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The Solodov-Svaiter type proximal point algorithm on a
complete geodesic space

SHUTA SUDO

ABSTRACT. Approximation of zeros of monotone operators can be applied to solve some nonlinear problems
on Banach spaces such as function spaces. Similarly, a concept of monotone set-valued vector fields on geodesic
spaces includes classes of convex minimisation problems and equilibrium problems. In this paper, we prove a
zero point approximation theorem with a projection method for a monotone vector field on complete geodesic
spaces. This method guarantees us to generate a sequence converging strongly to a zero point of a given set-
valued vector field.

1. INTRODUCTION

In Hilbert spaces, zero point approximation theorems for a monotone operator can be
applied to solve some nonlinear problems. Based on the proximal point algorithm invest-
igated by Rockafellar [24], Solodov and Svaiter [26] proved the following strong conver-
gence theorem:

Theorem 1.1 (Solodov-Svaiter [26]). Let H be a Hilbert space and A a maximal monotone
operator on H which has a zero point. Let {r,,} be a positive real sequence such that infycn r > 0.
Let Py be the metric projection onto a nonempty closed convex subset K of H. For a given point
u = x1 € H, generate a sequence {x, } of H as follows:

UYn = (I + T'nA)ilfL'n§
Hy={veH | (v—ynzn—yn) <0}

W, ={weH | (w—zp,u—1z,) <0};
Tpi1 = P, ow,u
forn € N. Then, {x,,} converges strongly to the closest zero point of A to w.

Recently, convex minimisation problems and equilibrium problems are discussed on
a geodesic space with curvature bounded above; see [1, 7, 9, 10, 11, 22]. Such problems
are also discussed in the setting of Riemannian manifolds; see [19, 20, 28] and references
therein. Similarly, various iterative schemes are generalised to the framework of geodesic
spaces by some researchers. For instance, see [13, 16, 25]. In particular, two projection
methods were investigated by Kimura and Sat6 [15] in the setting of Hilbert spheres. One
of them is a modified iterative scheme of the Solodov-Svaiter type projection method,
which is called the CQ projection method or the Nakajo—Takahashi [23] type projection
method.

Recently, the notion of set-valued operators and their monotonicity has been general-
ised to the setting of geodesic spaces. For instance, Chaipunya, Kohsaka and Kumam [3]
have investigated monotone vector fields on a complete CAT(0) space, and recently, the
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author has proposed a class of monotone vector fields on a CAT(x) space; see [27]. For
related results, see [6] for instance.

In this paper, we prove a convergence theorem with the Solodov—-Svaiter type proximal
point algorithm for a monotone vector field on a CAT(k) space with a general real number
k. In Theorem 1.1, we need to employ an inner product to generate the approximate
sequence. Nevertheless, in general, CAT(x) spaces do not have any inner product since
spherical planes and hyperbolical planes are examples of such spaces. In this work, we
introduce tangent spaces on a CAT(x) space and its metric, and we show a convergence
theorem using techniques of Riemannian manifolds.

2. PRELIMINARIES

Let (M, d) be a metric space and D € ]0,00]. For z,y € M and ! = d(z,y), we call an
isometric mapping 7., from [0,] into M a geodesic from x to y if 7,,(0) = x and v, (1) =
y. Additionally, M is said to be uniquely D-geodesic if for all z,y € M with d(z,y) < D,
there exists a unique geodesic. In a uniquely D-geodesic space M, for z,y € M with
d(z,y) < Dandt € [0, 1], we define convex combination of x and y with a ratio ¢ by

tr @ (1 - t)y = ’Yuby((l - t)d('rv Z/))

To define CAT(k) spaces, we introduce a function ¢, on R as follows: For a € R,

1 — cos(y/ka)

- (k> 0);
n 1 2n 2
fa + Z Z (k = 0);
n=2 2
cosh(v/—ka) — 1
S — (k <0)
From the definition of ¢,, for a € R,
sin(y/ka) (k> 0)
e (—/i)”_1a2"_1 \/E
/ = _—_— — = 0 3
cl (a) a—i—z =1 a (k=0)
n=2 sinh(y/—ka) (5 < 0)
V—kK
and
1o cos(v/ka) (k> 0);

,1+Z n—2 =<1 (k= 0);

cosh(v/—ka) (k <0).

For more details about c,, see [8] for example.
Let M be a metric space. We define a function ¢, from M? to [0, co[ by

bw(z,y) = cxld(z,y))
for z,y € M. We denote the diameter of the model spaces by D,;, and define it by

™
Z_ k>0
D,={ VK

o ifk <0.
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Further, for [ € [0, D,,[, we define an adjuster function (-);* on [0, 1] by

c(tl) . .
<t>7—{cw> HIAO

t ifl=0

fort € [0, 1].
We finally define a CAT(x) space. Let M be a uniquely D,-geodesic space. We call M a
CAT(x) space if

bultr @ (1 —t)y,2) < ()] ¢n(w,2) + (1 = )] ¢y, 2)
— () dw(x,tr ® (1 =t)y) — (1 = t)[ ¢ (y, tz © (1 —t)y)

for z,y,z € M with d(y, z) + d(z,2) + | < 2D, and ¢ € [0,1], where [ = d(z,y). We call
this inequality Stewart’s inequality. Note that this definition is not the canonical one. For
the usual definition of CAT(k) spaces, see [2] for instance; for the other one employed in
this paper, see [17]. Moreover, a CAT(x) space M is said to be admissible [12] if
Dy
d(u, ’U) < 7
for all u,v € M.
Let M be an admissible CAT(x) space. We call a subset C' of M a convex set if

trd(1—t)yeC

for z,y € C and t € [0,1]. For a nonempty closed convex subset C of an admissible
complete CAT(k) space M, and for « € M, there exists a unique point Pca € C such that

(. Pox) = inf d(a.y);

see [1, 4]. We call such a mapping P¢ the metric projection onto C.
For a metric space M and a bounded sequence {z,,} of M, we call z € M an asymptotic
centre of {x,} if

limsup d(x,,z) = inf limsupd(z,,y).
n—oo yeEM pnco

A sequence {x,,} of M is said to be k-bounded if
Dy
inf limsupd(z,,y) < -

yeM pooo

We say that a bounded sequence {z,,} of M A-converges to a A-limitz € M [21]if z isa
unique asymptotic centre for any subsequence of {z,,}. Assume that M is an admissible
complete CAT(x) space. It is well known that a k-bounded sequence of M has a unique
asymptotic centre, and that such a sequence has a A-convergent subsequence; refer to
[1, 4]. If a k-bounded sequence {z,} of M A-converges to € M, then

d(z,y) < lirginf d(xn,y)
for y € M. If a k-bounded sequence {z,,} of M A-converges to x € M and
Jim_d(zp,y) = d(z,y)

for some y € M, then {z,,} converges to . For more details about A-convergence, refer
to[1, 4, 5, 14] for example.
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3. TANGENT SPACES AND MONOTONE VECTOR FIELDS
In what follows, we define tangent spaces on a CAT(x) space. For more details, see [2, 18].

Let M be an admissible CAT(x) space. For p, z,y € M, we define the Alexandrov angle
A, at p as follows:

22

ifp # xand p # y; Ap(z,p) = Ap(p,x) = n/2if p # x; A,(p,p) = 0. We obtain the
following:

Lemma 3.1. Let M be an admissible CAT (k) space. Then,
Ap(z, sy ® (1= s)p) = Ap(x,y)

d(Vpe (t), ’Ypy(t))2 ) € [0, ]

Ap(z,y) = tl_i>r(1)a+ arccos (1 -

forp,x,y € M and s €]0,1].
Proof. Fix p,z,y € M and s € |0,1], and let
w=sy®(1—3s)p.

If p = x or p = y, then we obtain the desired result. Thus, we may assume that p # x and
p # y. We know that

2¢2

d(’Ypac (t), Yoy (t))Z )

Ap(z,y) = tlirgl+ arccos (1 -

and

d(ypa (1), Ypw (1)) ) .

Ap(z,w) = tlirgl+ arccos (1 — 572

On the other hand, since

Yoy (d(p, w)) = Yy (sd(p,y)) = sy & (1 — s)p = w,
we get Yy |[0,d(p,w)] 1S @ geodesic from p to w since M is uniquely D,-geodesic. Fix a real
number ¢ such that
0 <t < min{d(p,z),sd(p,y)}
Then, 7, (t) = ¥pw(t), and hence
d(Ypz (), Yy (1) —1_ d(Ypz (1), 1w (1))
2t2 22 '
Letting t — 0+, we have A, (z,w) = A,(z,y). O

1-—

For more details, refer to [2, Proposition 1.14 in Chapter 1.1 and Proposition 3.1 in
Chapter I1.3] for instance.

Let M be an admissible CAT(x) space, and let p € M. We define an equivalence relation
~pon M by x ~, yif

Ap(z,y) =0.
For x € M, let us write
[zlp ={z€ M |z~ 2}
Notice that [p|, = {p} since A,(p,z) = /2 if p # x. Further, we define
DpM = M/~p = {[z], | v € M}.

Then, (D, M, A,) is a metric space, where the distance A4, is defined by

Ap([2lp, lylp) = Ap(2,y)
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for [z],, [y], € DpM. Additionally, we define a function ¢ from D, M into {0,1} by

_ 0 ([m]p:[p}p)?
C(W‘{l (lalp # (7))

for [z], € D,M. We define an equivalence relation ~,, on a Cartesian product
[0, 00 x D, M
by (r1, [z]p) =2 (r2, [y]p) if one of the following conditions is satisfied:

o m1¢([z]p) = r2(([y]p) = 0;
o m1¢([z]p) = r2(([ylp) > 0and [z], = [y],.
Put
T,M = ([0,00[ x DpyM) /o),
Let us write r[z], for [(r, [z],)]~, € T,M, where [(r, [z],)]~, is an equivalence class of
(r,[z]p) by ~,. In particular, we denote 0[p], by 0,. Define a bifunction d,, on T, M by

dp(r[z]p, s[ylp) = \/7"24([1«‘]1)) + s2C([ylp) — 2rsC([2]p)C([ylp) cos Ap(, y)

for r(z]p, slyl, € T,M. Then, (T,M,d,) is a metric space for p € M. We call this metric
space the tangent space on M at p. Set

™™ = | | T,M = | J {(vpp) | vp € T, M},
peM peEM

and call it the tangent bundle of M. For more details about tangent spaces on geodesic
spaces, refer to [2, 18].

Let M be an admissible CAT(x) space, and let p € M. For v, = r[v], € T,M and
t € [0, 00[, we denote a point (tr)[v], of T,M by tv,. In particular, for ¢ > 0, we denote a
point (r/t)[v], of T, M by v, /t. We define a logarithmic mapping log, , from M to T, M

by
log,, , « = ¢, (d(p, z))[z], € T,M

for x € M. Similarly, we define a canonical logarithmic mapping log, from M to T),M by
log, x = d(p, z)[z], € T,M

for z € M. This mapping log, is an analogous notion to the inverse mapping of the
exponential mapping on Riemannian manifolds. Note that

d
— (p, 2) log, , = =log,x
c.(d(p,x)) "

for x € M with p # z. We further define a function g, by

dp(upa ) +d (Upa )Q_dp(upavp)Q
2

for up,v, € T,M. We call a mapping g: p — g, a metric on M. Note that the following
hold:

Gp(Up, vp) =

e gp(vp,vp) > 0forallp € M and v, € T, M;

o gp(up,vp) = gp(vp,up) for p € M and u,, v, € T,M;

o tg,(up, vp) = gp(up, tvy) forp € M, uy,, v, € T), M andt > 0;

e g,(vp,0 )_OforpGMandvp € T,M;

o ¢.(d(z,9))* = gx(log, , y,10g, , ) :gy(logn,y z,log,, , ) for z,y € M;
e d(z,y)* = g, (log, y,log, y) = g,(log, x,log, x) for x,y € M.
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We notice that for p,xz € M and v, € T, M,

gp(log, z,v,) <0
if and only if
gp(log, , z,v,) <O0.
Recall that since [p], = {p}, we have (([z],) = 0if z = p, and (([z],) = 1 if = # p.
Therefore, for p, x,y € M, we obtain

dp(logp x, 0p)2 + dp(logp v, 0,9)2 - dp(logp z,log, Y)
2

2d(p, z)d(p, y)C([x]p)¢([y]p) cos Ap(z,y)
2

= d(p, z)d(p,y) cos Ap(z, y).

2

gp(log, x,log,y) =

We also have

9p(10g,. 7108, , y) = €. (d(p, ¥))es.(d(p, y)) cos Ap(x, y)
for p,x,y € M. We further have known the following propositions:

Theorem 3.2 (Kimura-Sudo [18]). Let M be an admissible CAT(k) space. Then,

gp(log,, , ,10g, ,y) > ¢u(p, z) + ¢ (d(p, ) ds (P y) — Pi(,y),
and hence
gp(log, , x,log, ,y) > ¢u(p, ) — Pulz,y)
forp,x,y € M.

Theorem 3.3 (Kimura-Sudo [18]). Let M be an admissible CAT (k) space. Then,

lim ¢n(p7 y) - ¢I€(tx @D (1 — t)p7 y)
t—0+ t

= gp(log, x,log, ,y)
forp,x,y € M.

In what follows, we introduce monotone vector fields on CAT(«) spaces. For more
details, refer to [27].

Let M be an admissible CAT(x) space and A a set-valued mapping from M to a subset
of the tangent bundle 7M. We call A a set-valued vector field if Az C T, M for x € M.
For a set-valued vector field A on M, we denote the domain and the graph of A by

DomA = {z € M | Az # 0};
Gph A = {(z,v,) € M x TM | v, € Az},
respectively. We call a point « € M a zero point of A if
0, € Ax.
We denote the set of all zero points of A by
ZeroA={r e M|0, € Ax}.

Let A be a set-valued vector field on an admissible CAT(x) space M. For r > 0, we
define a set-valued vector field rA on M by

rAz = {rv, € T, M | v, € Az}
for x € M. Note that forr > 0,
Dom(rA) = Dom A4;
Zero(rA) = Zero A.
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We say that A is monotone if

gz(log, v, uz) + gy (log, ,v,) <0
for (z,u;), (y,vy) € Gph A. If A is monotone, then so is rA for r > 0.
Let M be an admissible CAT(x) space and A a set-valued vector field on M. We say
that A is resolvably monotone if it is monotone, and

I
{zeM WeAz}#@
T

for any > 0 and any € M. Suppose that A is resolvably monotone. Then, for z € M
and r > 0, from the monotonicity of r A4, a set

{zeM | log,, .z € rAz}
consists of exactly one point. We denote such a point by J, 4z, namely,
{Jraz} ={z€ M |log, v €rAz}

for x € M. We call the mapping J,. 4 from M to Dom A the resolvent operator of rA. Note
that if A is resolvably monotone, then the zero point set Zero A coincides with the fixed
point set Fix J, 4, and it is closed and convex; see [27].

In what follows, we see a convex minimisation problem on geodesic spaces as an ex-
ample of monotone vector fields.

Let f be a function from an admissible complete CAT(x) space M to |—oo, co]. We say
that f is lower semicontinuous if

f(z) <liminf f(z,)

n—roo
for a sequence {z,} of M converging to x € M. We say that f is proper if there exists
x € M such that f(x) € R. We further say that f is convex if
ftze (1—t)y) <tf(x)+ (1 -1)f(y)
forz,y € M andt € ]0,1[. We call z € M a minimiser of f if

fz) = inf f(y).
We denote the set of all minimisers of f by Min f, or

Argmin f(z).
reM

Let f be a proper convex function on an admissible complete CAT(x) space M. we
define a set-valued vector field 0 f on M by

0f(0) = {un € T | 1) < inf (7(w) - galog, 0,02}

forz e M.

Theorem 3.4 (Sudo [27]). Let M be an admissible complete CAT(r) space and f a lower semicon-
tinuous proper convex function from M to |—oo, co| which has a minimiser. Then, the following
hold:

(i) The subdifferential O f is resolvably monotone;
(ii) forx € M andr >0,

(o) = Arguin () + 20n(0.)).

yeM

where Jya5 is the resolvent operator for rOf;
(iii) Zerodf = Min f and clDom df = cldom f.



88 Shuta Sudo
4. THE SOLODOV-SVAITER TYPE PROXIMAL POINT ALGORITHM
In this section, we prove an approximation theorem with a projection method proposed
by Solodov and Svaiter [26]. Such as Theorem 1.1, we need to employ two half spaces
defined with an inner product to generate the iterative sequence. However, in general,
CAT(k) spaces do not have any inner product. Thus, at first, we consider the closedness
and the convexity of a subset corresponding to the half spaces used in Theorem 1.1. We
first prove the following lemma:
Lemma 4.2. Let M be an admissible CAT(k) space. Assume that a subset
{we M|d(p,w) < d(g,w)}
of M is convex for any p,q € M. Then, a subset
{ve M| g.(log, v, log, y) < 0}
of M is closed and convex for x,y € M.

Proof. Fix x,y € M arbitrarily. If x = y, then since
{veM|gy(log,v,log, x) <0} ={v e M| gs(log,v,0,) <0} =M,
it is closed and convex. We assume that x # y. Let
H ={ve M| gsy(log,v,log, y) < 0}.
Fix s € ]0, 1] arbitrarily. Then, we define a closed convex subset H, of M by
Hy={weM|dw,z) <dw,syd(1—s)x)}.

We first show that H C H,. Fix v € H arbitrarily. If v = x, then we immediately get
v € Hy. Assume v # x. From the definition the metric g and Lemma 3.1,

92 (1085 0,108, (sy © (1 — 5)z))

= ¢ (d(z,v))c (d(x,sy ® (1 — 8)x)) cos Az (v, sy D (1 — s)x)

= ¢ (d(z,v))c, (sd(z,y)) cos Ay (v,y)

K

_ ld(z, ) (sd(z,y))
d(x, v)d(z,y)
¢ (d(z, v))e (sd(z, y))

_ L (1 1 <0.
A odwy) Y (log, v, log, )

(z,v)d(z,y) cos Az (v,y)

Therefore,
0> go(log, , v,10g, . (sy & (1 — s)z))
> ¢ (x,v) + A (d(z,v))dp(z, 5y ® (1 — 8)z) — dp (v, 8y D (1 — 5)7)
> du(x,v) — dp(v, sy ® (1 — 8)x),
and thus
d(v,z) < d(v,sy ® (1 — s)x).
It means that v € H,. Therefore, H C H, for s € |0, 1[. It implies that
Hc () H.
s€]0,1]
Fixv € ﬂse]m[ H;,. Then, for any s € ]0, 1|, we have
d(v,z) < d(v,sy ® (1 — s)x),

or equivalently
Or(v,2) — du(v,sy ® (1 — 5)z) <O0.
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Dividing both sides by s and letting s — 0+, we have

0> lim $u(0,7) = (v, 5y ® (1 — s)x)
s—0+ S

= gz(log, y,log, , v),

which implies that v € H, and therefore
H= ﬂ H,.
s€]0,1]
Since H; is closed and convex for each s € |0, 1], we conclude that H is closed and convex.
O

Now, we obtain the following zero point approximation theorem with the Solodov-
Svaiter type iterative scheme:

Theorem 4.5. Let M be an admissible complete CAT(k) space for k € R. Suppose that for any
x,y € M, a subset
{z € M|d(z,2) <dly,2)}

of M is convex. Let A be a resolvably monotone vector field on M which has a zero point, and let
{rn} be a positive real sequence such that infyenrr, > 0. Let Pk be the metric projection onto
a nonempty closed convex subset K of M. For a given anchor point w = x; € M, generate a
sequence {x,} of M as follows:

Yn = JrnA-rn;

H,={ve M|g,,(log, v,log, w,) <0}

WTL = {w eM ‘ Gy, (logxn wvlogacn u) S 0}7

Tpt1 = Ph,nw, u

for n € N. Then, the generated sequence {x,,} converges to Pzeyo su.
Proof. To show {z,,} is well defined, we show that H,, N W, is closed and convex, and
Zero A C H, "W,
for n € N. Henceforth, for the simplicity, we denote E,, instead of H, N W,,. If z,, is
defined, then for p € Zero A, since
(,0p); (Yn, log,, . zn) € Gph(r,A),

from the monotonicity of r, A, we have

0> gp(logp Yn, 0p) + gy, (logyn p,log, ., Tn) = Gy, (logyn p,log, . Zn).
It implies that
0> gy, (log, p,log, x,),
and hence p € H,. Thus, Zero A C H, if z, is defined. Now, we prove that
Zero A C E,
for n € N by induction. Since v = 1, we have
Wy ={w e M | gz, (log,, w,0,,) <0} = M,

and thus Zero A C E;. From the assumption, since H; is closed and convex, so is E;. For
fixed k € N, we assume that Zero A C F}, and Fj is a closed convex set. Recall that ;.1 is
defined in this case. Therefore, Zero A C Hy41. Let ¢ € Zero A and ¢ € ]0, 1[. Then, ¢ € E,
from the assumption of the induction. Since F}, is convex and x;4+1 = Pg, u, we have

d(u, xp41) < d(u,tq® (1 —t)xp41),
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and hence
¢~(uv xk-‘rl) - (bﬁ(uv g ® (1 — t)$k+1)

<0.
7 =

Letting ¢t — 0+, we get

0> lim G, Thp1) — i (u, tq ® (1 — t)@pp1)
t—0+ t

= g$k+1 (10g$k+1 q’ IOgn,a:k+1 u)

It means that ¢ € Wy, and therefore
Zero A C Hit 1 N Wiy = Egyq-

On the other hand, from the assumption, since both of Hy,; and Wj4, are closed and
convex, so is Eyyi. Therefore, the sequence {z,} is well defined since E,, is nonempty,
closed and convex for all n € N. We also obtain Zero A C F,, forn € N.

We next show that {x,,} converges to Pze;o au. Note that Pzer, au € E,, for n € N. Since

d(u7 PEnu) S d(ua PZero Au)

for n € N, we have

sup d(u, x,) = sup d(u, Tp4+1) = sup d(u, Pg,u) < d(t, Pzero au) <
neN neN neN

and thus {z, } is k-bounded. Note that

= inf ¢ .
c= inf cn(d(u,zy,)) >0

Dy
2 )

For n € N, since =11 € W,,, we obtain
0> g, (108 5, Tnt1,108, 4, 1) = G, (108, 4, U;108, 4, Tnt1)

> ¢, u) + (d(2n, w) P (@ns Tnt1) = (U, Tns1)

> u(@n,u) — G (U, Tnt1),
which implies that d(u, z,,) < d(u, z,+1), and that

b (T, u) + L (d(@n, 1)) r(Tn; Tny1) = G (@ni1,u) < 0.
Therefore, {d(u, z,,)} is a convergent real sequence. Since

¢ On(@n; Tnr1) < AT, w) G (Tn, Tntr) < Gl(@nsn, 1) = dr(@n, 1),

we obtain
¢n($n+1v u) - (i)n(mna u)
c

—0

¢/~c($n7 xn—&-l) §

as n — oo, and hence

nh—>120 d(xp, xpi1) = 0.

Additionally, for n € N, since z,4+1 € Hy, we obtain

0= gy, (logn,yn Tn+1, IOgn,yn Ty) = 9y, (IOgn,yn T, IOgn,yn Tpy1)
> G (Yn, Tn) + C(d(Yns ©0))Bs(Yns Trt1) — G (T, Tnt1)
> Gu(Yn, Tn) — Ou(Tns Tnt1),
and thus d(yn, xn) < d(n, Zny1). Consequently, we get

lim d(yn,z,) = 0.
n—roo
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Take a subsequence {z,,} of {z,} arbitrarily. Then, we can take a A-convergent sub-
sequence {an }of {x,, }. Letw € M be its A-limit. For the sake of simplicity, henceforth,
let us write Tn,, aST; and Yn,, aSY; for j € N. Note that

li Lxj) = 0.
Jim d(y;, ;) =0
Since

lim sup d(y;, w) < limsup (d(z;, w) + d(z;,y;))
j—roo j—o00
. s Dy
=limsupd(z;,w) = inf limsupd(z;,y) < —,
j—o0 yeM j—o0 2
the sequence {y; } is k-bounded. Furthermore, for v € M, we have
limsup d(y;, w) < limsupd(z;, w) < limsupd(z;,v)
j—o0 j—oo j—o0
< limsup (d(y;, v) + d(x;, y;)) = limsup d(y;, v),
j—o0 j—o0
which implies that w is a unique asymptotic centre of {y;, }. Now, we prove that w is a zero
point of A. From the definition of resolvent operators, we have

log,. .. @;

ni].

(JAw,logm,Aw w), (yj, ) € Gph A

for j € N. From the monotonicity of 4, for j € N, we get

Gy; (IOgn,y]‘ JAw’ logmyj xj)

0 2 gJAw(logm,JAw Ys» logn,JAw U}) +

Tnij
> ¢ (Jaw,y;) — br(y;, w) + br Yy, JAw)T— b (Jaw, )
> Gl aw, yy) — by, w) — 122 Ta0) = Ea(Jaw, z;)
Tnij
K d '7J — Cg d(J , X
> b (Jaw,y;) — dulyj, w) — |ex (d(y; AlfzzkENcri (Jaw, z;)|

Thus, for j € N, we obtain

|ex(d(y), Jaw)) — cx(d(Jaw, ;)|
infkeN Tk ’

() ¢f€(yj7 Jaw) < d%(ijw) +

Note that ¢, is uniformly continuous on a compact interval, and
|d(y;, Jaw) — d(Jaw, z;)| < d(y;,z;) = 0
as j — oo. Therefore, letting j — oo for the equation (x), we have

lim sup ¢y (y;, Jaw) < limsup ¢y (y;, w).

j—o0 j—o0
Hence, Jyw = w since w is a unique asymptotic centre of {y;}, and therefore w is a zero
point of A since Fix J4 = Zero A. Since
d(u, Pzero au) < d(u,w) < liminfd(u, z;) < limsup d(u, z;) < d(u, Pzero aU),
j—o0 j—roo
we obtain

lim d(u,z;) = d(u, Pzero aU)
J]—00
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and w = Pgero au. Since {z;} is A-convergent to Pze,o au and

lim d(u,z;) = d(u, Pzero aU),
j—00

we have {z;} converges to Pzc., s4u. Consequently, any subsequence of {z,,} has a sub-
sequence converging to Pzero au. It means that {x,, } converges to Pzero au. O

Recall that we only employ a subset

(%) {ve M| g.(log, v,log, y) <0}

to generate an approximate sequence in Theorem 4.5. The assumption ‘for any z,y € M,
a subset
{z€ M|d(z,2) < dly,2)}
of M is convex’ in Lemma 4.2 and Theorem 4.5 merely guarantees us the convexity of the
subset ().
Actually, the following holds:

Theorem 4.6 (Bridson-Haefliger [2]). Let M be an admissible CAT(x) space. Then, for fixed
p,x € M, a function Ap(x,-) on M is continuous at y € M with p # y.

Using this result, we immediately obtain the following:

Theorem 4.7. Let M be an admissible CAT(k) space. Then, for fixed p € M and v, € T,M, a
function g, (vy,log,(+)) from M to R is continuous. Therefore, for any x,y € M, a subset

{U S M ‘ gT(log'p ’U, log"c y) S 0}
is closed.

Therefore, in the same way as Theorem 4.5, we obtain the following:

Theorem 4.8. Let M be an admissible complete CAT (k) space. Suppose that for any x,y € M, a
subset

{ve M| g,(log, v, log, y) <0}
of M is convex. Let A be a resolvably monotone vector field on M which has a zero point, and let
{rn} be a positive real sequence such that infrenr, > 0. Let Px be the metric projection onto
a nonempty closed convex subset K of M. For a given anchor point w = x; € M, generate a
sequence {x,, } of M as follows:

Yn = Jrﬂ,Azn;
Hn ={v € M| gy,(og,, v,log, x,)<0}

Wy ={w € M| g,,(log,, w,log,, u) <0}
ZTni1 = Py,nw,u
for n € N. Then, the generated sequence {x,,} converges to Pzero AU.

In this paper, by imposing an additional assumption on a CAT(x) space, we obtain a
zero point approximation theorem. For now, we have two assumptions corresponding to
the convexity of half spaces on an admissible CAT(x) space M as follows:

(H1) Forany z,y € M, ssubset {z € M | d(x,z) < d(y, 2)} is convex;

(H2) for any z,y € M, a subset {v € M | g,(log, v,log, y) < 0} is convex.
Lemma 4.2 means that the condition (H1) implies the condition (H2). Nevertheless, we
have not known about its opposite yet. The condition (H1) is investigated by [4] for in-
stance; we have many examples and some counter-examples corresponding to the condi-
tion (H1). For instance, the condition (H1) is satisfied by the space forms such as spheres,
hyperboloids, and Hilbert spaces. Further, it is satisfied by R-tree. According to the results
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in [4], a CAT(0) glueing space containing two spaces of constant but different curvature
does not enjoy the condition (H1).

In this work, we have only obtained theoretical results about convergence theorem.
Further research into computational cost and speed is needed for practical applications in
computer science.
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REFERENCES

[1] Bagdk, M. Convex analysis and optimization in Hadamard spaces, De Gruyter, Berlin, 2014.
[2] Bridson, M. R.; Haefliger, A. Metric spaces of non-positive curvature, Springer-Verlag, Berlin, 1999.
[3] Chaipunya, P.; Kohsaka, F.; Kumam, P. Monotone vector fields and generation of nonexpansive semigroups
in complete CAT(0) spaces, Numer. Funct. Anal. Optim. 42 (2021), 989-1018.
[4] Espinola, R.; Fernandez-Leén, A. CAT(k)-spaces, weak convergence and fixed points, J. Math. Anal. Appl.
353 (2009), 410-427.
[5] He, J. S.; Fang, D. H.; Lépez, G.; Li, C. Mann’s algorithm for nonexpansive mappings in CAT(x) spaces,
Nonlinear Anal. 75 (2012), 445-452.
[6] Inuwa, A.Y.; Chaipunya, P; Kumam, P; Salisu, S. Equilibrium problems and proximal algorithm using
tangent space products, Carpathian . Math. 40 (2024), 65-76.
[7] Kajimura, T.; Kimura, Y. Resolvents of convex functions in complete geodesic metric spaces with negative
curvature, J. Fixed Point Theory Appl. 21 (2019), 15pp.
[8] Kajimura, T.; Kimura, Y. A vicinal mapping on geodesic spaces, Proceedings of International Conference on
Nonlinear Analysis and Convex Analysis & International Conference on Optimization: Techniques and Applications
—I- (Hakodate, Japan, 2019) (Y. Kimura, M. Muramatsu, W. Takahashi, and A. Yoshise, eds.), 2021, pp. 183-195.
[9] Kimura, Y. Resolvents of equilibrium problems on a complete geodesic space with curvature bounded
above, Carpathian |. Math. 37 (2021), 463-476.
[10] Kimura, Y.; Kishi, Y. Equilibrium problems and their resolvents in Hadamard spaces, ]. Nonlinear and Convex
Anal. 19 (2018), 1503-1513.
[11] Kimura, Y.; Kohsaka, F. Spherical nonspreadingness of resolvents of convex functions in geodesic spaces, J.
Fixed Point Theory Appl. 18 (2016), 93-115.
[12] Kimura, Y.; Kohsaka, F. The proximal point algorithm in geodesic spaces with curvature bounded above,
Linear Nonlinear Anal. 3 (2017), 133-148.
[13] Kimura, Y.; Saejung, S.; Yotkaew, P. The Mann algorithm in a complete geodesic space with curvature
bounded above, Fixed Point Theory Appl. 2013 (2013), 13pp.
[14] Kimura, Y.; Sat6, K. Convergence of subsets of a complete geodesic space with curvature bounded above,
Nonlinear Anal. 75 (2012), 5079-5085.
[15] Kimura, Y.; Satd, K. Two convergence theorems to fixed point of a nonexpansive mapping on the unit
sphere of a Hilbert space, Filomat 26 (2012), 949-955.
[16] Kimura, Y.; Satd, K. Halpern iteration for strongly quasinonexpansive mappings on a geodesic space with
curvature bounded above by one, Fixed Point Theory Appl. 2013 (2013), 14pp.
[17] Kimura, Y.; Sudo, S. New type parallelogram laws in Banach spaces and geodesic spaces with curvature
bounded above, Arab. . Math. 12 (2023), 389-412.
[18] Kimura, Y.; Sudo, S. Tangent spaces and a metric on geodesic spaces, RIMS Kokyfiroku 2240 (2023), 7-19.
[19] Li, C,; Lépez, G.; Martin-Marquez, V.; Wang, J. H. Monotone and accretive vector fields on Riemannian
manifolds, J. Optim. Theory Appl. 146 (2010), 691-708.
[20] Li, C.; Lépez, G.; Martin-Marquez, V.; Wang, ]J. H. Resolvents of set-valued monotone vector fields in
Hadamard manifolds, Set-Valued Anal. 19 (2011), 361-383.
[21] Lim, T. C. Remarks on some fixed point theorems, Proc. Amer. Math. Soc. 60 (1976), 179-182.
[22] Mayer, U. E. Gradient flows on nonpositively curved metric spaces and harmonic map, Comm. Anal. Geom.
6 (1998), 199-253.
[23] Nakajo, K.; Takahashi, W. Strong convergence theorems for nonexpansive mappings and nonexpansive
semigroups, J. Math. Anal. Appl. 279 (2003), 372-379.
[24] Rockafellar, R. T. Monotone operators and the proximal point algorithm, SIAM ]. Control Optimization 14
(1976), 877-898.
[25] Saejung, S. Halpern’s iteration in CAT(0) spaces, Fixed Point Theory Appl. (2010), 13pp.
[26] Solodov, M. V.; Svaiter, B. F. Forcing strong convergence of proximal point iterations in a Hilbert space,
Math. Program. 87 (2000), 189-202.



94 Shuta Sudo

[27] Sudo, S. Monotone vector fields on a geodesic space with curvature bounded above by a general real num-
ber, Lett. Nonlinear Anal. Appl. 3 (2025), 5-27.

[28] Wang, X.; Lopez, G.; Li, C.; Yao, J.-C. Equilibrium problems on Riemannian manifolds with applications, J.
Math. Anal. Appl. 473 (2019), 866-891.

DEPARTMENT OF INFORMATION SCIENCE, TOHO UNIVERSITY, MIYAMA, FUNABASHI, CHIBA 274-8510,
JAPAN

Email address: 7523001s@st .toho-u.ac. jp



