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Efficient step size rule and golden ratio technique for
solving quasimonotone variational inequalities

HAMMED ANUOLUWAPO ABASS!, AUSTINE EFUT OFEM?2, AND MAGGIE APHANE?®

ABSTRACT. We propose a unified iterative method that integrates the subgradient extragradient method
with the golden ratio technique, tailored for solving quasi-monotone variational inequalities in real Hilbert
spaces. The proposed method incorporates a dynamic stepsize rule equipped with both linesearch and self-
adaptive techniques, eliminating the need for prior knowledge of the Lipschitz constants. We establish both
weak and linear convergence of the proposed method under some mild conditions, extending known results
from monotone and pseudo-monotone to quasi-monotone setting. Application to image restoration problem
and some numerical examples to demonstrate the efficiency and robustness of our algorithm were discussed.

1. INTRODUCTION

Variational inequality problems (VIPs) have emerged as a fundamental framework for
addressing numerous problems in nonlinear analysis, optimization theory, economics,
mechanics, and partial differential equations (see [2, 3, 9] and the references therein). Ow-
ing to their wide-ranging applications, considerable attention has been given to the study
of the existence of solution to this problem in Hilbert spaces.

The variational inequality was initially introduced by Fichera [12], and further devel-
oped by Lions and Stampacchia [20] in the context of equilibrium problems. In 1965,
Browder [6] extended the theory by formulating variational inequalities in a multi-valued
setting. Around the same time, Debrunner and Flor [11] investigated the Minty varia-
tional inequality on Banach spaces and established the first known existence results for
this formulation.

Let K be a nonempty closed and convex subset of a real Hilbert space Hand G : H — H
be an operator. Recall that the problem VIP for the operator G on K is to find ¢ € K such
that

(L) (Gg,p—q) >0VpekK
The solution set of VIP (1.1) is denoted by Z. The dual VIP is to find ¢ € K such that
(1.2) (Gp,p—q) >0VpeK,

we denote the solution set of VIP (1.2) by Zp. It is obvious that Zp is a closed convex set
(possibly empty). In the case G is continuous and D is convex, we have

Zp C 7.

If G is a pseudomonotone and continuous, then Z = Zp (see, Lemma 2.1 in [10]). The
inclusion Z C Zp is false, if G is quasimonotone and continuous mapping (see, Example
4.2 in [38]).
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The most popular projection method for solving variational inequality problem intro-
duced by Korpelevich [18] in finite-dimensional Euclidean spaces, is specifically designed
for monotone and Lipschitz continuous operators. This method requires computing two
projections onto the feasible set K per iteration. However, when K denotes a general
closed, convex set, this process may become computationally demanding and challeng-
ing, potentially hindering the efficiency of the extragradient method. To dispense with the
limitation of the extragradient method, Censor et al. [7] proposed the subgradient extra-
gradient method which employs a projection onto half-space instead of the second projec-
tion onto K in the Korpelevich original method. This method can be computed explicitly.
Another alternative method to the extragradient method is the well-known method pro-
posed by Tseng [37]. This method requires only one projection per iteration and have
been employed for solving variational inequality and variational inclusion problem both
in linear and nonlinear spaces. Readers should consult [32, 39, 19, 24, 29] for more details
on the methods for solving variational inequalities.

In recent year, the class of pseudomonotone mappings have been studied for solving
variational inequality problem (see, [10, 37, 4] and the references therein). In particu-
lar when the operator associated with the variational inequality is pseudomonotone and
sequentially weakly continuous, the extragradient method is introduced (see [37]). It is
worth-mentioning that aforementioned methods in [10, 7] employ pseudomonotone oper-
ators. Nonetheless, it is important to mention that the peudomonotonicity of the operator
G cannot be carried over to the case when G is quasimonotone. For instance, when G is
quasi-monotone, the dual variational inequality is not equivalent to VIP (1.1). Also, the
quasi-monotone operators which generalize pseudomonotone operators, have numerous
application across various fields due to its flexibility in modeling non-convex, non-smooth
or degenerate problems. Also quasi-monotone operators ensure the existence of solution
under weaker conditions, making them essential for handling real world models where
stronger monotonicity assumptions fail.

It is worth-mentioning that the step-sizes employed in [5, 4, 15, 34, 35] heavily depend
on the Lipschitz constant of the operator thereby limiting their applicability. To dispense
with the Lipschitz constants, several authors introduced a line search procedure, which
is known to consume extra computation time and memory during implementation. As a
way to overcome this setback, the self-adaptive technique which is more effective and ap-
plicable than the line search procedure was introduced for selecting the stepsize without
a prior estimate of the Lipschitz constant.

To accelerate the convergence of iterative processes, various extrapolation techniques
have been proposed (see for e.g. [13, 25, 26, 27]). One prominent approach is the iner-
tial method introduced by Polyak [21, 31], which is inspired by a second-order dynamical
system designed to enhance convergence speed. This method leverages information from
previous iterates by incorporating an additional term, known as the inertial extrapolation
term, into the update rule. Another notable contribution is the golden ratio technique,
proposed by Malitsky [22], as an extrapolation strategy for solving mixed variational in-
equalities. This method requires two initial points, which are convexly combined using a
fixed weight to generate the next iterate. The weight is determined by the golden ratio,

defined as 3 = @ Owing to its effectiveness in improving convergence behavior, this
technique has attracted growing attention in recent research (see [23, 30] and the refer-
ences therein).

Motivated by the results discussed above, we propose a unified iterative method that
integrates the subgradient extragradient method with the golden ratio technique, tailored
for solving quasimonotone variational inequalities in real Hilbert spaces. The proposed
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method incorporates a dynamic stepsize rule equipped with both linesearch and self-
adaptive techniques, eliminating the need for prior knowledge of the Lipschitz constants.
We establish both weak and linear convergence of the proposed method under some mild
conditions. Finally, numerical experiments are presented to illustrate the effectiveness of
the new step size procedure. Our findings extend and unify several existing results in the
literature. We highlight our contributions as follows:

(1) Our method is tailored to solve variational inequality problem involving a quasi-
monotone operator, whereas numerous prior findings are limited to monotone
and pseudomonotone operators (see [10, 7, 34, 17]).

(2) The proposed algorithm presented in [17, 10, 15] require prior knowledge of the
Lipschitz constant of the operator, which is often computationally demanding,
thereby hindering their practical use. In addition, the linesearch methods are
known to provide precise approximation of the Lipschitz constant of the operator,
but they require longer execution times due to the multiple iteration. Hence, we
incorporate a self adaptive stepsize and a linesearch procedure in our proposed
method to eliminate the prior information of the Lipschitz contant.

(3) We establish weak and linear convergence of our proposed method. Note that
algorithms with linear convergence are more computationally efficient in practice
to those that ensure weak convergence. In addition, we include the golden ratio
technique to speed up the rate of convergence of our method.

(4) We provide some numerical examples and illustrate the performance over some
related ones in the literature. We also apply our result to solve image restoration
problem.

The outline of the paper is as follows. In Section 2, definitions and results which are
needed for our analysis are presented. Later in Section 3, our proposed method and its
convergence analysis was discussed. Then, in Section 4, we present some numerical ex-
periments compare the performances of our proposed method to some related ones in the
literature. Lastly, in Section 5, we apply our result to solve an image restoration problem.

2. PRELIMINARIES

In this section, we provide essential definitions, lemmas, and preliminary results that will
be used to establish our main convergence theorem. Throughout the paper, we use — to
denote weak convergence and — to denote strong convergence.

Lemma 2.1. [16] Let K be a nonempty closed convex subset of a real Hilbert space H. Given
z € Hand z € K. Then, we have

z=Prre (x—z,z—y) >0Vy ek,
where Py is called the metric projection of H onto K

Definition 2.2. Let G : H — H be a mapping. Then, mapping G is said to be:
(1) L-Lipschitz continuous with £ > 0 if

Gz — Gyl < Lz —yl|Va,y € H.
(2) monotone, if

(Gr - Gy,z —y) >0Vax,y € H.
(3) pseudomonotone, if

(2.3) (Gr,y —z) > 0= (Gy,y —z) >0V z,y € H.
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(4) quasimonotone, if
(Gz,y —z) >0= (Gy,y—x) >0V z,y € H
(5) o-strongly pseudomonotone if there exists a constant § > 0, such that
G,z —y) > 0= (Gy,y — ) > 8|z — y|*Vz,y € H.
(6) sequentially weakly continuous if, for each sequence {x,,} in H, {x}} converges weakly to
a point x € H implies {Gxy,} converges weakly to Gz.

It is easy to see that every (2) = (3) == (4), but the converse is not true. The following
lemma gives a situation when Zy is nonempty.

Lemma 2.3. [39] If either

1. G is pseudomonotone on K and 7 +# (),

2. G is the gradient of V, where V is a differential quasiconvex function on an open set
C, K C C and attains its global minimum on K,

3. G is quasimonotone on K, G # 0, on K and K is bounded,

4. G is quasimonotone on K, G # 0 on K and there exists a positive number r such that, for
every v € Kwith ||v|| > r, there exists y € K such that ||ly|| < rand (Gv,y —v) <0,

5. G is quasimonotone on K, intK is nonempty and there exists v* € Z, such that Gv* # 0.
Then, Zp is nonempty,.

Lemma 2.4. [14] Let K be a nonempty set of H and {x},} be a sequence in H, such that the
following two conditions hold:
(@) forall z € K, klim lxr — || exists;
—00
(b) every sequential weak cluster point of {x} is in K.
Then, {x} converges to a point in K.

Lemma 2.5. [8] Assume that the nonnegative sequences {{y } and { Ay} satisfy
Qp1 < Qp — Ag, VE>m,

for some nonnegative integer m. Then, lim A, = 0and lim Qy exists.
k— o0 k— o0

3. MAIN RESULT

To analyze the convergence of the proposed algorithm, we provide the following assump-
tions:

Assumption 3.1.  (Al) Zp # 0,
(A2) G : H — His £-Lipschitz continuous on H. However, the information of £ is not
necessary to be known.
(A3) G is sequentially weakly continuous on K, i.e. for each sequence {2z} C K: {2z}
converges weakly to ¢ implies that {Gz;, } converges weakly to Gg.
(A4) G is quasimonotone on H.

Algorithm 3.2. Golden ratio technique for quasimonotone variational inequalities.
Initialization: Lef zg,v; € H, 7,61 > 0, € (0,1), € (0,1) and 5 € (1, +00) be given.
Iterative steps: For each k > 1, given z_1, vy, calculate {vgy1} as follows:

Step 1: Compute

ﬁg 1’Uk + %qu

Zk =
(3.4)

uy, = Projx(zr — 6xG(z1))-
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If 21, = uy,, then stop (zy, is a solution to VIP. Otherwise, go to Step 2.
Step 2: Construct the half-space

Ty = {a ceH: z, — (SkG(zk) — U, a — uk> < 0},
and calculate
(3.5) V41 = Projr, (zr — 0,G(ur)),
and update 51 = min {6,&217 6,(61)1}, where
(3.6)
e el o — )
6.1(:-21 = 2<sz — Guk, Vk+1 — uk>
Ok, otherwise.

5,(521 = min {3,(321, O} and 5,(321 = 7™ with my, representing the smallest nonnegative

integer m such that the following holds:

(3.7) 27‘€m<GZk — Gug, vgy1 — uk> < u(||zk — uk||2 + ||'Uk+1 — uk||2)

, 5k} if (Gzx — Gug, vpq1 — ug) # 0,

Stopping criterion Sef k := k + 1 and return to step 1.

3.1. Convergence analysis. We present the following Lemma for the convergence analy-
sis of Algorithm 3.2.

Lemma 3.3. Suppose that Assumptions 3.1 holds. Then, the sequence {d;} generated by Algo-
rithm 3.2 is non increasing and satisfies

o ! .
() min {61, 75} < lim 6, =5 < 61.

H 2 I
ZE— U +
G 17—l 5T

Proof. We first establish that {Jj } is non increasing and satisfies the inequality

(ll) 2<sz — Guk7’l}]€+1 — ’U,k> S ||’U]€+1 — Uch2

min{dl, %e} < kh—{goék =6 <.

By virtue of (3.6) and (3.7) and the fact that 6541 = min {6,(61_21, 5,(321 , it is evident that
Ok41 < Oy forall k € N, and thus {d; } is a non-increasing sequence. By the assumption on
G in (3.1), we obtain in the case where (Gz, — Guy, vg+1 — ug) # 0, it follows from (3.6)
that

p(llze — uell® + loesr — url?) n(llze — urll® + lloggr — uel?)
2(Gzr — Gug, Vg1 — ug) — 2||Gzk — Gugl|||ve+1 — ukl|
w(llzr — wrllllogs1 — uall

= Lz — ug | |vksr — ukl|
1

v

Clearly, 6}, > min {6, % }.
By induction, we obtain the inequality

(3.8) min {6, %} <5 <4
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By virtue of (3.7), we obtain

26](3_&1 <sz — (Gruk, Vik+1 — uk>
14
Utilizing the Cauchy-Schwarz inequality, it yields

(2)
k+1

> p(llzk — uel® + vesr — uel?).

Gz — Guallllvisr — uell > p(llze — wll® + lvesr — well®),

Employing the Lipschitz continuity of G, we get
(2)

]2+113||Zk — ug|llvesr — uell > pllze — wll® + vesr — uel?).
Hence,
252 2 — ukl|? + |vker — ugl|?
bt pllon =B Tt 20— a2 4 ok — ),
which yields
2 pe
(3.9) 52, > 2

L
By combining (3.8) and (3.9), we have

min {47, %E} < Opy1 <0y

Thus, it follows that klim 01, exists and satisfy the given inequality.
— 00

(ii) We now establish the inequality in Lemma 3.3 (ii).

From (3.6), we have

5O w(llzk — well® + vk — uel?)
ML 2(Gag — Gug, vy — ug)

which yields

(3.10)  2(Gzp — Gug, vg41 — up) < %sz — ugl* + %H%H — ||
k+1 k1
Similarly, from (3.7) we deduce
(3.11) 2<G2’k - Guk,ka - uk> < %sz - ukHQ + %Hvlﬁ-l - uk||2.
Ox 11 Op 11
By combining (3.10) and (3.11), and using the fact that ;1 = min {6}, 6\, }, we obtain

K ||Zk*uk‘|2+6lu
k+1 k+1

2<sz — Guk,vk_,_l — uk> S (S Hvk+1 — uk||2.

O

Lemma 3.4. Let {uy}, {2z} and {viy1} be the sequences generated by Algorithm 3.2. Then for
all g € Z, we have

Ok
[ops1 — ql|* < [|lzr —qll* = (1 — Py )(sz — up|® + lopgr — ukz),
k1

and thus

[vkr1 = gll < [z — qll.
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Proof. Since q € Zp C Z C K C Ty, we have
lwy — ql|* = |Projr, (2 — 6xG(ux)) — Projr,ql|”
< A{Vkt1 — ¢ 21 — 0kG(ur) — q)
1 1
= §||U/c+1 —ql + 5“% — 6,G(uk) — q|?

1
- §||vk+1 — 2k + 0k G (up) |2

1 1 1
= Sloker —all? + 5l — all? + 3G o))
— {2k — ¢, kG (up)||* — (w — 21, 0 G (ur))
1 1 1
= §||Uk+1 —qll* + §sz —q|* - §||wk - z?
— (wr, — ¢, 0xG(ug)).
This implies
(3.12) lors1 — all” < llzk — qll® = llwr — 2k 1* = 2(wi — ¢, 656G (ug)).-
Since ¢ € Zp and v, € K, we have
<Guk7 q— 'U;k> <0.
Thus, we have
(Gug, ¢ — wi) = (Guy, q — up) + (Gug, up — wy)
(3.13) < (Guyg, up — wy).
By virtue of (3.12) and (3.13), we have
lves1 — all* < llze — all® = lvesr — 2ll* + 26k (Guk, g — vg41)
= llzr = qll* = llont1 — well® = llux — 2|
— 2<Uk+1 — Uk, Uf — Zk> + 2(5k<Gu;€, U — Uk+1>
= llzk — qll* = llors1 — well® = llux — 2|
(3.14) + 2(z — 0Gup — up, Vi1 — ug).

It is obvious from the definition of u;, and Ty that uy = Projr, (2 — 0xGz;) and since
wy, € Ty, we have

(3.15) 2(uy, + 0xGep — 2k, u — Vg41) < 0.
From (3.15), we deduce
(316) 2<Zk - §szk — Uk, V41 — ’U,k> S 0.

By utilizing (3.16) and Lemma 3.3 (ii), we get

2<Zk — 6kGuk — Uk, V41 — uk> = 2<Zk — (Sk;GZ]g — Uk, V41 — uk>
+ 20k (G2 — Guy, Vg1 — ug)
§ 26k <sz — Guk,ka — uk>

(3.17) <k O
Ok41

2k — unl” + g [vr41 — ugl®.

Oky1
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On substituting (3.17) into (3.13), it yields

)
[oksr =gl <z — gl = (1 - Mo Mz — ul®
Ok
(3.18) -(1- W Morgr —ul?.
0
Now, since klim (1- ,ué—k) = 1—pu > 0. It follows that there exists ky € N such that
é
1—pn ko 0, V k > ko. Thus, we obtain
Ok+1
(3.19) vir1 —all < l[ze — ql| V& = ko.

O

Lemma 3.5. Let {z;} be the sequence defined by Algorithm 3.2 and suppose that Assumption 3.1
holds. If there exists a subsequence {zy, } which converges weakly to p € Hand zhm 2k, —ug, || =
—00

0, then p € Zp of Gz = 0.
Proof. Since {z,} — p and llim |z, — uk, || = 0, this implies that {uy,} — p and since
— 00

uy, € K, we obtain that p € K. Now, we divide the proof into two cases:
Case 1: If lim bup |Gu,|| = 0, then we have hm IGu, || = hm 1nf |Gug,|| = 0. Since
I

—pek and G — p € K and G satisfies (A3) we get
0 <||Gp| < hlmlnf IGuy, || = 0.
—00

Thus Gp = 0.
Case 2: If limsup ||Gug, || > 0. Without loss of generality, we take llim |Guy, || = M > 0.
l—00 —00

M
It then follows that there exists a k£ € N, such that |Guy,| > -5 for all £ > N. Since
ug, = Proj(zx, — 0x,Gzy, ), we get
(zk, — 0k, Gz, — ugy,a —ug,) <0, Va ek,

or equivalently

1
E@'kz —up,,a — uk,) < (Gzy,,a —uy,), Va ek
l
Consequently, we have
1
(3.20) a(zkl — Uk, 6 — Uk,) + (Gzi,, up, — 21,y < (Gzp,,a — zy,), Va e K
l

Since {z,} is weakly convergent and bounded. Ultilizing the Lipschitz continuity of
G, {Gzy,} is bounded. As ||z, — ug,|| — 0, {ug,} is also bounded and d;, > min{d;, %}
By passing limit as £ — oo on (3.20), we get

(3.21) 1ilII_1>(i)I.}f<GZ]€“CL —z,) >0, Vack,

moreover, we have
(3.22) (Gug,,a — ug,) = (Gug, — Gzg,,a — zx,) + (Gzy,,a — zi,) + (Gug,, 2k, — Uk, )-

Since llim llzk, — uk, || = 0 and G is £-Lipschitz continuous on H, we obtain
— 00

lim ||Gzx, — Guy,|| = 0.
=00
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This implies from (3.21) and (3.22) that
(3.23) lim (Gug,, a — ug,) > 0.

l—o0

If lim sup(Guy, , a—uy, ) > 0, then there exists a subsequence {ukl } such that hm (Gukl ,a
l—00

“kzj> > 0. Consequently, there exists jo € N such that
<Guklj ,a — ukl]) >0 V] > jo.

By letting j — oo, we have p € Zp.
If lim sup(Gug, , @ — uy,) = 0. This implies from (3.23) that

l—00
ll_i}rr;O(Gukl ,a—up,) =0.
Let
1
& ::‘(Gukl, — U, ’+k+1
We obtain that
(3.24) (Gug,,a —up,)+& >0, V1> K.

In addition, for each I > 1, since {uy, } C K, we assume that Guy, # 0 (otherwise, uy, is a
solution). Now, setting

Gukl
G, |1

we have (Guy,, by,) = 1 for each I > K. We can easily deduce from (3.24) that

b, =

(Gug,, a + &by, — ug,) > 0.
Utilizing (A4), we get
<Ga, a+ glbkl — uk,) = <Ga — G(a + flbkl), a + &bk, — Ukl>
+(G(a+ &br,),a + &by, — uk, )
> (Ga — G(a+ &br,),a + &by, — ug,)
> —||Ga — G(a + &bk, lla + &bk, — u,||
> §zﬁllbkl|\ |a + &bk, — ug, ||
=&L a+ &by, — ug,

(3.25) > —&/JMH@ + &by, — ug, ||
By passing limit as & — oo on (3.25) and utilizing ll_lglo & = 0 and the boundedness of
{lle + &b, — ug, ||}, we get
(Ga,a —p) >0, VaeK
This implies that p € Zp. O

Theorem 3.6. Let {vy, } be the sequence generated by Algorithm 3.2 such that Assumption 3.2 are
satisfied. Then {vy} is bounded and converges weakly to q € Zp C Z.
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Proof. From step 1 of Algorithm 3.2, we have

I} 1
Uk = gy~ Gkl
Thus
2
o —all? = || =22 - =21 — g
B—1 g—1
B 2 1 2 B 2
= 2k —q||F — Zk—1—4q||" + 5512k — Zk—
571||k | 571||k1 | (Bil)QHk k1]
1 1
(3.26) = ﬂé 7l — ql* - 51 I zk—1 — qlI” + B\lvk -z

By virtue of (3.18) and (3.26), we have

1
2 — all* + Im%l—ﬂF—BW%—zmﬂF

1
- p-1 B8—-1
1)
- (1 - ué’“) (nzk el + orgs — u|)
k+1

-1
[vesr = all* = llve — qlf* <

which also yields
o — all® + =Nz — al® < low — all? + = lzkor — all® — v — 21
B—1 B-1 p
1)
(327) - (]. — N6]€> (“Zk - ukH2 + ||Uk+1 - Uk||2>'
k+1
Let
By = ok — qll® + = [zt —al>
s—1
and

1 1)
Ag = —|log — zp—1 | + (1 — ) <|zk —up|® + |vpgr — uk||2>,
B Ok+1

we infer that
Ppi1 < Pp — Ap.

We also have ®4; > 0and Aj > 0. By Lemma 2.5. we now see that klim A = 0 and that
—00

lim ®; exists. Hence, we obtain
k—o00

(3.28) lim |Jvog41 —ukl] = 0= lm |z — ukll,
k—o0 k—o0
and that
(3.29) lim ||vg — zk—1]] = 0.
k—o0
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Using the definition of zj, we have

1
Dpy1 = ok —qll* + 5 1||Zk —q|?

_ IB 2 ﬁ 2 1 2
—5_1||Zk+1 q +(ﬁ_1)2”75k+1 2|l ﬁ_lek q|

+ Iz — al®

1
B—1
= gl = alP + gl — sl

I6] 1
= ﬂ”zkﬂ —ql” + B||Uk+1 -z 1%

It is easy to see that the limit of {||z;+1 —¢||?} exists. We also conclude that klim |lve+1—ql?
—00

exists and that the sequences {v;} and {z;} are bounded. Consequently, {us} is also
bounded. Since klim vk — ¢ exists and each sequentially weak cluster point of the
c— 00

sequence {v,} is in Zp C Z. By Lemma 2.4, {v;} converges weakly to an element of
Zp C Z. 0

Theorem 3.7. Let {vy} be the sequence generated by Algorithm 3.2 such that Assumption 3.1 are
satisfied and the mapping G is p— strongly pseudomonotone with p > 0. Then, {vy} R-linearly
converges to the unique point q € Zp C 7.

Proof. From the strong monotonicity property of G and since u; € K, we obtain
(Gug,q — ug) < —pllur — qf|*.
Since 45, > 0, we get
0 (Gur, ¢ — ur) < =Gpllur, — qll*.

Observe that

0k{Gug, ¢ — vit1) = 05(Gug, ¢ — ug) + (Gug, up — V1)
(3.30) < —okpllur — qll* + (Guk, ug, — vita).
Using (3.30) and the proof in Lemma 3.3, we get

Ok
fowss = 017 < = alP = (1= s ) fowen = P

Ok
(1 g )nzk —well? — 28l — gl

Ok
(:31) <l = alP = (1= szl = l? = 2 — ol
Note that
Ok 2 2 : [0, 2
— (1= p—)llzr — wrll* = 26pllur — ql|* < —min§ (1 — —=), 20kp o { [lzr — urll
6k+1 5k+1
+ gl
. 1 J)
<omin{ 20 2% b e
1
(332 < —in {300, 500 bl — gl V2 o
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[0,
Ok41

Equation (3.32) holds since there exists ko € N such that §; > g and (1 — ) > (1-—

n) V¥ k > ko. On substituting this estimate into (3.32), it yields
.1 1
(.39 s = ol < (1= min {500, 500} ) s - ol

1)
From (1 —7) < (1 - ;—k), it follows that 0 < 72 < 1, where

k+1
1 1
2=1-min< ~(1—-1n), =6
gl inq5(1=mn), 500
Thus, we have

(3.34) [ok+1 = all* <22k — all, Y & 2 ko
Utilizing (3.26), we get

/8 2 2 1 2
P — - < — — Vk> k.
5l —d < (v +ﬁ*1>HZ’“ qll*, v k > ko
1 1
Since 0 < 4% < 1, we get vy + 71 <1+ R which implies that
1

v+

0<

i

=
[ESYESY
—

Hence,
2641 — qll® < dllzi — all, Y k > ko,

By mathematical induction, we have
(3.35) e = all® < 8%V 120 — qlf?,
which in view of the fact that 0 < § < 1, implies

lim [|z41 — qll = 0.

k— o0
Then, by (3.34), we directly get that

lim fJoess — qfl = 0.

k— o0
Thus, we conclude that {v;} linearly converges to the unique point ¢ € Zp C Z. O

4. NUMERICAL EXAMPLE

In this section, we present some numerical examples to illustrate the efficiency of our
suggested Algorithm 3.2 when compared with Algorithm 3.2 of Alakoya et al. [1] (shortly,
OMS Alg 3.2), Algorithm 3.1 of Thong et al. [33] (shortly, TLDTL Alg 3.1) and Algorithm
3.1 of Ofem at al. [24] (shortly, OMUIN Alg 3.1). All the numerical computations were
conducted using the MATLAB version R2025a and the stopping criterion |lvg+1 — vi|| <
107°.

In the numerical results in this section, “Iter.” and “Sec.” denote the number of it-
erations and the CPU time in seconds, respectively. Take 7 = 0.1, §1 = 0.9, £ = 0.5,
u = 0.8 and 8 = 2 for our algorithm (3.2). Choose 74, = 0.5, @« = 04, f§ = 0, A =

1—a)? _ _ _
O‘]'(17a)2+ma)(({a(1+a),,3(1+ﬁ)}’ 1 =0.9and a,, = - for TLDTL Alg 3.1. Choose 6; = 0.7,
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A =1, =03, and o, = 75 for MNO Alg 3.2 and take 7 = 0.6, Ay = 0.6, v, = 0y, =

Gtz for OMUIN Alg 3.1.

Example 4.1. [19] Let K = [—1, 1] and the operator G : K — K be dfined by
w—1, v>1,
(4.36) G=<¢v* wvel-1,1],

—2w—1, v< 1.

Then, G is quasimonotone and Lipschitz continuous with Zp = {—1} and Z = {-1,0}.

We choose the initial values vy and vy as follows:

Case a: vg = 0.9 and v = —1.0,
Case b: vy = 0.8 and v; = —1.0,
Case ¢: vg = 0.7 and v1 = —1.0,

Case d: vg = 0.6 and v = —1.0.

TABLE 1. Numerical results of Example 4.1

Cases Algorithm 3.2 | OMUIN Alg 3.1 | OMS Alg 3.2 | TLDTL 3.1
Case 1 | CPU time (sec.) 0.4335 0.6054 1.0484 1.0984
No of Iter. 220 380 1010 1850
Case 2 | CPU time (sec.) 0.6549 0.9859 2.0380 3.9503
No of Iter. 550 1020 3050 5990
Case 3 | CPU time (sec.) 0.4755 0.6314 1.0664 1.1957
No of Iter. 230 380 1015 1860
Case 4 | CPU time (sec.) 0.4889 0.9967 2.0877 3.9917
No of Iter. 555 1024 3055 5995

800 1000 1200 0 3000
Number of iterations. Number of iterations

ToL
ToL

800 1000 1200 1 o o 2000 3000 4000
Number of iterations. Number of iterations

FIGURE 1. Example 4.1, Case 1 (top left); Case 2 (top right); Case 3 (bot-
tom left ); Case 4 (bottom right ).

Example 4.2. [19] Let K = [0,1]™ and Gv = (u1v,uqv, - -+ , umv), where u;v = v | + v +
Vi—1V; + ViViy1 — 21)1'71 + 4’l)i + Vi+1 — ]., 1= ]., 2, o, M, Uy = Um+1 = 0. Then G is qMﬂSi-
monotone.
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For this numerical experiment, we choose m € {40, 80,100, 140} and then randomly generate

vo and vy.

H. A. Abass, A. E. Ofem and M. Aphane

TABLE 2. Results of the Numerical Simulations for Different Dimensions

Numerical Results for m = 40, 80, 100 and 140 in Example 4.2
Algorithm 3.2 OMUIN Alg 3.1 OMS Alg 3.2 TLDTL Alg 3.1
m | Iter CPU time (sec.) | Iter CPU time (sec.) | Iter CPU time (sec.) | Iter CPU time (sec.)
40 | 48 0.0522 64 0.0662 100 0.7241 110 1.0418
80 | 50 0.0628 66 0.0787 105 0.8399 111 1.0554
100 | 50 0.0655 60 0.0541 110 0.9671 150 1.2632
140 | 60 0.0889 80 0.0882 125 0.9983 185 1.0946
10’ 10’ T
—A— QNS Ag 32 —5—ONS Ag32
i Py i s
TLOTL Alg 31 TLOTLAG 3.1
= ~

I | I I
2 4 60 8
Number of iterations

| | I I
2 4 60 8
Number of iterations

I
100 120

FIGURE 2. Graph of the Iterates for Example 4.2 when the Dimensions
m = 40 and m = 80

10\\

—#—ONS Alg 32
0 OMUIN Alg 3.1
Agritm 32
TLDTL A3t

ToL |

T
10‘&

—H—ONS Alg 32

0 OMUN Ag 31
Agorhm32
TLOTL A3

I
50 100
Number of terations

150

W

Number of terations

I I I I I I I I I
0 20 4 60 80 10 120 4 160 180 200

FIGURE 3. Graph of the Iterates for Example 4.2 when the Dimensions
m = 100 and m = 140

In this section, we apply our result to image restoration problem. We test the efficiency
of our Algorithm 3.2 with Algorithms Algorithm 3.3 Mewomo et al. [1] (shortly, MNO

5. APPLICATION TO MONOTONE INCLUSION PROBLEM
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Alg 3.3), Algorithm 3.1 of Thong et al. [33] (shortly, TLDTL Alg 3.1) and Algorithm 3.1
of Ofem at al. [24] (shortly, OMUIN Alg 3.1). The image restoration problem can be
formulated as the following linear inverse problem:

(5.37) x=Dv+e

where D € RM*N gtand for the blurring matrix, z € RM*¥ is the observed blurred image,
v € RM*¥ repents the original image and e is the Gaussian noise. It is worthy to note that
solving Problem (5.37) is equivalent to solving the convex minimization problem

o1
(539) min {3100 — ol + Nlel]:}
where || - || stand for the Euclidean norm, || - ||; denotes the /;-norm and where A > 0 is the

regularization parameter. Our aim here is to recover the original image v given the data
of the blurred image x. One can express the minimization problem (5.38) as a variational
inequality problem by taking G = D?(Dv — z). It is well known G is monotone and
| DT D||-Lipschitz continuous. For this experiment, we consider the 291 x 240 tire image
from MATLAB Image Processing Toolbox. furthermore, we employ the Gaussian blur
of size 9 x 9 and standard deviation ¢ = 7 to formulate the blurred and noisy image
(observed image) and use the various algorithms to restore the original image from its
blurred form. Again, we measure the quality of the recovered image through the signal-
to-noise ratio defined by

(5.39) SNR = 301log,, ”””"’
v

— o]
where v* is the restored image and v is the original image. Interestingly, the larger the
SNR, the better the quality of the recovered image. Now, we take the starting values as
vo =0 € RN and v; = 1 € RY. The numerical results are presented in Table 3, which
shows the SNR values for each algorithm, and Figure 4 shows the original, blurred and
recovered images.

Original Tire Blurred Tire Algorithm 3.2

OMUIN Alg 3.1

Q

OMS Alg 3.2 TLDTL Alg 3.1

S

P ——

FIGURE 4. Comparison of restored images via various algorithms when
the number of iterations is 2500 of Tire image.
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TABLE 3. Numerical comparison for Algorithm 3.2, OMUIN Alg 3.1,
OMS Alg 3.2 and TLDTL Alg 3.1.

Images n  Algorithm 3.2 OMUIN Alg3.1 OMS Alg3.2 TLDTL Alg 3.1
Tire SNR SNR SNR SNR
Size=291 x 240 400 34.5659 31.2750 24.71106 17.6431
1000 34.6643 31.4661 25.7762 17.5033
1500 34.6928 31.9709 25.7952 17.8669
2500 35.6374 31.5995 25.8246 17.3219

—OusAg32 []

3 OMUNAg3.

—— Mgoritm 32
TLOTL A3

I I I I
0 500 1000 1500 2000 2500
Number of terations

FIGURE 5. Graphs of SNR for Algorithm 3.2, OMUIN Alg 3.1, OMS Alg
3.2 and TLDTL Alg 3.1 of Tire image.

Remark 5.1. Since the higher the SRN value, the better the quality of recovered image, it evident
from Table 3 and Figure 5 that our algorithm 3.2 is more efficient than OMUIN Alg 3.1, OMS
Alg 3.2 and TLDTL Alg 3.1.

6. CONCLUSION

This paper presents a unified iterative method that integrates the subgradient extra-
gradient approach with the golden ratio technique to solve quasimonotone variational
inequalities in Hilbert spaces. The proposed algorithm features a dynamic stepsize rule
using both linesearch and self-adaptive strategies, eliminating the need for prior knowl-
edge of the Lipschitz constant. Theoretical results establish weak and linear convergence
under mild conditions, with linear convergence achieved when the operator is strongly
pseudomonotone. Numerical experiments demonstrate that the method outperforms ex-
isting algorithms in both speed and efficiency across different problem settings. Addi-
tionally, the algorithm is successfully applied to an image restoration problem, where it
delivers higher signal-to-noise ratio (SNR) values than comparable methods, confirming
its practical utility. By addressing limitations in previous methods and extending their ap-
plicability to quasimonotone settings, this work offers a robust and efficient framework
for solving a broad class of variational inequality problems
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