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Subgradient-extragradient algorithms with double inertial
terms for solving image restoration problems

DUANGKAMON KITKUAN!, ANANTACHAI PADCHAROEN?*, TANAKIT THIANWAN?

ABSTRACT. In this study, we develop a class of subgradient-extragradient schemes enhanced with dual in-
ertial mechanisms, aimed at resolving variational inequalities and fixed point formulations, particularly those
arising in image reconstruction. By incorporating two inertial correction terms, the proposed algorithms aim to
accelerate convergence while maintaining stability and robustness. We rigorously establish strong convergence
results under suitable assumptions, extending existing theoretical frameworks to accommodate the added iner-
tial dynamics. Numerical experiments are conducted on optimal control problems and image restoration tasks
to demonstrate the practical efficiency and effectiveness of the proposed methods.

1. INTRODUCTION

Variational inequality problems (VIPs) and fixed-point problems (FPPs) have emerged
as fundamental mathematical models for a wide range of applications in engineering, eco-
nomics, optimal control, and image processing. These models provide a unified frame-
work for describing equilibrium phenomena, constrained optimization problems, and in-
verse problems. However, the generality and flexibility of VIPs and FPPs often lead to sig-
nificant analytical and computational challenges, particularly in the presence of weakly
pseudomonotone operators and large-scale feasible sets.

A promising approach for addressing these problems involves projection-based itera-
tive algorithms, including the well-known subgradient-extragradient method [25]. Such
methods iteratively refine approximations by employing projections onto feasible sets to-
gether with correction steps based on operator evaluations, thereby effectively handling
both operator monotonicity and feasibility constraints simultaneously. Nevertheless, clas-
sical subgradient-extragradient methods may exhibit slow convergence in practice, espe-
cially when the problem data are ill-conditioned or the underlying operators are only
weakly pseudomonotone.

Recent advances have demonstrated that incorporating inertial and extrapolation terms
inspired by the heavy ball method [22] and momentum-based approaches [20] can sig-
nificantly accelerate convergence and improve the stability of projection-type algorithms.
These inertial techniques incorporate historical information from previous iterates, thereby
mitigating the limitations of purely local updates and reducing oscillatory behavior. Con-
sequently, hybrid algorithms combining extragradient steps with inertial effects have at-
tracted considerable attention in both theoretical and applied research.

Several studies have investigated extensions of the classical subgradient-extragradient
method through the incorporation of single inertial or extrapolation terms [19, 1, 15]. Nev-
ertheless, the performance of inertial schemes can be further improved by introducing
double inertial terms, in which both the current and previous iterates contribute to the ex-
trapolation process. Such a double-inertial mechanism has been shown to provide a more
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effective balance between stability and acceleration, particularly in large-scale or highly
nonlinear settings.

Recent research has witnessed growing interest in advanced inertial-type and projection-
based algorithms. Notable developments include inertial forward-backward and forward-
backward-forward algorithms for variational inequality problems and monotone inclu-
sions [4, 3], as well as variants equipped with adaptive step-size strategies to handle un-
known Lipschitz constants and problem-dependent parameters [16, 13]. Double-inertial
methods specifically developed for variational inequality problems involving pseudomono-
tone operators have been proposed in [9, 27]. Moreover, applications to image restora-
tion and optimal control, where inertial effects are employed to suppress noise and im-
prove image quality, have been extensively investigated in [7, 8]. In particular, inertial
subgradient-extragradient schemes have demonstrated strong empirical performance on
challenging imaging and inverse problems due to their capability to handle composite
structures and data-driven constraints effectively [21, 10]. Nevertheless, establishing rig-
orous convergence guarantees for such algorithms, especially in the presence of weak
pseudomonotonicity and multiple inertial corrections, remains an active area of research.

In this paper, we propose novel double-inertial subgradient-extragradient algorithms
for solving variational inequality and fixed-point problems in real Hilbert spaces. The
proposed algorithms incorporate two levels of inertial extrapolation into the classical ex-
tragradient framework, resulting in a unified iterative scheme with improved conver-
gence behavior and enhanced robustness in practical applications. The main contribu-
tions of this work are summarized as follows. First, we introduce three algorithmic
variants incorporating double-inertial extrapolation strategies for simultaneously solv-
ing variational inequality and fixed-point problems. Second, the proposed algorithms
extend classical subgradient-extragradient methods to broader classes of operators, in-
cluding weakly pseudomonotone and L-Lipschitz continuous mappings. Third, we es-
tablish rigorous convergence results under mild assumptions, such as sequential weak
continuity and weak pseudomonotonicity, proving strong convergence to a common so-
lution of the variational inequality and fixed-point problems. Finally, we present compre-
hensive numerical experiments on benchmark problems arising in optimal control and
image restoration. The numerical results demonstrate that the proposed double-inertial
subgradient-extragradient algorithms outperform existing methods in terms of both iter-
ation count and overall computational efficiency.

The remainder of the paper is organized as follows. Section 2 presents the mathemat-
ical preliminaries, fundamental properties of weakly pseudomonotone mappings, and
relevant results on projection operators. Section 3 introduces the proposed algorithms
and establishes their convergence properties through a series of lemmas and theorems.
Section 4 illustrates the practical performance of Algorithm 1 on benchmark numerical
examples, highlighting its effectiveness and computational efficiency. Section 5 is devoted
to applications of Algorithm 1 to image restoration problems. Finally, Section 6 concludes
the paper and discusses possible directions for future research, including extensions to
stochastic settings and distributed optimization problems.

2. PRELIMINARIES

The weak convergence of a sequence {z,,} to & is denoted by z,, — &, while its strong
convergence is denoted by =, — & as n — co. We now recall the following definitions
and lemmas. Let 7' : X — X be an operator. Then 7" is said to be:

(m1) A contraction, if there exists a constant 7 € [0, 1) such that

[Tz — Tyl <nllz —yll, Vo,yeX.
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(m2) L-Lipschitz continuous, if there exists L > 0 such that
ITe — Tyl < Lile —yll, Vo€ X.
If L = 1, then T' becomes a nonexpansive mapping.
(mg3) Quasi-nonexpansive, if Fix(T') # () and
[Tz —2|| < |lz— 2|, VzeX, ieFix(T).
(m4) a-strongly monotone, if there exists a constant o > 0 such that
(Tx — Ty, —y) > allz —y|?, Va,yc X.
(m5) Monotone, if
(Te —Ty,x —y) >0, Vr,yelX.
(mg) Pseudomonotone, if
(Tz,y —x) >0 = (Ty,y—x) >0, Va,yeX.
(m7) k-demicontractive, for some 0 < x < 1, if
Tz —2|? < ||z —2|® + &|(I —T)z||?, Vo€ K, i e Fix(T).
(msg) Sequentially weakly continuous, if for any sequence {z,, } which converges weakly

to &, the sequence {T'z,, } weakly converges to T'Z.

Definition 2.1. [29] Let K be a nonempty closed convex subset of a real Hilbert space X. An
operator T : K — X is said to be weakly pseudomonotone if, for every sequence {z,} C K with
T, =z € K and

limsup(T'z,,, z, — x) <0,

n—oo
one has
(Tz,z —y) <lUminf(Tz,, x, —y), Yy € K.

n—oo

Lemma 2.1. [11] Let X be a real Hilbert space and K a nonempty closed convex subset of X.
Suppose x € X and y € K. Then

y=Pg(r) < (z—y,y—7r)>0, Vrek.
Lemma 2.2. [11] Let K be a closed convex subset of a real Hilbert space X. If v € X, then
(i) |Px(z) = P (y)lI* < (Px(x) = Px(y),z —y), Va,y€X;
(i) (I - Pic)a — (I — Pi)y|® < (I - Pic)a — (I - )y, —y), Va,y € X
(i) || Pic(2) — ylI? < o — ylI* — |lo - P(@)|2, Vo€ X,y € K.
Lemma 2.3. [5] For each x,y,r € X and where o, 8,6 € [0, 1) with a+ 8+ 6 = 1, the following
hold in Hilbert spaces:
@) |z +yll < lzll +[lyl;
(i) ||z + g7 < lle] + 2o, 5) + [ly]%
i) [|(1 = )z +ay? = (1 = a)]z|® + alyl® - a1 - a)llz — y]*.
Lemma 2.4. [11] Let T : X — X be a nonlinear operator such that Fix(T) # 0. Then I — T is
called demiclosed at zero if for any x,, € X, the following implication holds:

Tp =2 and (I —T)x, -0 = & € Fix(T).

Lemma 2.5. [17] Let T : K — K be a k-demicontractive mapping. If we define the averaged
operator T = (1 — A\)I + AT, then for any A € (0,1 — k), the operator T’ is quasi-nonexpansive
and satisfies Fix(Ty) = Fix(T).
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Lemma 2.6. [28] Let {a,, } be a sequence of nonnegative real numbers satisfying

Ap41 S (1 - Cn)an + Cn€n, vn Z 17
where {c,} C (0,1) and .7 ¢, = oo. Assume that for every subsequence {a,, } of {an}
satisfying

liminf(an, +1 — an,) > 0,
k—o0
one has
limsupe,, <0.
k—o0
Then
lim a, = 0.
n— oo

3. MAIN RESULTS

In what follows, we introduce our new types of double-inertial subgradient-extragradient

algorithm for VIPs and FPPs. In order to obtain our main results, we make the following
hypotheses:

(C1) The feasible set K is nonempty, closed, and convex.
(C2) The mapping T : X — X is L-Lipschitz continuous on X and weakly pseu-

domonotone on K.
C3) The set 2 := Fix(F) N VI(K,T') is nonempty, closed, and convex.
C4) The mapping T': X — X is sequentially weakly continuous.

(C3)
(C4)
(C5) The mapping J : X — X is nonexpansive.
(Cs)

Cs) The mapping F' : X — X is k-demicontractive for some x € [0,1), and I — F is
demiclosed at zero.

(C7) Let {a,}, {Bn} C (0,1) such that le an =0, o, = o0,and lim &= =0 =

Qp
n=0 n—oo

lim f= where {¢,} and {6, } are positive real sequences.
n—oo n

(Cs) The mapping f : X — X is a contraction with constant n € [0,1).
(Co) Let{v,},{ln} C[0,00), {bp} C[1,0), > Yn <00, l, =0, b, =1, 67 >0.

n=1

Algorithm 1

Initialization: Choosee > 0,¢ > 0,01 > 0, p € (0,2), p € (0,1), and let 29,27 € X
arbitrarily.

Let {a,} C (0,1), {8} C (0,1), {7y} C [0,00),{ln} C [0,00), {bn} C [1,00), {¢n} and
{0,,} are positive real sequences.

Let {o,,} be a sequence satisfying 0 < a < g, < b < 1 — & for some constants a,b > 0.
Iterative Procedure: Given the previous iterates x,—; and z,, for n > 1, compute the
next iterate x,,41 according to the following steps:

Step 1: Select parameters ¢, and ¢, such thate,, € [0,&,] and ¢, € [0,3,], where

_ . n—1 d)n . . n—1
(31) Ep = ININ { nte_ 1, ||xn — xn71|| } s if T 7é Tn—1, otherwise m
n—1 0 n—1
3.2 &, = min ) = , ifx, # 2,_1, otherwise ———.
(32 {n+§—1 xn_xn—ln} # ! n+¢—1
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Step 2: Compute

(33) Dn = Tn + (1 - an)gn(an - an—l)y

(34) qn = Ty + (1 - B’n)gn(t]xn - an—l);
and compute

(3.5) U = Pr(pn — 0,.Tpp).
If p,, = v, or T'p, = 0 and p,, € K, then terminate; p,, is a solution of the VIP. Otherwise,
proceed to Step 3.

Step 3: Compute
sn = Py, (P — pOnkn),

where
Mn = {Z € X : <pn - §nTpn — Un, % _vn> S 0},
<pn — Un, kn> .
— = ifk, £0,
U = HanQ
0, otherwise,
and

kn =Pn — Unp — 6n(Tpn - Tvn)
Step 4: Compute

(3.6) Tnt1 = Anf(gn) + (1 — an)my,
where
My = (1 —0p)8$n + onFsp.
Update
min { U+ bap)llpn = vnll 5 %} i Tpy # Toy,
(3.7) Ony1 = | Tpn — Ty

6n + Tns otherwise.

Setn :=n -+ 1 and go back to Step 1.

Remark 3.1. We make the following observation regarding Algorithm 1. It follows directly from
(3.1), (8.2), and condition (C7) that

(i) lim ep|lzn — xpn-1]] = lIm ¢, ||xn — xn-1] = 0.
n—oo c n— oo g

() lim |z, —2p_1]| = lim ||z, — 2,1 = 0.
n—00 Qi n—00 Qi

Lemma 3.7. Assume that conditions (Cy) — (Cy) and (Cy) hold. Let {3, } be generated by
Algorithm 1. Then the sequence {0, } is well-defined and converges to some

o€ lmin {(51, %} , 01 + ifyn] .
n=1

Proof. We first show that {J,,} is bounded below by a positive constant. If T'p,, # T,
then by the L-Lipschitz continuity of T,
HTpn - Tvn” < LHpn - vn“

Hence,

(In + bnﬂ)||pn — vy > Ly + bpp > ad
| Tprn — T - L L
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since l,, > 0 and b,, > 1.
From the update rule,

. L + bnp) [P — vnl|
Ona1 :mln{(n ”T;n —T’UnH E On 4+ Yn ¢

we obtain
Opt+1 > min {ﬁ Op + vn} > min {H,én} .
- L’ — L
If Tp,, = Tv,, then
6n+1 = 577, + Y 2 677,

Therefore, by induction,
: 1
> — > 1.
5n_mm{51,L}>0, Vn >1

Thus {d,, } is well-defined.
Next, from the update rule, in both cases we have

6n+1 § 571 + Yn -

Iterating this inequality gives

Ont1 < 01 +Z%‘ <01 +Z%-

i=1 i=1

Hence {4,,} is bounded above.
Now, for any integers m > n,

m—1

Taking the supremum over m > n, we obtain

Sup 0m < 0p, +§:%-

m>n y
= i=n

Taking lim inf,,_,~, on both sides and using

[e%S)
Z Yi — Oa
i=n

we obtain

limsup d,, < liminf é,,.
n— oo n—00

Therefore,

limsup 6,, = liminf d,,,
n—oo n—oo

so {d,, } converges to some 9.
Finally, passing to the limit in the lower and upper bounds gives

§e [min {51,%}, 51+ i%] .
n=1
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Lemma 3.8. Let K be a nonempty closed convex subset of a real Hilbert space X. Let T : K — X
be weakly pseudomonotone. Suppose that {z,,} C K, z, — x, and

liminf(Twx,, z — x,) > 0, Vz € K.

n— oo

Then x € VI(K,T).

Proof. Since K is closed and convex, it is weakly closed. Hence z € K.
Taking z = « in the assumption, we obtain

liminf(Tx,,x — x,) > 0.

n—oo

Equivalently, this can be written as

lim sup(T%z,,an - ':C> <0.

n—oo

Since T' is weakly pseudomonotone, it follows that, for every y € K,

T,z —y) <liminf(Tz,,x, —y).
n— oo

On the other hand, by the assumption with z = y, we have
liminf(Tz,,y — z,) > 0.
n—oo

Hence,
lim sup(T'z,, x, —y) < 0.
n—oo
Consequently,
(Tx,x —y) <0.
Therefore,
(Tz,y —x) >0, Yy € K.
Thus,

x e VI(K,T).
O
Lemma 3.9. Let {p,} and {v,} be two sequences generated by Algorithm 1. Suppose that condi-

tions (Cy)— (Cy) are satisfied. If there exists a subsequence {py,, } of {pn} such that p,, — & € X
and

Jinn o, = v | =0,
—00

then & € VI(K,T).

Proof. Fix any z € K. For each k, since

the projection characterization (Lemma 2.1) yields

<pnk - 6nkTpnk - Unkv U?’Lk - Z> Z 07 VZ € K

Equivalently,
1

(38) 57<pnk - U’I’Lk7 z— ’U’I’Lk> + <Tp’ﬂk7 U’I’Lk _pnk> S <Tp77,k7 z _pnk>7 VZ S K
ng

Step 1: Boundedness and weak convergence of v,, . Since p,, — %, the subsequence {p,,, }
is bounded in X. Because T is L-Lipschitz (hence bounded on bounded sets), {T'p,, } is
bounded. Moreover, ||p,, — vpn,|| — 0 implies {v,, } is bounded as well. Finally, from
lpny, — vn,ll = 0 and p,,, — & we obtain v,, — &: indeed, for any u € X,

<vnk7u> = <pnwu> + <Unk, _pnk7u> - <§7?u>
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By Lemma 3.7, there exists
dp := min {61, %} >0
such that
On,, > do, Vk > 1.
Hence all fractions are well-defined.
Step 2: Passing to lim inf in (3.8). In (3.8), the first left-hand term satisfies
1 1
67<p’mc — Uny, 2 — vnk> < d70||pnk — Uny, ”HZ — Uny, ” — 07
Nk
because ||pn, — vn,|| — 0 and {v,, } is bounded (hence ||z — v,,, || is bounded). Similarly,

|<Tpnk7 Unk - pnk>’ S ||Tpnk H ||'Unk _pnk || — Oa
since {T'p,, } is bounded and ||v,,, — Py, || = 0. Therefore, taking lim inf},_, in (3.8) gives
3.9) Hkminf(Tpnk, z—pn,) >0, Vz e K.
— 00

Step 3: Transfer of the inequality from p,,, to v,,. For any z € K, expand
(310) <T'Unka Z— 'Unk> == <T’Unk - Tpnka Z — pnk> + <Tpnk7 z = pnk> + <Tvnk7 pnk - Unk>-
Since T is L-Lipschitz and ||v,, — pn,|| = 0,
(3-11) ||Tvnk - Tp”lkH < Lllvnk — Pny, H — 0.
Moreover, {z — py, } is bounded (because {p,, } is bounded), hence

(Tvn, — Tpn,s 2 — P,y — 0.
Also {T'vy, } is bounded (since {v,, } is bounded and T is Lipschitz), so

(Tvn,, Pny — Uny) — 0.

Combining these facts with (3.9) in (3.10) yields
(3.12) liminf(Tv,,, z — v, ) >0, Vz e K.

k—o0

Step 4: Identification of the weak limit point. Since v,, € K for all k, v,, — %, and K is
closed and convex, it follows that
T e K.
From (3.12), we have
lim inf(Tv,, , z — vy, ) >0, Vz e K.

k—o0

By Lemma 3.8, applied to z;, = vy, , we obtain
& e VI(K,T).
O

Lemma 3.10. Let conditions (C1)—(Cy) and (Cy) be satisfied, and let the sequence {s,,} be gen-
erated by Algorithm 1. Then, for every & € VI(K,T) NFix(F), there exists no € N such that, for
all n > ng,

[sn = 211> < |lpn — &1* = llpn — 0 — pOnknll®
1— (In 4 brp)dy,

6n+1 2
3.13 —(2— n — Unll”.
(3.13) (2=p)p Hﬁ%+%m% F2 [

6n+1

2
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Proof. Let @ € VI(K,T) NFix(F'), and define
apn = pn — vy, and d, :=Tp, — Tv,.

Then
kn, = ap, — Ondy,.
Since
Up = PK(pn - 5nTpn)7
the characterization of the metric projection yields

(P — 0 TDr, — Uy 2 — V) <0, Vz € K.
Hence, the half-space
M, ={z€ X :{(pp — 0,Tpn — Vn,z —v,) <0}

contains K. Since & € K, we obtain

T e M,.
Suppose first that T'p,, # T'v,,. By the step-size rule in Algorithm 1,
buss =min{ £t 6,0}
Therefore,
Spi1 < (ln + bnN)Hpn - Un” )
TP — Tl
Consequently,
In 4+ bnpt

ldnll = 1Tpn = Ton|| < llan-

5n+1
If T'p,, = Ty, then d,, = 0, and the above inequality holds trivially.

Hence,
[knll = llan — 0ndy||

< lan|| + dnlldnl|
lp + by )0,
<(1+( bt )nan.
6n+1

Moreover,
<an7 kn> = (an, an — 5ndn>

= ||a’n||2 - 5n<an7 dn>
> Jlanl® = dnllan]| [|dn]|
I, +b
> <1 _ (Jr"u)é”> ||Cln||2'
5n+1
By Lemma 3.7, §,, — ¢ > 0. Hence,

On
1.
6n+1
Since l,, — 0 and b,, — 1, we obtain
l bn 671
7(n+ ) - — u < 1.

5n+1
Therefore, there exists ng € N such that, for all n > ng,

1—
6n+1

> 0.

517
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Since

Sn = Pur, (pn — pOnkn)
and & € M,, Lemma 2.2(iii) implies that

s = &l1* < llpn = pOnkn = &lI* = [P0 = pOukn — sul*.

Expanding the first term, we obtain
lsn = 2* < llpn = 2% = llpn = 50 — Pkl |*
— 200, (kn, Sn — Z).
Since s,, = P, (P, — p9nky) and & € M,,, the projection property yields
(pn — pOnkn — Sp, @ — sp) < 0.
Equivalently,
Pn — Sn, T — Sp) < pUn{kn, & — sp).
Using the identity
2(pn = 80,8 = $u) = [P = 201 = Ipn = 801> = lIsn — 2,

together with the previous inequality, we obtain

Hsn - i”2 < ”pn - jH2 - Hpn — Sn — pﬂnkn”2 -(2- p)pﬁ721||kn||2.

Finally, since

<an7kn>
ﬂn = 5
|| ||?
we have
ns kn)?
02 2 = 0 n)”
(| |I?

Using the lower bound for (a,, k,,) and the upper bound for | %, ||, we obtain

l’l’L + bn,u 6” 2
(1 Gt} e
92 || > 7 - A%
<1 + 5“) llan
L Ut bap)8n\ ®
- L | a2
5n+1

Since a,, = p,, — vp, the desired inequality follows.

O

Theorem 3.1. Assume that conditions (C1) — (Cy) hold, and let {x,,} be the sequence generated
by Algorithm 1. Then the sequence {x,} converges strongly to the unique point & € 1 :=

Fix(F) N VI(K, T) satisfying & = Pa(f(z)).

Proof. We divide the proof into four parts as follows:
Claim 1. The sequence {z,,} is bounded.

First, we consider the definition of the intermediate sequence m,, from Algorithm 1, which

is given by
my, = (1 —0,)sn + 0 Fsy.
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Using the properties of the norm in a Hilbert space together with the x-demicontractivity
of F' in condition (Cs), we obtain

[[mn — 57“2 =1 —on)sn + 0nF'sn — i”2
= |l(sn = 2) + on(F'sn — Sn)H2
= |lsn — 2|1* + 200 (sn — 2, F'sy, — 5p) + 02| F'sp — 5]|?
< lsn — jHQ +on(k = 1)[|Fsp — 5n||2 +U721||F5n - 5n||2

=|sn — §7H2 —on(l =Kk —0,)||Fsn — sn||2.

By applying the estimate for ||s, — Z||? from Lemma 3.10 and using the assumption
0<a<o,<b<1-k,weobtain

(3.14)
 Uatbam)dn \ 2
A A 671
I = @11 < o = 1" = 1P = 80 = p0ukall® = (2= )0 | Ty | 1P = 0l
Ont1

—0on(1 =k —0p)||Fsn — snl?.
By condition (Cy) and Lemma 3.7, we have /,, — 0, b, — 1, and 6,, — ¢ > 0. Hence

(ln + bn,u)(sn N
§n+1

Consequently, there exists a positive integer ng € N such that for all n > ny, the coefficient

(L + bpp)dy,

1—
611—0—1

> 0.

Substituting this into (3.14), we conclude that for all n > ny, all subtracted terms on the
right-hand side are non-negative, which yields

(3.15) Imn = &|* < llpn = 21> = lmn — @] < llpn — 2]

Next, we analyze the boundedness of the inertial terms. By the definition of p,, in Algo-
rithm 1 and condition (C5), we have

1Pn = &[| = [lon + (1 = an)en(Jon — Jon_1) — &
= H(ajﬂ - j) + (1 - Oén)€n(Jl‘7L - Jl'n—l)”
(3.16) < an — 2| + (1 — an)enl|Jzn — JTpm 1|

< Hﬁn - i” + (1 - an)[‘:onn - xnfln

. e
= Hl‘n—l'H-f—Oén (1_an)7n‘|xn_l’n71” .
Oy,

According to Remark 3.1 and condition (C7), the term (1 — a,) 2= ||z, — 2n—1|| converges
to 0, and thus it is bounded by some constant T > 0. Therefore,

lpn — 2| < ||lzn — 2| + @n Y.
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By the definition of ¢,, in Algorithm 1 and condition (C5), we have
llgn — 2|l = |z + (1 = Bo)sn(Jn — J2p1) — 2|
= [(xn —2) + (1 = Bn)sn(Jzn — Jzp_1)||
<lzn — 2+ (1 = Ba)snllJon — Jop_1|

(3.17) K
< lwn = 2[ + (1 = Bu)snllzn — 2n—1l|

= ||£Un - ‘/2.” + an ( Bn) Hirn — Tp— 1||

According to Remark 3.1 and condition (C7), the term (1 — ﬁn) ||:cn Zn—1]|| converges
to 0, and thus it is bounded by some constant Yo > 0. Therefore
||Qn - i” < ||xn - Z'” + a,To.
By the definition of z,,11 in Algorithm 1 and condition (Cs), we have
|Zni1 — 2l = [Janf(gn) + (1 — an)mp, — 2|
(3.18) < anllf(gn) = f@)|| + anll f(&) = 2[] + (1 — o) [[mn — 2
< annllgn — 2| + an|[ f(2) — &[] + (1 — an)llpn — 2|
Substituting (3.16) and (3.17) into (3.18), we have
[Znt1 = 2| < annl(lzn — 2| + anT2) + anl| f(2) — 2] + (1 — an)([|zn — 2] + 2 T1)
<A —an=n)zn — 2+ an (T2 + Y1+ [ f(E) — 2|)

. f(&) — 2|+ T:
— (1= a1 = il =l + a1 — ) (LI
where T3 = Y5 + T,. By iterating the above recursive inequality, we obtain
T
|z — Z|| Smax{”m z, ||f()$||+3}’ Vn > ng.
-n

Hence, the sequence {z,} is bounded, which further implies that {p,}, {¢n}, {sn}, and
{my} are also bounded.
Claim 2. The following inequality holds for all n > ng:

_ Untbap)dn

on
(= an)llpn = sn = poukall® + (1= )2 = P)p | T gingy | IPn = val

On41
+ (1= an)on(l =k —0n)sn — F5n||2 < lzn — i“‘z - Hxn+1 - JEHQ +a, 17,

for some constant Y- > 0.
From Lemma 3.10, we obtain

(3.19) l[sn — 2 < [[pn — Z]-
By using (3.16) and (3.19), we have the following estimate:
(3.20) [sn — 2l < lpn — 2| < llzn — 2| + anT1.

Squaring both sides of the inequality for ||p,, — &, we get

lpn = &)1 < (lzn — 2l + anT1)?

(3.21) . .
= |lzn — x”Q +an (212, — 2 + O‘n’r%)'
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Since the sequence {z,} is bounded, it implies that the term in the parenthesis is also
bounded. Thus, there exists a constant T4 > 0 such that 27 ||z, — & + @, T3 < T4 for all
n € N. Therefore, inequality (3.21) can be rewritten as

[P — 2|12 < lzn — 2[1* + an T4
Similarly, from the definition of g, in (3.17), we obtain

lgn = &[1* < (lon — @[ + 0 T2)?

(3.22) ) )
= ||z — x||2 + an(2Ys)|zy — 2| + oz"T%).

Due to the boundedness of {x,,}, there exists a constant T5 > 0 such that 27s||x,, — || +
a, Y3 < Y5 for all n € N, which leads to

lgn — 21 < [lan — 2% + anTs.
Next, we examine the term involving the contraction mapping f:

anllfan) = 2] = anllf(gn) — f(2) + f(2) - 2]*.

Using the property |la + b[|? < ||la]|? + ||b]|? + 2||al|||b]| and condition (Cs), we deduce
(3.23)
anll fan) = &* < onllf(gn) = F@)° + anll £(2) = 2] + 20m]| £ () = f@)If (@) — 2]

< an’llgn — ZII° + anll f(2) — &* + 200nlgn — &[]]I f(2) — 2]
< an? (|2 — 2 + a0 Ts) + anll f(2) = 2] + 20m1llgn — 2|1 £(2) — 2]
< anllzn = 2|7 + an[n*anTs + 1 £(2) = 2I° + 2nllgn — 2| £(2) - ]]],

>

where we used the fact that n? < 1. Since the sequences {z,,} and {q,, } are bounded, there
exists a constant T > 0 such that

nan s + || (&) = &[* + 2nllgn — (| f(2) — 2] < T6, VneN.
Therefore, inequality (3.23) simplifies to
anll f(gn) — i||2 R j7||2 + o Ts.

Finally, using the convexity of the squared norm, we obtain

|41 — 5%“2 = [lanf(gn) + (1 — an)my, — sz
< anllf(gn) — 2] + (1 = an) mn — 22
< anl flan) = 2[* + (1 = an)[lpn — 2
— (1= an)lpn = 50 = pOnkall®
1 — (Gatbap)dn

6’”.
—(1—an)(2-p)p H”"ﬁ [

On+1

— (1 —an)on(l =k —0,)||Fsy — snl?
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< aplzn — 27 + an Yo+ (1 — o) || — &> + an Ly
= (1= an)|pn = sn = pOnkal?

1— (L +bnp)dn

~ (- a2 plp M*Z-W Ion = vall
—(1=an)on(1—k—o0p)||Fsn— sn||2
= |lzn — 2] + o (Y6 + Ta)
— (L= an)llpn = 50 = k]
_ (lntbrp)dn
~ (1= a2~ p)p H(g)g I2n = vall®

—(1=an)on(l1—k—o0p)||Fsn— sn||2.

This implies the following fundamental inequality:

1 = Qatbasy \ 2
6'”.
(3.24) (1= an)llpn = sn — pOnkal® + (1 — an)(2 = p)p Haj Pn — vn|?
Ont1

+ (I —an)on(l — Kk —0n)|[Fsy — SnH2 < lzn — QA:HQ = |@nt1 — 'in + o Y7,
valid for all n > ng, where Y7 = T4 + T¢ > 0.
Claim 3. The following estimate holds:
. . 2 N A .
Jnsr — 312 < (1= (1 = )an) n — 22 + (1 = n)an [1_77<f(x) &, g — B)

3T85n
(1 —=mn)an
First, by the definition of p,, in Algorithm 1 and condition (C5), we have

3nTos,
1—n

. 2 — wnor ]| + ln xn_lu].

[pn = 2l = [[#n + (1 — an)en(Jon — Jan_1) — 2

<lwn = 2] + (1= an)en||Jen = Jrn ||

S lzn =2 + (1 — an)enlzn — za-al.
By the triangle inequality and the fact that (1 — «,,) < 1, it follows that
(3.25) lpn = & < llzn = &[] + enllzn = 2znall.
Squaring both sides of (3.25) and using the boundedness of the sequences, we deduce

lpn = 2[1* < (lzn — 2l + enllon — zn-l))®

(3.26) = [lzn = 2[1? + 2enllzn — &0 — 2ol + eRll2n — T |?
< @ — £||2 + 3enl|Tn — Tpo1|| max{||z, — 2||, enllvn — Tr1}
< [[n = 72 + 3Tsenllzn — 201l

where Tg = sup, cn{|lzn — &, €nllzn — zn—1]|}. Similarly, from the definition of ¢, in
Algorithm 1 and condition (C5), we have

”qn - ‘%H = Hﬁn + (1 - Bn)gn(an - anfl) - ‘%H
< Hxn - ‘i” + (1 - 5n)§n||J$n - Jmnflll
< Hxn - i” + (1 - /Bn)gnnxn - xn—l”-
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By the triangle inequality and the fact that (1 — 3,,) < 1, it follows that
(3.27) lan — 2| < llzn — &l + <nllzn — zn-all-
Squaring both sides of (3.27) and using the boundedness of the sequences, we deduce
llgn — ‘%”2 < ([lzn — 2| + snllzn — xn71||)2
= Hxn - 5&”2 + 2§onn - CE””xn - xn—lH =+ €§H~’Cn - xn—1||2
= ||zn — 3%”2 + Sallzn — Tp1l|2llzn — 2l + Snllzn — Ta-1])-
Let Ty = sup,,en{llzn — Z||, Snl|zn — zn—1l/}. Then, we have
(3.28) lgn = 2] < llen — 2]|* + 3Tosullen — o1

Next, using the convexity of the norm squared and the property ||a+b[|? < ||a||* +2(b,a +
b), and since n? < n for 0 < 7 < 1, we obtain

lzns1 = 2] = [|eanlf(an) = f(@)] + (1 = an)(mn — &) + an(f(2) - 2)

< Jan(f(gn) = F(2)) + (1 — an)(my — &)||* + 200 (f (%) — &, 241 — 2)
< anllgn — &% + (1 — an)llmn — &% + 200 (f(2) — &, 21 — &)

| 2

Substituting the estimates ||m,, — Z|| < ||pn — Z|| from Claim 1, along with (3.26) and (3.28):
st — 212 < aun(llan — 12 + 3Tgsullzn — 2a-1)
+ (1= an)(lzn — &)* + 3Tsen|zn — zp-1])
+ 200, (f(&) — &, Tpy1 — T)
< (1= (1= man)lzn — 2 +3(1 = an) Tsenllzn — 2o
+ 3annYosn||xn — Tn-1]] + 2an<f(§c) — &y X1 — 50>
Finally, by factoring out (1 — n)a,, and noting that (1 — a,,) < 1, we conclude

2
ensr — #l7 < (1= (1= man)lan — 2] + (1 = n)as [1_77<f(:%) — &, T — &)

3T85n 377T9§n
+ o —llen — Tl + 2 — 1|l
(1—=n)ay, 1-n
Claim 4. The sequence {||z,, — £||?} converges to zero.
Define
an = ||z — 2|7,
2 ) — 4 5 3Tsen 3nTosn
en = T 77<f(96) T, Tpg1 — ) + 1= n)an |ln — Tp_1] + - |Zn — 2n_1]|-

Then Claim 3 can be restated as
ant1 < (1 —cp)an + cpen, where ¢, = (1 —n)ay,.
By Lemma 2.6, it suffices to show that limsupe,, < 0 for every subsequence {ay, } such

k— o0
that likm inf(an,+1 — an,) > 0. Let {||z,,, — Z||} be such a subsequence. Then,
ede el
tim inf ([[n, 41 = 2] = 2, — )
k—o0

= timinf (J2n, 41— 2]l = [2n, = &) (|20, 41 = 2l + 20, = 21) 2 0.
k— o0
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Since o, - 0and 0 < a < g, < b < 1 — K, there exists N € Nsuch that1 — o, > % for all
n > N. Hence,

a(l—Kk—>b)=:1¢; >0.

N | =

(I—ap)on(l—K—0y,) >
Since
(ln + bnﬂ)5n
5n+1
there exists a constant ¢; > 0 such that

—u<l1,

(ln + bnﬂ)én 2

1 _
5n+1
_ _ >
(1—an)(Z—p)p (U + bpp)on | =
14 ~n Tt OnfCn
5n+1

for all sufficiently large n.
By Claim 2 and condition (C7), we get

lim sup (1 - ank)”pnk — Snp — p’ﬁnk knk ”2
k—o00

1 — Ungtbnyi)dng \ 2

Onp+1 2
+ (1 - O‘nk)(Q - p)p 1+ (Ing +bny 100, ”pnk — Uny, ”

Onp+1

(1= an)ow (1= £ — )5y — anan]

<tmnsup [, — 3l = en 1~ 217 + a0, Tr| <0

k—o0
which implies that
(3.29) klinolo 1Py, — Sy, — POnykn, |l = klggo Py — Vny |l = kh—{go $n — F'sn, || = 0.

Furthermore, by using the triangle inequality and Cauchy-Schwarz:

Hpnk — Sny ” < Hpnk — Sny — pﬂnkk”k || + pﬂnk ”knk ”

<pnk, — Uny, knk>
(B
< Hpnk — Sny, — pﬂ”kknk || + p”pnk — Uny ”

(3.30) = [|Pae = $n = POnikon|| +p

Recalling (3.29), it follows that klim lpn, — sn,. || = 0. By condition (C7) and the definitions
— 00

of p,, and g, , we have
(3.31) lm ||pn, —Zn,[|=0 and lim |gn, — zn.]| = 0.
k—o0 k—o0
Using (3.30) and (3.31), we obtain
(332) klim ||8’ﬂk - xnk” < lim “|Snk _pnkH + Hpnk - xnk”] =0.
—00 k—o0
From m,,, = (1 — o, )Sn, + 0n, F'sn,, we deduce
(333) Hmnk - Snk” - Jnk||F$nk - sﬂk” < ”ank - S”kH — 0.
Combining (3.33) and (3.32), and using the definition
Tni1 = an f(qn) + (1 — ap)may,
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we estimate
||'Tnk-+1 — Ty, ” < Qny, ”f(an) = Ty, H + (1 - ank)”mnk = Ty, ”
(334) < Ay, ||f(an,) = Ly, H + ||mnk — Sny ” + ||snk = Ty, H

Since {z, } and {g¢, } are bounded and f is a contraction, || f(qn, ) —n, || is bounded. More-
over, by condition (C7), a,,, — 0. Together with (3.33) and (3.32), we obtain

(3.35) [€nt1 = @n, | >0 (k= 00).

Since {x,, } is bounded, there exists a subsequence {a:nkj } such that

(3.36) Ty, ~w (= 00).

Step 1: w € Fix(F'). From (3.32) we have Sni, — Ty, = 0, hence Sny,, — W By (3.29),
Hsnkj - ankj ” — 07

that is,
(I - F)snkj — 0.

Since I — F is demiclosed at 0 by condition (Cs), we conclude that
w € Fix(F).
Step 2: w € VI(K, T). From condition (C7) and the definition of p,,, we have
1Pny = @y | =0,

hence p,, R, W Together with (3.29), which gives

||pnk — Uny ” - 07

Lemma 3.9 yields

we VI(K,T).
Therefore,
(3.37) w e Q:=Fix(F) N VI(K,T).

Recall that & = Po(f(Z)). Hence, by the characterization of the metric projection,
(3.38) (f(@) -2, y—2)<0, VyeQ.
Taking y = w and using (3.36), we obtain

im (f(2) = &, zn,, — 2) = (f(2) = 2, w — &) <0.

Jj—oo
Hence,

(3.39) limsup(f(Z) — &, zn, — ) <0.

k—roc0
Moreover, from (3.35),
Tppt1 — & = (Tn, — &) + (Tppr1 — Tny),
and therefore
(@) =& 2pr — 2) = (f(2) = 2, T, — 2) + (f(&) — &, Ty — Tny)-
Since f (&) — % is fixed and ||y, +1 — Zn, || = 0, the second term tends to 0. Thus,
(3.40) limsup(f(Z) — &, @n,+1 — &) <O0.

k— o0
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Therefore, all the conditions of Lemma 2.6 are satisfied, and we conclude that
lim |z, —Z| = 0.
n— o0
This completes the proof. O

Corollary 3.1. Assume that all conditions of Theorem 3.1 hold. If F' is a quasi-nonexpansive
mapping, then the sequence {x,,} generated by Algorithm 1 converges strongly to a point & €
O :=Fix(F) N VI(K,T), where & = Po(f(Z)).

Proof. By the definition of quasi-nonexpansiveness, for any € X and any & € Fix(F'),
we have
[Fa — 2| < [l — 2.
Squaring both sides of this inequality yields:
1Fa —2]* < flo — 2%
This can be equivalently expressed as:
|F —2]* < o = &* + 0 || — Fal|?,
which satisfies the x-demicontractivity inequality with x = 0.
With condition (C) ensuring that I — F' is demiclosed at zero and all other hypotheses
remain unchanged, the mapping F satisfies all assumptions of Theorem 3.1 as a particular

case. Consequently, the sequence {z,,} converges strongly to & € 2, completing the proof.
O

Corollary 3.2. Assume that all conditions of Theorem 3.1 hold. If the viscosity mapping f is
the constant zero mapping (i.e., f(x) = 0 for all x € X), then the sequence {x,} generated
by Algorithm 1 converges strongly to the minimum norm solution of the problem, given by & =
Pq(0), where Q := Fix(F) N VI(K,T).

Proof. Let f : X — X be defined by f(x) = 0forall z € X. Itis clear that f is a contraction
mapping with contraction constant = 0. In this case, the iterative step x,,11 = a, f(¢n) +
(1 — ay,)m,, simplifies to:
Tpt1 = (L — ap)my,.
By substituting n = 0 and f(2) = 0 into the proof of Theorem 3.1, all estimates and con-
vergence arguments remain valid. The sequence {z,,} thus converges strongly to a point
Z € Q. According to the optimality condition for the metric projection in Theorem 3.1, the
limit point satisfies:
& = Pa(f(2)) = Pa(0).

This confirms that the sequence converges to the point in 2 that is closest to the origin,
which completes the proof. O

Corollary 3.3. If Algorithm 1 employs only a single inertial term (for example, by setting ¢, = 0
or €, = 0 for all n € N), then the resulting single-inertial subgradient-extragradient scheme
remains strongly convergent to & € Q under the same assumptions as Theorem 3.1.

Proof. Consider the case where ¢,, = 0 for all n > 1. Then the inertial step p,, reduces to
Pn = Tn,
and only the inertial effects of ¢,, remain in the definition of ¢,. In this case,

€
enllZn —2n 1| =0 and —“||x, —2,_1||=0
Qp

for all n > 1. Hence, by Remark 3.1 and condition (C?%), all terms involving &, van-
ish identically. Consequently, the corresponding estimates in the proof of Theorem 3.1
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simplify accordingly, while the remaining arguments remain unchanged. Therefore, the
convergence analysis developed in Claims 1-4 continues to hold.

The case ¢, = 0 can be treated analogously. In this situation, all terms involving ¢,
vanish identically, whereas the remaining estimates and convergence arguments remain
valid without modification.

Hence, in either case, the sequence {z,} converges strongly to the point € ) satisfy-
ing

& = Po(f(2).
(|

Remark 3.2. These special cases demonstrate that Theorem 3.1 unifies and extends several ex-
isting results in the literature, including classical extragradient methods, viscosity approximation
methods, and more recent developments in inertial subgradient-extragradient algorithms.

4. NUMERICAL EXPERIMENTS

Example 4.1 (Verification of Theorem 3.1 assumptions). Let X = R? K = {z € R? :

10
|zl <1}, and T'(x) = Az where A = . Then T is L-Lipschitz continuous with L = 1,

o 1L

2
weakly pseudomonotone, and sequentially weakly continuous. Choose F(x) = 1w, which is k-
demicontractive with k = %, Jx = x is nonexpansive and let f(z) = %x Hence, all conditions

(C1) — (Cy) of Theorem 3.1 are satisfied, verifying the applicability of the proposed algorithm.

TABLE 1. Parameter configuration used in Algorithm 1 for Example 4.1
with zg = 21 = (0.8, —0.6)7, stop when Error = ||p,, — v,,[| <1071°.

Parameter | Value / Definition | Range / Property
p 1.0 (0,2)
[ 0.5 (0,1)
01 0.8 >0
o
" 1074 nz::1 Y < 00
K 0.25 [0,1)
On 0.5 (a, 1 —k)
an ﬁ — 0, ioj oy = 00
n=1
Bn #1 same as a;,
Dn a? i—: —0
0n a? 2—’; —0
lp (n+11)1,2 lp—0
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Parameter | Value / Definition | Range / Property

by, L+ Gz by, —1
Tn % summable

TABLE 2. Numerical results of Algorithm 1 with 2y = z; = (0.8, —0.6)T
under four cases.

Case Iterations | Elapsed Time (s) Error
Full (two inertial + f) 23 0.00432 8.18 x 10~ 11
No viscosity (f = 0) 25 0.00486 9.02 x 10~ 11
Single inertial € only 28 0.00511 1.11 x 10710
Single inertial ¢ only 30 0.00548 1.26 x 10710

Next, we present two numerical examples to illustrate the computational efficiency of
Algorithm 1 in comparison with Algorithm 2, Algorithm 3, and Algorithm 4, as follows:

Algorithm 2

Initialization: Choose ¢ > 0,d; > 0, p € (0,2),
Let {an} € (0,1), {7} C [0,00),{ln} C [0,00),
sequences.

Let {0, } be a sequence satisfying 0 < a < g,, < b < 1 — & for some constants a,b > 0.
Iterative Procedure: Given the previous iterates z,_; and z, for n > 1, compute the
next iterate x,, according to the following steps:

Step 1: Select parameters ¢,, such that¢,, € [0,&,], where

0,1), and let zy, 1 € X arbitrarily.

e (
{b,} C [1,00), and {¢,} is positive real

n—1
n+e—1

. n—1 . .
En = mln{ , On } , if v, # x,_1, otherwise
nt+e—1" ||z, — xpn_1]

Step 2: Compute
Pn=2n+ (1 —an)en(Jo, — Jxp_1),

and compute

vp = Pr(pn — 6,Tpn)-
If p,, = v, or T'p,, = 0, then terminate; p,, is a solution of the VIP. Otherwise, proceed to
Step 3.
Step 3: Compute

sn = Pt (Pn — pOnkn),

where
M’ﬂ = {Z S X : <pn _6nTpn —Un,Z—’Un> S 0},
<pn — Un, kn> .
~—— L ifk, #£0,
Uy = [ ||?
0, otherwise,
and

kn =Pn — Un — 5n(Tpn - Tvn)
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Step 4: Compute
Tpi1 = an f(pn) + (1 — an)my,

where
My = (1 —0p)sn + onFsy.
Update
(ln + bnﬂ)”]%L - Un” } .
s OnOn + Y oy i Ty # Ty,
Ony1 = { [Ty — Toy |
Unén + Yny Otherwise.

Setn :=n+ 1 and go back to Step 1.

Algorithm 3

Initialization: Choose ¢ > 0,1 > 0, p € (0,2), i € (0,1), and let zp, z1 € X arbitrarily.
Let {a,,} € (0,1), {7} C [0,00),{ln} C [0,00), {bp} C [1,00), and {¢,} is positive real
sequences.

Let {0, } be a sequence satisfying 0 < a < 0, < b < 1 — & for some constants a, b > 0.
Iterative Procedure: Given the previous iterates x,,_; and z,, for n > 1, compute the
next iterate x,,41 according to the following steps:

Step 1: Select parameters ¢, such that ¢,, € [0, &,], where

n—1
n+e—1

n—1 . .
Ep = min{ , On } , if 2, # 21, otherwise
n+e—1"[lzn — zp|

Step 2: Compute
Dn = Tn +En (T — Tp_1),

and compute

Un = P (pn — 6.TDn)-
If p,, = v, or T'p,, = 0, then terminate; p,, is a solution of the VIP. Otherwise, proceed to
Step 3.
Step 3: Compute

sn = Pu, (pn - pﬂnk‘n):

where
Mn = {Z € X : <pn - §nTpn — Un, % _Un> S 0},
<pn — Un, kn> .
— = ifk, £0,
Un = HanQ
0, otherwise,
and

kn = pn — vy — 0n(Tpr — Tvp).
Step 4: Compute
Tpi1 = QpPp + (1 - O‘n)mna
where
My = (1 —0p)sn + onFsy.
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Update

(In + b ) ||pn — vl } .
n s OO0 + Y ¢y i Tpp # Ty,
{ 1Tpn — Toy||

Onln + Tn, otherwise.

5n+1 ==

Setn :=n + 1 and go back to Step 1.

Algorithm 4

Initialization: Choose p € (0,2), and let zy, z; € X arbitrarily.
Let {e,} € [0,1), {0} C (0,00), and {a,} C (0,1).
Let {0, } be a sequence satisfying 0 < a < 0, < b < 1 — & for some constants a,b > 0.
Iterative Procedure: Given the previous iterates z,,_; and z, for n > 1, compute the
next iterate x,,41 according to the following steps:
Step 1: Compute

Pn = Tn + 5n(xn - xn—l)y
and compute
If p,, = v, or T'p,, = 0, then terminate; p,, is a solution of the VIP. Otherwise, proceed to
Step 2.
Step 2: Compute

Sp = P]Wn (pn - pﬁnkn)y

where
Mn = {Z € X : <pn _6nTpn —’Un,Z—’Un> S 0}1
<pn — Un, kn> .
—_— fk, 0
'19n = Han2 ! " ;é ’
0, otherwise,
and

kn =pn —vn — 0n(Tpn, — Top).
Step 3: Compute
Tpi1 = QpPp + (1 - O‘n)mna
where
my = (1 —0p)sp + 0nFsy.
Setn :=n + 1 and go back to Step 1.

Remark 4.3. Algorithm 2 is a single inertial subgradient-extragradient scheme. Its construc-
tion is primarily inspired by the seminal extragradient method of Korpelevich [14] for variational
inequalities, the subgradient-extragradient framework involving projections onto supporting half-
spaces [6], and the viscosity approximation technique [18] for ensuring strong convergence in
fixed point problems. Algorithm 3 is a single inertial subgradient-extragradient scheme. 1t is mo-
tivated by the classical extragradient method of Korpelevich for variational inequality problems,
the subgradient-extragradient framework based on projections onto a supporting half-space, and
hybrid fixed point techniques for demicontractive mappings. Algorithm 4 can be regarded as an
inertial hybrid subgradient-extragradient method. It is based on the extragradient technique of
Korpelevich, combined with inertial extrapolation and hybrid fixed point iterations.
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Example 4.2. Let m be the dimension of a real Hilbert space. The mapping T : R™ — R™ defined
as
T(x) =Mz +y,

where y = 0. Here, M = NNT + B + D, with N = rand(m) and K = rand(m) chosen
randomly, and

B =05K — 05K, D = diag(rand(m,1)).
Consider the real Hilbert space X = R™. The feasible set K is defined as

K={zeR":-10<z; <10}.
It is evident that the mapping T is weakly pseudomonotone and Lipschitz continuous with constant
L = ||M||. Additionally, let F' : X — X be the mapping is defined as
1

The initial points for the tests are xo = x1 = (2,2, 2,2,2). The parameters for all the algorithms
are taken as follows:

(1) Algorithm 1: 81 = 0.9, e = 0.6, ¢ = 0.85, p = 0.0001, p1 = 0.4, oy, = 545,
_ 1 _ . n _ _n _ 1 _ 1 __ _100
'7n - (n+30)1,37 Bn - 4n+37 Un - 4n+37 ln - n+50; bn - 1 + (n+2)27 ¢n - (n+1)3’

On = m, J(x) = {5, and f(x) = {5.
(2) Algorithm 2: 6, = 0.9, € = 0.6, p = 0.0001, p1 = 0.4, @ = 555, T = (rragyTss
7 = i b = s b =14 g O = Gy () = g and (@) =
(3) Algorithm 3: 6, = 0.9, e = 0.6, p = 0.0001, = 0.4, o, =
100

n —_—

1 1
On = Ih13> ln = nt50° bn =1+ W7and¢n = 13-
(4) Algorithm 4 : 6, = 0.9, p = 0.0001, o, = En =
The stopping condition for these experiments is
Error = ||p, — v || < 10710,
TABLE 3. Numerical results of Algorithms 1-4 for Example 4.2.

_1 -1
3n130° 10 = (n130)13>

_1 _n_ —__n_
3n+30° o and o, = i

Algorithm | Iterations | Elapsed Time (s) Error
Algorithm 1 78 0.014 1.2 x 1071
Algorithm 2 95 0.021 3.5 x 10710
Algorithm 3 102 0.025 6.2 x 10710
Algorithm 4 120 0.033 9.1 x 10710

50 B0 100 20 0,000 0,005 0,010 0015
aaaaaaaaa Time (s)

(A) Error vs. Iteration (B) Error vs. Elapsed Time

FIGURE 1. Numerical results of Algorithms 1 — 4 for Example 4.2.
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Example 4.3. Consider the nonlinear operator T' : R? — R? defined by

T T + 1y + sin(x
T = Y (@) Vr,y € R.

y —z +y +sin(y)
Let the feasible set K be
K =1[-2,2] x [-2,2].
It can be verified that T is weakly pseudomonotone and L-Lipschitz continuous for L = 3. Let A
be the 2 x 2 matrix

A:

Define a mapping F : R* — R? by

1 T
Fu)=+—Au for u=
A ,

Since F' is 0-demicontractive with constant x = 0, it is straightforward to see that the unique
solution of this problem is

0
0

=
|

TABLE 4. Numerical results of Algorithms 1 — 4 for Example 4.3.

Algorithm | Iterations | Elapsed Time (s) Error
Algorithm 1 68 0.011 1.1 x 1071
Algorithm 2 82 0.017 2.9 x 10710
Algorithm 3 90 0.020 5.5 x 10710
Algorithm 4 103 0.028 8.3 x 10710

0,000 0,005 0,010 0,020 0025

0,015
CcPU Time ()

(A) Error vs. Iteration (B) Error vs. Elapsed Time
FIGURE 2. Numerical results of Algorithms 1 — 4 for Example 4.3.

Remark 4.4. In Examples 4.1—4.3, the mapping F was chosen as a contraction, which is a special
case of demicontractive mappings. For completeness, future experiments will consider F that is

. ) . ) 3 1 . )
demicontractive but not a contraction, for instance F'(z) = —x + = sin(z) on bounded domains.
This would further demonstrate that Theorem 3.1 remains valid beyond the contraction setting.
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5. APPLICATION TO IMAGE RESTORATION PROBLEMS

This section demonstrates the application of Algorithm 1 to the image restoration task.
In practice, digital images often suffer from various forms of degradation during acqui-
sition and transmission, including blur and noise. The goal of image restoration is to
reconstruct the original clean image from a degraded observation.

We model the degradation process using the linear system

(5.41) y=Ax+ z,

where A : RY — RM is a known blur operator with M < N, z € R" denotes the original
image, y € RM is the observed image, and z represents additive Gaussian noise.
To recover the original image, we consider the constrained least-squares problem

1
42 in ~|ly — Az|3
(5.42) min o [|y — Az|l3,

where K C R¥ is a nonempty closed convex set representing prior constraints on the
image.

The optimization problem (5.42) can be reformulated as the variational inequality prob-
lem: find & € K such that

(AT(A% —y),z2—2) >0, VzeK.
Define the operator
T(x) = AT (Az —y).
Then T is weakly pseudomonotone and L-Lipschitz continuous with
L=|[ATA].

Hence T is weakly pseudomonotone and satisfies all assumptions required in Algorithm 1.
We compare the restoration performance of Algorithm 1 with that of Algorithm 2, Al-
gorithm 3, and Algorithm 4. The parameters for all algorithms are chosen as follows:

(1) Algorithm1:6; =0.9,e=0.6,¢=0.85,p=19, p =04, ap, = T—lr?)m
1 100

n n 1 L
Vo = W’ ﬁn = I3’ op = pro ln = (n+50)5° bn =1+ W’ ¢n = mv
On = Gty (@) = 45, f(2) = f5,and F(w) = 5.
(2) Algorithm2: 6, = 0.9, € = 0.6, p= 1.9, p = 0.4, @ = 5955, M = e

On = fnys In = (n+150)5’ bp =1+ (n+12)2’ on = (nlfg)?w J(z) = 15, f(z) = {3, and
(3) Algorithm 3: 6, = 0.9, e = 0.6, p = 1.9, p = 0.4, ap = 5455, Tn = W

100

S = Z

On = 4n73_37 ln = (n+150)57 b, =1+ ﬁa on = (n+1)3> and F(l’) 2°
(4) Algorithm4: 4, = 0.9, p = 1.9, an = 555, &n = 77, On = g, and F(z) = £
The test images are Pepper and Castle of sizes 256 x 256 and 128 x 128, respectively.
The images went through a Motion blur “fspecial(‘motion’, 7, 15)”. The performances of
the algorithms are measured via Peak Signal-to-Noise Ratio (PSNR) between a reference

image I,f and a reconstructed image Irec of size m x n is defined as [12]:
(MAX;)?2
MSE ’

where MAX; is the maximum possible pixel value of the image, and MSE is the mean
squared error defined by

MSE = % ZZ (Iref(ivj) - Irec(i7j))2 .

i=1 j=1

PSNR = 10 - log; (
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In addition, we use two state-of-the-art metrics for image quality: the structural similarity
index (SSIM) is defined as [26]:

(2ptatie, + C1)(2040, + Ca)
(13 + 43, + C)(0F + 03, +C)’
where p, and p,,, are averages of = and z,, respectively, o, and o,,, are the variance of =
and x,, respectively and o,,, is the covariance of « and z,,. The positive constants C; and

(5 can be thought of as stabilizing constants for near-zero denominator values. The one
important property of SSIM is

SSIM(z, zp,) =

lim SSIM(z,x,)=1ifand only if lim x, = x.
n— oo n— oo
The stopping condition for these experiments is
Error = ||p, — v, < 107,

The numerical results for this experiment are shown in Tables 5 — 6, Figures 3 — 4 and
Figures 5 — 6.

TABLE 5. Numerical results of Algorithms 1 — 4 for Pepper.

Algorithm | PSNR (dB) | SSIM | Time (s) | Iterations Error

Algorithm 1 | 30.3821 | 0.9205 | 0.2742 97 9.73 x 1071
Algorithm 2 | 29.2428 | 0.9131 | 0.3478 136 9.55 x 10~
Algorithm 3 | 28.1935 | 0.9077 | 0.4036 152 9.62 x 10~
Algorithm 4 | 27.1038 | 0.9004 | 0.4552 168 9.83 x 1071

30
Time (5)

(A) PSNR vs. Iteration (B) PSNR vs. Elapsed Time



Subgradient-extragradient algorithms with double inertial terms for solving image restoration problems 535

0925|
075|
0825|

0775

T 2
........ Time (5)

(C) SSIM vs. Iteration (D) SSIM vs. Elapsed Time

5 0 5 5o s oo o5 o 15 70 75 30 35
heration Time (5)

(E) Error vs. Iteration (F) Error vs. Elapsed Time

FIGURE 3. Numerical results of Algorithms 1 — 4 for Pepper.

‘

(B) Degraded

(D) Algorithm 2
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(E) Algorithm 3

(F) Algorithm 4

FIGURE 4. Image restored results of Algorithms 1 — 4 for Pepper.

TABLE 6. Numerical results of Algorithms 1 — 4 for Castle.

Algorithm | PSNR (dB) | SSIM | Time (s) | Iterations Error

Algorithm 1 | 31.4821 | 0.9285 | 2.1347 24 2.14 x 1071
Algorithm 2 | 30.3728 | 0.9013 | 3.4125 36 4.22 x 1071
Algorithm 3 | 29.8012 | 0.8897 | 3.7731 39 6.05 x 10711
Algorithm 4 | 30.1025 | 0.8941 | 3.2954 34 4.65 x 10711

(A) PSNR vs. Iteration

0.90

0.88

0.86

0.84

0.82

— Algorithm 1
— Algorithm 2
— Algorithm 3
— Algorithm 4

Iteration

(C) SSIM vs. Iteration

SSIM

b\

0.88

0.86

0.84

0.82

(B) PSNR vs. Elapsed Time

— Algorithm 1
— Algorithm 2
— Algorithm 3
— Algorithm 4

0.0 05 1.0 15 25 3.0 35

2.0
Time (s)

(D) SSIM vs. Elapsed Time



Subgradient-extragradient algorithms with double inertial terms for solving image restoration problems 537

—— Algorithm 1 —— Algorithm 1
— Algorithm 2 — Algorithm 2
1072 — Algorithm 3 1072 — Algorithm 3
—— Algorithm 4 —— Algorithm 4
107 107
§ 106 g 107
g
10°® 10°®
1071 10-10)
0 5 10 15 20 25 30 35 40 0.0 0.5 1.0 15 2.0 2.5 3.0 35
Iteration Time (s)
(E) Error vs. Iteration (F) Error vs. Elapsed Time

FIGURE 5. Numerical results of Algorithms 1 — 4 for Castle.

(A) Castle (B) Degraded

(c) Algorithm 1 (D) Algorithm 2

() Algorithm 3 (F) Algorithm 4

FIGURE 6. Image restored results of Algorithms 1 — 4 for Castle.
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6. CONCLUSIONS

In this paper, we proposed a new class of double-inertial subgradient-extragradient
algorithms for solving variational inequality and fixed point problems in real Hilbert
spaces. The incorporation of two inertial terms is intended to improve the convergence
behavior and robustness of classical projection-based iterative schemes, particularly un-
der challenging settings involving weak pseudomonotonicity and ill-conditioning.

We established strong convergence theorems for the proposed algorithms under mild
and practically verifiable assumptions, including weak pseudomonotonicity, sequential
weak continuity, and demicontractiveness. The theoretical results were further validated
through comprehensive numerical experiments on optimal control and image restoration
problems. The numerical results demonstrated that the proposed double-inertial meth-
ods achieve faster convergence and superior image quality metrics compared with con-
ventional single-inertial and non-inertial approaches.

The effectiveness and generality of the proposed approach suggest promising direc-
tions for future research. In particular, extending the algorithms to accommodate sto-
chastic settings, distributed optimization frameworks, and large-scale imaging problems
represents a natural progression of this work. Moreover, incorporating adaptive parame-
ter strategies and exploring acceleration techniques grounded in deep learning could fur-
ther enhance the practical applicability of inertial-type algorithms in complex real-world
scenarios.
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