norm
continuous on bounded subsets of E*.

Lemma 2.6 ([5]). Let f : E — R be strongly coercive function. Then the following conclusions
hold:

(a) Vf: E — E* isone-to-one, onto and norm-to-weak™ continuous;
(b) theset {x € E : Dy (x,y) < v} is bounded for each y € E and v > 0;
(c) domf* = E*, f* is Gateaux differentiable and V f* = (V f)~!

Lemma 2.7 ([29]). Suppose that f : E — R is a Giteaux differentiable function that is uni-
formly convex on bounded subsets of E. If {u,,} and {v,} are two bounded sequences in E, then
lim Dy (vp,un) = 0 if and only lf hm lvn, — unl| = 0.

n—oo

Assume that f : E — R U {+oc0} is a Legendre function. The bifunction V; : domf x
dom f* — [0, +00) is defined by

Vily,y") = fy) = (,y") + 7 (¥7),Vy € domf, y* € dom [~
Thus
Vi(y,y") = Dy (y, V" (y")) ,Vy € domf, y" € domf~
and
Vi, y") + (VP (") —y,2") < Vi(y,y" +2"),Vy € domf, y*, 2" € domf*.
From [28], we know that V; is convex for the second variable. So we have

N N
2.2) Dy (yﬂf* (Z a;V f (y;) )) Z (v, 4)),
j=1

N
wherey € E, y; € Eand a; € (0,1) with ) a; = 1.
=1
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Lemma 2.8 ([11]). Let a Gateaux differentiable function f : E — (—o0, 00| be proper and
strictly convex on int(domf) in E, and the sequence {z,} C domf such that x, — x for some
x € int(domf). Thus

liminf Dy (2, z,) < hmmef (y,xn), Yy € domf, y # x.

n—oo
Lemma 2.9 ([6]). Let {ay,} and {b,} be two non-negative real sequences. If there exists N € N

satisfying
Gn41 Sa’n_bna VnZ Na

then lim b, = 0and lim a,, exists.
n— o0 n—oo

Lemma 2.10 ([30]). Let {8,}, {6, } and {~.,} be three non-negative real sequences satisfying
Ynt1 < Bnyn +0n, Vn € N.

18

(Brn — 1) < 400, and Z 0, < +oo, then hm Y, €Xists.
1 n=1

If {8} C 1, +00),

n

3. ALGORITHM AND CONVERGENCE ANALYSIS

In this section, we firstly present a novel Bregman projection algorithm with the new
extrapolation technique for solving quasi-monotone variational inequalities in Banach
spaces, and prove the weak convergence, nonasymptotic O ( ) convergence rate of the
method, respectively. For convenience, we introduce the following conditions:

(A1) the function f : E — R is bounded, - strongly convex, uniformly Fréchet differ-
entiable and Legendre;

(Ag) the function f : E — R is strongly coercive;

(As) the mapping A : E — E* is quasi-monotone and Lipschitz continuous with L > 0;

(Ag) DVI(C,A) #0;

(As) the mapping A : E — E* satisfies the following property:

whenever {¢,} C C, g, — z, onehas ||Az|| < liminf ||Ag,]||.
n—oo

If A: E — E* is sequentially weakly continuous, then the Condition (A4s) holds. But the
converse is not true, for details, see Remark 2 in [46]. Therefore, the Condition (A4s) is
weaker than the Condition (A2) of [12] and the Condition (C3) of [47]], respectively. Now
we introduce our algorithm.

Algorithm 1.
Initialization: Take wo, 1 € C, 71 > 0, 0 € (0,k). Set n := 1. Choose real non-negative
sequences {Bn}, {tn}, {07,} and {c, } such that the followmg conditions hold:

(1) {Bn} C[1,+00), Z(ﬁ —1)<+ooand29 < +o0;

n=1
(2) 0<p1 <t, <1,
B)0<a<aptr <a, <b< 1

Iterative steps: Having x,, and w,_1, compute the next iterate x,_1 as follows:

Step 1. Compute
Wy =V ((1—an) VI (xn) + anVf (wp_1)).
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Step 2. Compute
Yn = PL(VI* (Vf (wn) — YnAw,))) .
Step 3. Compute
Tptp1 = V" (thf (yn) - (tn - 1) Vf (wn) —tnYn (Ayn - Awn)) s
where
min {%, BnYn + Qn}, if Awy, # Ayn,
Brn + On, otherwise.

(3.1) Tn+1 =

Update n and go to iterative step.

Remark 3.2. Assume that the mapping A : E — E* is Lipschitz continuous with L > 0. Let
{~n} be the sequence generated by (3.1). Then we have

, B [
Jim oy, =y > mm{Lm}.
Proof. According to the definition of {7, } and the choice of 3, and 6,,, using Lemma[2.10}

we have lim ~, =~. Since A is Lipschitz continuous with L > 0, we have
n—oo

U||wn_yn|| O-Hwn_ynH _ G

|Aw, — Aynll — L||wn — yaull L
Moreover, thanks to 3, > 1 and 6,, > 0, we obtain 3,7, + 0, > ~,. Therefore, we have
’Yanin{%,vl}>07Vn€N. O

Remark 3.3. (i) Step1of Algorithmmis different from the inertial acceleration term in [46].
If f(z) = ]|z]?, o = f+1 and E = R™, then Step 1 ofAlgorzthmbecomes (22) of
the golden ratio algorithm, that is, (22) of Algorithm 1 in [26]. Specially, if f(z) = 3 ||z|%,
¢ € (0,+00), ap = % and E is a Hilbert space, then Step 1 ofAlgorithmis called to be
the golden ratio technique studied in [31},49].

(ii) The sequence of step sizes {~yy,} may be non-monotone and only need a simple calculation
of known information without any prior estimation of parameters, such as the Lipschitz
constant of the underlying operator.

(iii) Condition (As) is used commonly for Bregman projection methods of variational inequali-
ties in reflexive Banach spaces, see [12,[16,47)]. By Lemma[2.6} we know that V f and V f*
are one-to-one, onto and norm-to-weak™* continuous under Condition (As). So Condition
(As) can assure the sequences {w,}, {yn} and {x,,} generated by Algorithm [Iare well
defined.

To discuss the convergence and convergence rate of Algorithm 1, we next state some
lemmas.

Lemma 3.11. Assume that Conditions (A1) — (Aa4) are satisfied. Let {x,,} be a sequence generated
by Algorithm([I} Then the following inequality holds:

D¢ (p,xn+1) < Dy (p,wp) — op, Vn €N,

where p € DVI (C, A), oy, = t”(l _ oW ) D (g, wn) +tn(1 _ )Df (Znt1s Yn) -

KYn+1 KYn+1
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Proof. Letp € DVI (C, A). By the definition of z,,41, we have
(3.2)
Dy (P, xn+1) =f (p) - f (In—&-l) - <thf (yn) - (tn - 1) Vf (wn) D — In—i-1>

+ Yntn (Ayp, — Awp, p — Tpy1)

=tn (f (p) = f (@ns1) = (Vf (Un) ;P — Tnt1))

—(tn = 1) (f () = f (@ng1) = (Vf (wn) ,p — Tny1))

+ Yntn (Ayn, — Awp, p — Tpi1)

=tn (Dy (psyn) = Dy (@n+1,4n)) — (tn — 1) (Dg (p, wn) — Dy (Tng1, wn))
+ Yntn (Ayy, — Awp, p — Tyy1)

Thanks to the three-point identity, we have

(33) Df (p> yn) = Df (pawn) - Df (ynawn> + <Vf (wn) - vf (yn> D — yn> .

Substituting (3.3) into (3.2), we have
(3.4)
Df (pa xn-‘rl) = Df (p7 wn) —tn (Df (ynvwn) + Df (xn-i-lvyn)) - (1 - tn) Df (xn-‘rlvwn)

+tn <Vf (wn) -Vf (yn) D — yn> + Yntn <Ayn - Awnyp - xn+1> .

By the definition of y,,, y, € C,p € DVI (C, A) and Lemma 2.4, we have

3.5) (Vf (wn) = ynAwn =V f (Yn) 0 — yn) <0,
and so
(36) <Vf (wn) - Vf (yn) D — yn> S <’7nAwnap - yn> .

We can conclude that

<Vf (wn) - Vf (yn) D — yn> + Tn <Ayn - Awnap - $n+1>
(37) S Tn <Awn7p - yn> + Tn <Ayn - Awnap - xn+1>
="Tn <Awn — AYn, Ty — yn> — In (Ayn,yn *P> .

Combining (3.4), and t,, € (0,1], we obtain

Df (pa -rn—i-l) < Df (p, wn) —tn (Df (ynawn) + Df ($n+17yn))

(3.8)
+tn7n <Awn - Ayna Tn+1 — yn> - tn’)/n <Ayna Yn — p> .

Thanks top € DVI (C, A), we can get (Ay,, y,, — p) > 0. This and Remark[3.2)implies that
(3.9)
Df (p7 :EnJrl) S Df (p> wn) - tn (Df (yn7 wn) + Df (-TnJrlv yn)) + tn’yn <Awn - Ayn7 Tn+1 — yn> .



922 Z.B. Wang, Z.C. Zhang, Z.Y. Chen and P. Sunthrayuth
Since f is k-strongly convex and the definition of +,,, we have
Dy (p7 Tpy1) < Dy (P, wn) — tn (Df (ynvwn) + Dy (Tni1,Yn))
+ tnn [[Ayn — Awn|| |2n11 = ynll
< Dy (p,wn) = tn (D (Yn, wn) + Dy (Zn41,Yn))

ot
3.10 + nn yn — wall |Tn1 — yull
( . ) Yn+1
< Df (p7 wn) —1n (Df (ynawn) + Df (xn+17yn))
O'tn’}/n 2 Utnf}/n 2
Yn —W + z -y
T g = w0+ 52 s = ]

< Df (pa wn) — On,

KYn+1 KYn+1

where o, = t, (1 — &)Df (Yn, wn) + tn (1 — &>Df (Tnt1,Yn) -
Then the conclusion of Lemma [3.11] holds. This completes the proof.

O

Lemma 3.12. Suppose that Conditions (A1) — (A4) hold. Then the sequence {x,,} generated by

Algorithmis bounded and 1i_>m Dy (p, xy) exist for each p € DVI (C, A).

Proof. Let p € DVI(C,A). By Remarkand o € (0,k), we have li_>m (1 - &>
n oo

RYn+1

1 — 2 > 0. As a consequence, there exists n; € N such that 1 — K"A > 0, Vn > ny. This

Yn+1
implies that

0n 07n
= 1-— D 1-— D > >ny.

On tn( H’Yn-&-l) f (ynawn) + tn( K/-Yn-',-l) f ($n+17yn) >0, Vn > ny
By the definition of w,, and f is Legendre, we have
(3.11) Vi(wn) =1 —an) V() +anVf (wn_1).
Thus

1 anp,

(3.12) Vi) = T Vi(wyn)— T—a Vf(wp-1).

It follows from (3.12) and the Property (c) of the Bregman distance that
(3.13)

1 (o7
Df (p7 xn) = 1 o, (Df (p7 wn) - Df (-Truwn)) - 1— o, (Df (p7 wnfl) - Df (mn>wn71)>~
Combining (3.13) with (3.10), we can get
Qp Qp
Df (paxn-l-l) 7Df (p,l’n) S 71 — Df (p7wn) + 1— a Df (p7wn—l)
(3.14) 1 " o, "
+ 1—Oéan (znawn) 1—0[an (Ccvuwn—l) On
It follows from (3.14) and 0 < a1 < ap, < 1 that
(3.15)
Q41 Qn
Df (p> $n+1) + 17Df (pa wn) < Df (pa xn—i—l) + Df (pa 'an)
— Qn41 1- Qg
«
SDf(p,fL'n)‘f' 1— Df(pawnfl)
79

+

Df (:L‘n, wn) -

1—a, — oy
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Setting
an
Ap 1= Df (p,xn) + 1 Df (pawn—l)
—ay,
and
b L by )+~ Dy (e wn) + o
n «— — Lp, Wn ny Wn— n-.
1—a, f 1—a, f !
We infer that

Ap+1 < Ap — bn

It follows from (3.11)) and the Property (c) of the Bregman distance that
(3.16)

923

Dy (xn,wn) = (1 = an) (D (Tn,xn) — Dy (Wn, x5)) + an (D (T, wn—1) — Dy (wn, wy—1))

= - (1 - an) Df (wn7xn) + an (Df (xnvwn—l) - Df (wnawn—l))
S Olan (xnawnfl) .
This implies that

Qn

17 =D
(3 ) by f (wn; xn) + 1—a,

Df (w’ruwn—l) + on-

It is easy that a,, > 0 and b,, > 0, ¥n > ny. Using Lemma we can get lim b, = 0
n— o0
and lim a, exists. Thus, it follows from (3.17), 0 < a < a, < b < 1, t, > 1 > 0, the

n—oo

definition of o,, and lim b, = 0 that
n— oo

(3.18) nh—>ngo Dy (’LUn, xn) =0= nh—>ngo Dy (wnv wn—l)
and
(3.19) nhHH;O Dy (yn,wy) =0= nl;n;o Dy (Tpt1,Yn) -

Since f is k-strongly convex, we can also obtain

(3.20) lim ||z, —wy,|]| =0= lim [Jw, —wn_1]|
n— 00 n—oo

and

(3.21) lm ||y, —ws||=0= lm ||2nr1 — ynl -
n— oo n—0o00

Owing to (3.13) and (3.16), we have

1 a,
Ap = (-Df (p7 wn) — Df (:men)) + Df (mn7wn71)
1—a, 1—a,
(3.22) } !
e Dy (p,wn) + Dy (0, z) + o Dy (Wn, 1)

From (3.18), 0 < a < a,, < b < land lim a, exists, it is easy to see that li_>m Dy (p, wn)
n—oo n oo
exists. Thus the definition of a,, implies lim Dy (p,x,) exists. Lemma 2.3/ ensures that
n—oo
{z,,} and {w, } are bounded. We know that {y,,} is bounded via (3.21)). We thus complete

the proof.

O

Lemma 3.13. Assume that Conditions (A1) — (As) are satisfied. Let {w,} and {y,} be two
sequences given by Algorithm If li_>rn lwn — ynll = 0 and a subsequence of {w,,} converges

weakly to w*, then w* € DVI (C, A) or Aw* = 0.
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Proof. The proof of Lemma is the similar as the one of Lemma 3.4 in [46]. Thus we
omit it. 0

Theorem 3.1. Let Conditions (A1) — (As) hold. Then the sequence {x,,} generated by Algorithm
[1| converges weakly to some point of DVI (C, A) C VI(C, A).

Proof. Since {z,} is bounded, there exists a subsequence {x,, } of {z,} such that z,, —
z € C. In view of (3.20), we have w,, — z € C. It follows from Lemma and
that z € DVI (C, A).

We now claim that x,, — z. In fact it is sufficient to show that the weak cluster point
of the sequence {z,} is unique. Assume that {x,,, } is another subsequence of {x,,} such
that z,,, — 2z and z; # 2. By utilizing the same arguments in getting = € DV I (C, A), we
can obtain z; € DVI (C, A). On account of Lemma ﬂ we have nl;néo Dy (p, z,) exists
for each p € DVI (C, A). It follows from Lemma 2.§| that

nh_}rrgo Dy (z,z,) = kll)n;o Dy (z,xp,) = hkn_1>£f Dy (z,2p,)
< likrggngf (z1,%n,) = nlgr;o Dy (z1,5).

In addition, in a similar way, we can get lim Dy (21,2,) < lim Dy (2, ;). This leads to
n—oo n—oo

a contradiction. Thus z = z; and the sequence {z,} converges weakly to z. The proof is
finished. O

Remark 3.4. If a, = 0, that is, w, = x,, we can get the same results as Lemma In fact,
using and w,, = x,,, we have

0Vn
Dy (p0042) < Dy (0.00) =t (1= 722} (D (o) + D i ).
Set
an = Dy (p,xn)
and

0Yn
’V}/n-&-l

The next proof is similar to the proof of Lemma [3.12} We can yield the desired conclusion. Fur-
thermore, resembling the proof of Theorem it is easy to see that if o, = 0, then the result of
Theorem B still holds.

Ifa, = 0and B, = t, = 1, then Algorithm 1 becomes Algorithm 3.3 of [17]. Theorem[3.T|only
requires A is quasi-monotone and satisfies the Condition (As) other than being pseudo-monotone
and weakly sequentially continuous as in Theorem 3.8 of [17].

Next, we show that the nonasymptotic O (%) convergence rate with " min " of Al-
n N<i<n
gorithm[T]

Theorem 3.2. Suppose that Conditions (A1) — (As) are satisfied. Let {x,,} be a sequence gener-
ated by Algorithm([T} Then for each p € DVI (C, A), there exist some constant > 0 and N € N
such that

i || <
i llys - will < Nk n—N+1

N<i<n
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Proof. Setn := 2 (1—2). Obviously n > 0. By Remark[3.2]and o € (0,x), we have

lim (1— -2 ) =1-2 > 0. Asa consequence, there exists N € N such that 1 — -Z1=— >
00 KYn+1 K KYn+1

% (1 — %) >0, Vn > N. Itfollowsfrom0 < a < a, <b<1,apr1 < ap—by, ,tn > p1
and the definition of o,, that

Anp+41 S ap — Df (wnvxn) - 132” Df (wnawn—l) —On S apn — tn (1 - #’Til) Df (ynawn)
San_an (yvuwn)a Vn > N.

So we have
nDy (Yn, wn) < ap — Gpg1, YR > N.
Thus
n n N
N
K Z Ds (yiywi) < (@i — ai+1) = an—an1 < ay = Dy (p,an)+ 1 Dy (p,wn-1).
, ‘ —
=N =N
This implies that
1 D (p, ) + 125Dy (p,wn 1)
1 . ) < = N .
Nrgirﬁlan (y“wl) - n n—N+1

Combining f is x-strongly convex, we have

. R 2 . lDf (p7-7;N)+ 1327 Df (p7wN71)
My — w; < ) )< = N
N2 Sy il < oin Dy (i) < TN 1 :

which implies that

, 2 Dy(pan)+ 25Dy (p,wn-1)\3
min i —wil < (= - )"
N<i<n nK n—N+1

This proof is finished. O
Remark 3.5. It is clear that y,, = w,, can imply that y,, € VI (C, A). This and the fact

lim ||y, —w,|| =0

n—oo

imply that the estimation of error provided in Theorem 3.2 can be considered as a nonasymptotic
convergence rate of Algorithm

We regard that the sequence {z,,} C E converges @-linearly to some point p € E
if there exists some ¢ € (0,1) such that ||z,+1 — p| < q|lz, — p| for all n sufficiently
large. We say that the sequence {z,,} C E converges R-linearly if ||z, — p|| < b, for all n
sufficiently large, where {b,,} C R converges Q-linearly to zero.

Next, to obtain a linear convergence rate, by changing Step 3 of Algorithm 1, we get

Algorithm 2 as follows:

Algorithm 2.
Initialization: Take wg, x1 € C,vy1 > 0and o € (0, g) Choose real non-negative sequences
{Bn}, {tn}, {00} and {a,,} such that the following conditions hold:

(1) {6n} - [1,+oo), i (ﬂn - 1) < oo and i 0, < +oo;
n=1 n=1

(2) 0<p1 <ty <15
B)0<a<ap1 <a, <b<l
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Iterative steps: Having x,, and w,,_1, compute the next iterate x,,1 as follows:

Step 1. Compute
wp = VI (1= an) Vf(@n) + oV (wn1)) .
Step 2. Compute
yn = PV (Vf (wn) =y duw))
Step 3. Compute
Tp1r = VI (V] (yn) = (tn = DV (wn)),

where

(3.23)

e { s s ) i Aw £ g,
n+1 —
BnYn + On, otherwise.

Update n and go to the iterative step.

Remark 3.6. Assume that the mapping A : E — E* is Lipschitz continuous with L > 0. Let
{yn} e the sequence generated by , using the similar proof as in Remark 3.2}, we have
. . (o2
Jim oy, =y > mm{zm} .
We first assume that, for some g > 0, the mapping A satisfies
(3.24) (Az,y —x) > 0= (Ay,y —x) > Dy (z,y),Vz € domf,y € int(domf).
If we take f (z) = zlog(xz) and Az = e”, then (3.24) holds. Indeed, if z,y > 0 satisfy
(Az,y — x) > 0, then we have y > x. Hence

X
<Ay,y—fv>=6y(y—x)Zy—xsz(%y):xlog(;)+y—w~

In addition, if f (z) = %||x||2, then (3.24) reduces to the case that A is a 8-strongly pseudo-

monotone mapping, which has been frequently used in the literature, see [31) 43, 49].

Theorem 3.3. Assume Conditions (A1) — (A4) hold and the mapping A satisfies with
B8 > ﬁ Let {x,,} be a sequence generated by Algorithm Then {x,} converges R-

2 min{%,'\/l

linearly to p, where p € VI (C, A).

Proof. Since f is k-strongly convex and satisfies (3.24), the mapping A is a 2*-strongly
pseudo-monotone mapping. This yields VI(C, A) has no more than one solution, see
[21]. Lemma[2.1]implies that there exists p € DVI(C, A) = VI(C, A).

By the definition of y,,, y, € C,p € VI (C, A) and Lemma we have
(Vf(wn) = YnAw, =V f (Yn),p — yn) < 0.

Combining the three-point identity, we can get

Y (Awn, Yo — ) <V (wn) =V [ (Yn)  yn — p)

(3.25)
= Df (pa wn) - Df (pvyn) - Df (ynawn) .
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It follows from (3.24), the x-strong convexity of f and the definition of -, that

(AW, D — Yn) = Tn (Awn — AYn, D — Yn) + Yn (AYn, P — Yn)

0%n

< |wn = ynll lp = yull = ByaDy (Dsyn)
(3.26) Vo1 " " S
TVn
<3 (IIwn —yall® + IIP—anI2) — BvDy (P, yn)
’Yn-&-l
O"Yn
< (Df (ynvwn) + Df (p, yn>) - ﬂ’Yan (pa yn) .
KYn+1

Combining (3.25) and (3.26), we can get

0n 0Yn
Dy (0s10n) = Dy (s 9m) — Dy (s 100) > (m— )Df ) = "D (s 0n)
+1 KRYn+1

thus yields

0Yn 0Yn
(3.27) (1 - + 6%) Dy (p,yn) < Dy (p,wy) — (1 - ) Dy (Yn, wn) -
H’Yn-&-l KRYn+1

1 3 __ _O%n —1_C 1 3 —
By g > Tl Z o] and Remark|3.6, we have lim (1 ) 1-2 > S and nlg]go BYn

n— 00 R¥n+1

B~ > 3. This implies that there exists N € N and some number 7 € (%7 min{l — 2, ,67})
satisfying

. >71,Vn > N,

ﬁ7n+1

1—

and
Byn > T, ¥n > N.

Therefore, we have

It follows from the definition of z,,11, t, € (0,1] and the Property (c) of the Bregman
distance that
(3.29)

Df (pa anrl) =1n (Df (pv yn) - Df (xn+1a yﬂ)) + (1 - tn) (Df (p, wn) - Df (anrlawn))

< tan (p7 yn) + (1 - tn) Df (pa wn)

Combining 1 > ¢, > ¢1 > 0,7 > 1, (3.28) and (3.29), we can get

tn

(3.30) Dy (p,xnt1) < <QT

+1—tn) Dy (p,wy,) < (%—kl—(pl) Dy (p,wy), Vn > N.

Shifting the index in @ (by taking n = n + 1) and rearranging terms, we have

1 Qp,
Dy (P Tpy1) = 17Df (P, Wnt1) — 7+1Df (P, wn)
— Op41 1-— Op41
(3.31) o
n+1
T D n y Wn ) — D n y Wn .
* 1—ant1 ( f(x A ) Qpt1 f(x Y H))
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Shifting the index in (3.16) (by taking n = n+1) and combining (3.31) and 0 < a < aj41 <
a, < b< 1, wehave

1 Qi
(3.32) Dy (prtn1) > 7Dy (pwns1) = 7Dy (p.wn).
— Qp41 1-— Op41

Using (3.30) and (3.32), we can get

Dy (p,wp41) < ((@1 ;D;)anJrl"‘%‘i‘l_(Pl)Df(pvwn),VnZN-

Dueto0 <a <o, <b< 1, wecan get

Dy (p,wn41) < ((@1 - —)b+ o T1- <p1)Df (p,wn), ¥Yn > N.

It follows from (3.30), the x-strong convexity of f and the above inequality that
UK _
7”17 - xn+2||2 < UDf (p; In+2) < Df (p7 wn-‘rl) < pr (pa wn) <...< Pn N+1Df (p; wN)a

where andp:(gal )b+‘§;+17901 Thanks to 1 > ¢ >0, T>7and

1
V= Zh—a
0 <b< 1 wecanfind thatv >0 and 0 < p < 1. Consequently, {z,, } converges R-linearly
to p. (Il

Theorem 3.4. Assume Conditions (Ay) — (A4) hold and the mapping A satisfies (3.24). Let the
step size sequence vy, = {,, satisfying nlggo b, =0e€ (0,%)and l, >0, Vn € N, and r > %
Then {x,,} generated by Algorithm [2|converges R-linearly to p, where p € VI (C, A).
Proof. it follows from (3.24), the k-strong convexity of f and the definition of £, that
(lnAwn,p = yn) = ln (Awp — Ayn, P = yn) + ln (AYn, P = yn)
<l [[Awn — Ayall P = ynll = B Dy (P, yn)

< Lty [|wn = ynll P = ynll — B Dy (P, yn)

(3.33) L
< 5 (o = wall® + 0 = 9all*) = BaD; (B, 30)

Le,
< — (Dg (yn,wn) + Dy (p,yn)) — Bl Dy (P, yn) -

Combining (3.25) and (3.33), we can get

LG L,

) Dy ().

By lim £, —fe( #)and k > £, we have

lim (1-%=)=1-Z>0and lim (B0, +1— =) =p0+1-LL > 1.
: L .

n—oo

This implies that there exists N € N and some number 7 € (3, (3¢ + 1 — ££)) satisfying

Le,
66, +1—— >271,¥Vn>N.
K
Therefore, we have
27—Df (pyyn) < Df (p,wn)7 vn > N.

The rest of the proof now follows the same arguments as those used in the proof of Theo-
rem 3.3, so we omit it. We obtain this conclusion. O
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Remark 3.7. From Theorem it follows that the upper boundary of the limitation of the step
size sequence 7y, = Ly is controlled by 7. Note that if L is too large, then the step sizes become
correspondingly small, which may affect the convergence rate of Algorithm [2} see Example
Therefore, in Algorithm 2Jwe sometimes still adopt the adaptive step sizes defined by (3.23), though
we need know the Lipschitz constant L of the mapping A in advance by Theorem 3.3}

Remark 3.8. As far as we know, Bregman projection algorithms using the golden ratio technique
for solving variational inequalities do not have a linear convergence result in reflexive Banach
spaces. Theorem 3.3 presents a new discovery in this regard.

Additionally, if o, = 0, that is, w,, = x,,, then {x,,} also converges R-linearly to p. In fact, it
follows from w,, = x,, and (3.30) that

Df (pvanrl) < (%+1_¢1) Df (paxn)vvn>N'

This means that

Y1 Y1
Dy (p,wps1) < (§+1—¢1) D¢ (p,xn) <... < (§+1—<p1

Combining1 > ¢ > 0and 7 > %, we have 0 < ;’—; + 1 — 1 < 1and so we can get the sequence
{z,} converges R-linearly to p.

n—N-+1

4. NUMERICAL EXPERIMENTS

In this section, we showcase three numerical experiments for our proposed algorithm
to illustrate its performance. We conduct all computations using Matlab 2023(b) on a PC
equipped with 8.00GB RAM. Let "Iter" denote number of iteration and "Time" denote the
CPU time in seconds.

o0

Example 4.1. Consider E = l3 = {x = (21,29,...): 3 |mi? < oo} withC ={zx €ly: ||z] <2}
i=1

and f (z) = %Hx”z. The Bregman distance associated with f is referred to as Euclidean distance

given by Dy (z,y) = 3| — y||*. Then we have

2
P )= el ™
and define
Az = (3 — ||z||) z.

Then A is quasi-monotone on C' and L-Lipschitz continuous on E with DVI(C, A) = {0}, for
more details, see [1].

In this experiment, we compare our Algorithm (1| (namely, Alg1) with the Algorithms 1 and
2 (namely, wAlgl and wAlg2) of Wang et al. [46], and the Algorithm 3.12 (namely, AMAIg)
of Alakoya et al. [1]. The termination condition for the test is E,, = |z, —0|* < 1078, The
parameters of each algorithm are set as follows:
ARty =1 — i, an = g5 + 302, 0 = 0.29, 0, = =5, 1 = 14, ﬂnzuﬁ
and wo = 21 = (0.2,0.2,...,0.2,0,...,0,...);

e wAlgl: B=09, 6 =09, 4t =09, pp =0, & = &, Ay = Land
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2o =21 = (0.2,0.2,...,0.2,0,...,0,...);
——

m
e wAIg2: =109, 5§=0.9, p =109, p, =0, & = %3, A\ = 1and
g =z = (0.2,0.2,...,0.2,0,...,0,...);
N———’

e AMAIg: N\ = 0.9, 0 = 0.8, u= 0.6, p, = %, f@) =2 o =5, & = m and
wo =21 = (0.2,0.2,...,0.2,0,...,0,...).
—————

The results of experiments are reported in Table[I|and Figurel[l}

TABLE 1. Numerical results of Example

m Algl | wAlgl | wAlg2 | AMAIg
Iter Iter Iter Iter
510 38 49 64 53
520 37 49 63 40
540 28 50 60 56
10* T 102 T
Z —, \ —,
10 — wAlg2 10° N — wAlg2
\ AMAIg AMAIg
10°
102
102
G 5 10
10
. 10
10
108 \ 108
040 L L L L L L 040 L L L L L L
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Number of iterations Number of iterations
10*
Algt
10? :mii
AMAlg
100 Nau
102
10
10
10® ~
10710
10 20 30 40 50 60

Number of iterations

FIGURE 1. Numerical behaviour of F,, for Example Top left: m=510;
Top right: m=520; Bottom: m=540.

Remark 4.9. It is clear from Table[T|and FigureI|that our proposed algorithm has superior con-
vergence regarding iteration counts to the referenced algorithms.
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Example 4.2. Consider E = R™ with
1 m
C=<ax=(r1,20,..., ) ER™:z; > —— and r2<1,i=1,2,....,m
{ i

and the negative entropy f (z) = i x;log (), x; > 0. Then
=1

Vf(z)=(1+log(a1),....1+log (m))"
and
Vi (z)= (e, .. 7e””’”_l)T
The Bregman distance associated with f is referred to as KL divergence given by Dy (z,y) =
in: x; log (i) +y; —x,;. Here, we employ the function fmincon in Optimization Toolbox of

i=1

MATLAB for computing Bregman projection onto C. The mapping A : E — E is defined by
Az = Fy () + F> (z),
Fi(z)=(h1(z),he(x),..., hm (2)),
F2 (1’) = Dz + d7
h; (ZC) = x?fl + xf +xi1T T, 1 =1,2,...,m,

Ty = Tyq1 = 0,

where d = (—1,—1,...,—1)T and D, xm, given by
4ifi = j,
lifi=j+1,
Dy = fi =4
—2ifj=i+1,

0 otherwise.

Then A is pseudo-monotone and L-Lipschitz continuous, see [37]. Many authors have taken into
consideration the variational inequality with A and C, see [14, 46].

In this experiment, we compare our Algorithm|1|(namely, Alg1) with the Algorithm 1 and Al-
gorithm 2 (namely, wAIg1 and wAIg2) of Wang et al. [46], Algorithm 3.1 (namely, LYAIZ) of Liu
and Yang [25]. To terminate the iterations, all algorithms use E,, = ||xn4+1 — zn|® < 1078, The
parameters of each algorithm are set as follows:

e Algl:ty = 75, an = 155 + 302, 0 =099, 0 = =35, N =1, 5n:1+ﬁand

wy =z = (0.1,0.1,...,0.1);

e wARl: B =09, 6 =09, p =09 p, =0, & =%, A\ = landay = 2 =
(0.1,0.1,...,0.1);

e wAIg2: B =109,8 =09, p =085 p, =0, & =%, A\ =1landay =z =
(0.1,0.1,...,0.1)";

o LYAlg: 4= 0.5, py = o 38%rr, do = Land 21 = (0.1,0.1,... ,0.1) "

The results of experiments are reported in Table2|and Figure[J}

Remark 4.10. From Table[2|and Figure[2} we see that our method outperforms all other methods
based on the negative entropy function.
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TABLE 2. Numerical results of Example

m | Algl | wAlgl | wAlg2 | LYAlg
Iter Iter Iter Iter
35 17 23 26 43
45 18 24 26 39
55 19 24 26 35
102 102
Algl Algl
— AT — AT
— e —
102 102
& 10t G o
10 10
108 108
s oo
5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40
Number of iterations Number of iterations
10°
Algt
— Al
wAIg2
102 LYAlg
104
&
10°
10°%
10—10
0 5 10 15 20 25 30 35

Number of iterations

FIGURE 2. Numerical behaviour of E,, for Example Top left: m=35;
Top right: m=45; Bottom: m=>55.

Example 4.3. Let E = R? with
C= {x:(zl,xg,x;;)T ER x4 as+a3=0-5<ux; <5, i:1,2,3}.

Let f (z) = 1|jz||” and
Ax = (e*”w“2 + 10) Mz,

where
1.7 0 0
M = 0 1.71 0
0 0 1.69

Then A is §-strongly pseudo-monotone on E with 6 ~ 10\nin =~ 16.9, where Ay is the smallest
eigenvalue of M (see [43]), and A is L-Lipschitz continuous on E with L ~ 32.39 (by ||V Az|| <
L, Vx € E), and we can know VI(C, A) = {0}.
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Firstly, we consider two cases of step size for Algorithm [2, which are simply denoted as Alg21
and Alg22, respectively, and compare them with Algorithm 1 (namely, SEMGR) of Oyewole and
Reich [31]], and RIPA of Vuong [43]. Our termination criterion is E, = ||x,, — 0]|*> < 1075°, The
parameters of each algorithm are set as follows:
¢ RIPA: p=1.26,0 =0, n =15, A\ = 2% and g = 21 = (-3,2,3)";

e SEMGR: ¢ = 150, p1 = 0.45, 6, = =3+, A = 0.07, B, = 1 + %ﬁ and wy = 1 =
(-3,2,3)";

CAIR21: by = 1 — 535, an = 1h5 + 5050 0 = 04998, 0 = 535, =1, Bu =1+ %
and wy = z1 = (—3,2,3)";

*Alg22: t, =1 — %%H, O =105 + 05> T =1 (38 — 55) and wo = x1 = (-3,2,3)".
The results of experiments are reported in TableBland Figure

TABLE 3. Numerical results of Example

RIPA SEMGR  Alg21 Alg22
Iter 88 124 15 84
Time  0.0183 0.0752 0.0068  0.0162

10 - : - " " 21

RIPA
Alg21

10° SEMGR 20
Alg22

1070 19

1020

10730

En
Number of iterations

1040

10°50

10°% 15
0 20 40 60 80 100 120 140 0.48 0.485 0.49 0.495 0.5 0.505
Number of interations a

FIGURE 3. Numerical behaviour for Example Left: E,, versus Iter;
Right: Iter versus o in Alg21.

Remark 4.11. Table [3|and Figure [3| (left) display Alg21 outperforms Alg22, whose reason may
be the Lipschitz constant L of A is too large. As can be shown in Table[3|and Fig. [B} Algorithm
2 is far better than SEMGR of [31] and RIPA of [43]. Next, we take t, = 1 — 53,
St e =gt =1, Ba=1+ &, wo =21 = (-3,2,3)", B, = |z, — 0|° <
10750 f(z) = %HxHZ, and consider the influence of different o on the performance of Algorithm
2| The numerical behavior is shown in Figure 3| (right).

Ay =

5. CONCLUSIONS

To address variational inequalities in reflexive Banach spaces, two Bregman projection
algorithms with a new extrapolation technique are introduced. The weak convergence

and non-asymptotic O (ﬁ) convergence rate of the Algorithm 1 are established under
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appropriate and mild assumptions. The linear convergence rate of Algorithm 2 is proved.
Our results have the following benefits advantages:

(i) Algorithm 1 and Algorithm 2 both have non-monotone adaptive step sizes that
only need a simple calculation of known information, eliminate the limitation of
the Lipschitz constant of A and lessen the dependence on the initial point.

(ii) Instead of being pseudo-monotone and weakly sequentially continuous, like in
Theorem 3.8 of [17], Theorem [3.1| only requires A is quasi-monotone and satisfies
the Condition (A5). Particularly, to the best of our knowledge, Bregman projec-
tion algorithms with the golden ratio technique for solving variational inequalities
have no linear convergent result in reflexive Banach spaces. Theorem 3.3]and The-
orem[3.4lare new results.

(iii) Different from the inertial acceleration, Step 1 of Algorithm [I] and Algorithm [2]
is an extension of the golden ratio technique which can also speed up the conver-
gence of algorithms, see [31}49]. Our Algorithms 1 and 2 have been tested through
numerical experiments and have shown to be more efficient than the correspond-
ing algorithms presented in [} [25] 131} 143] 146].
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