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A Strongly Convergent Self-Adaptive Double Inertial
Forward-Backward Method for Inclusion and Fixed Point
Problems in Hilbert spaces

MONTIRA SUWANNAPRAPA1 , NARIN PETROT2 , AND JEN-CHIH YAO3,4

ABSTRACT. This work introduces a novel forward-backward splitting algorithm to find a common solution
of a monotone inclusion problem and a fixed point problem for a nonexpansive mapping in Hilbert spaces. The
algorithm’s architecture synthesizes a double inertial extrapolation step with a Mann viscosity-type framework
and a self-adaptive inertial parameterization. A primary contribution of this structure is the establishment
of a strong convergence theorem, thereby addressing a gap where previous double inertial methods typically
guaranteed only weak convergence. The generality of the main theorem is demonstrated by deriving strongly
convergent corollaries for variational inequality, convex minimization, and split feasibility problems. Numerical
experiments validate the algorithm’s performance and, crucially, demonstrate that the self-adaptive mechanism
achieves near-optimal performance without the need for manual hyperparameter tuning.

1. INTRODUCTION

Let H be a real Hilbert space and the mapping B : H → 2H be a set-valued operator.
The variational inclusion problem, which was introduced by Martinet [18], is the problem
of finding a point x∗ ∈ H such that

0 ∈ Bx∗.(1.1)

when B is a maximal monotone operator, the elements in the solution set of problem (1.1)
are called the zeros of a maximal monotone operator. The variational inclusion problems
have been used as mathematical programming models to study optimization problems
arising in economics, finance, transportation, network, and engineering sciences. The
method for solving problem (1.1) is the following proximal point method: for any x1 ∈ H ,

xn+1 = JB
λn

xn, ∀n ∈ N,(1.2)

where {λn} is a sequence of positive real numbers and JB
λn

= (I+λnB)−1 is the resolvent
of the maximal monotone operator B corresponding to λn; see [13, 17, 37, 41] for more
information.

A general type of problem (1.1) is the problem of finding a point x∗ ∈ H such that

0 ∈ Ax∗ +Bx∗,(1.3)

where A : H → H is a single-valued operator and B : H → 2H is a set-valued operator.
When A and B are monotone operators, the elements in the solution set of problem (1.3)
are called the zeros of the sum of monotone operators; see [4, 9, 19, 24, 35] and the refer-
ences therein. Note that, if A is a continuous and monotone operator and B is a maximal
monotone operator, then A + B is a maximal monotone operator; see [26]. A popular
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iterative method for solving problem (1.3) is the so-called the forward-backward splitting
method, which defines a sequence {xn} by the following algorithm: for a given x1 ∈ H ,

xn+1 = JB
λn

(I − λnA)xn, ∀n ∈ N,(1.4)

where A : H → H and B : H → 2H are maximal monotone operators, and {λn} is a
sequence of positive real numbers; see Passty [21].

In addition, the inertial technique was first presented by Polyak in 1964, to speed up
the rate of convergence; see [23]. This technique is a two-step iterative method, in which
each iteration involves the previous two iterates. Consequently, many authors considered
the inertial method because of this faster convergence rate property of the algorithm; see
[2, 10, 11, 22, 25, 34] for more information.

In 2001, Alvarez and Attouch [1] proposed the inertial proximal point algorithm for
solving problem (1.1): for arbitrary x0, x1 ∈ H ,

yn = xn + µn(xn − xn−1),

xn+1 = JB
λn

yn, ∀n ∈ N,(1.5)

where {λn} is non-decreasing sequence and {µn} ⊂ [0, 1) satisfy with
∑∞

n=1 µn∥xn −
xn−1∥2 < ∞, and presented the weakly convergence results.

In 2015, Lorenz and Pock [15] studied the monotone inclusion problem (1.3) and sug-
gested the inertial forward-backward algorithm as follows: for arbitrary x0, x1 ∈ H ,

yn = xn + µn(xn − xn−1),

xn+1 = JB
λn

(I − λnA)yn, ∀n ∈ N,(1.6)

where {λn} is a positive real sequence and {µn} ⊂ [0, 1). By suitable conditions, they
proved that {xn} converges weakly to a solution of problem (1.3).

In 2018, Cholamjiak et al. [10] proposed the Halpern type inertial forward-backward
method for finding the solution of problem (1.3): for arbitrary u, x0, x1 ∈ H ,

yn = xn + µn(xn − xn−1),

xn+1 = αnu+ βnyn + γnJ
B
λn

(I − λnA)yn, ∀n ∈ N,(1.7)

where {µn} ⊂ [0, µ) with µ ∈ [0, 1), the sequences {αn}, {βn} and {γn} are in (0, 1)
and some suitable conditions. They proved that {xn} converges strongly to a solution
of problem (1.3).

In 2020, Tan et al. [34] proposed the modified Mann viscosity method with the inertial
algorithm for solving fixed point problems. Let S be nonexpansive mapping, for arbitrary
x0, x1 ∈ H ,

zn = xn + µn(xn − xn−1),

yn = φnzn + (1− φn)Szn,

xn+1 = αnf(xn) + (1− αn)yn, ∀n ∈ N,(1.8)

where {αn} and {φn} in (0, 1), and {αn} satisfies limn→∞
µn

αn
∥xn − xn−1∥ = 0. The con-

vergence result, they showed that the sequence {xn} converges strongly to z = PF (S)f(z).
These contributions are part of a broader, active effort to combine inertial steps with
strong-convergence frameworks (see, e.g., [28])

Furthermore, more researchers are interested in studying and applying the double in-
ertial method to algorithms to improve their efficiency and produce better results; see
[12, 27, 29, 36] for more details. Dong et al. [12] proposed the general Mann iteration
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method with double inertial as follows: let S be a nonexpansive mapping, for arbitrary
x0, x1 ∈ H ,

zn = xn + µn(xn − xn−1),

yn = xn + θn(xn − xn−1),

xn+1 = (1− φn)zn + φSyn, ∀n ∈ N,(1.9)

where {µn} ⊂ [0, µ] and {θn} ⊂ [0, θ] are nondecreasing with µ1 = θ1 = 0, and µ, θ ∈ [0, 1).
By suitable conditions, the sequence {xn} generated by (1.9) converges weakly to a point
of F (S).

In 2023, Suantai et al. [29] suggested a forward-backward-forward algorithm with dou-
ble inertial for solving monotone inclusions as follows: for arbitrary x0, x1 ∈ H ,

un = xn + µn(xn − xn−1),

zn = un + θn(un − xn−1),

yn = JB
λn

(I − λnA)xn,

xn+1 = yn − λn(Ayn −Azn), ∀n ∈ N,(1.10)

where

λn+1 =

min

{
ϕ∥zn−yn∥

∥Azn−Ayn∥ , λn + γn

}
, if Azn −Ayn ̸= 0;

λn + γn, otherwise,

when λ1 > 0, ϕ ∈ (0, 1), {γn} is a nonnegative sequence such that
∑∞

n=1 γn < ∞, and
{µn} and {θn} are real positive sequences. By suitable conditions, they proved that the
sequence {xn} converges weakly to a solution of problem (1.3).

It is well known that the concept of double inertia is not merely an extension but is at
the forefront of a significant and active area of current research. There is a recent surge
of interest in studying and applying double, dual, or quasi-inertial methods to enhance
algorithms for solving complex problems. This is evidenced by numerous recent publi-
cations applying such techniques to variational inequalities [6, 7, 8, 40] and fixed point
problems [39], with applications in fields from image processing to medical classification.
This manuscript contributes directly to this highly contemporary line of inquiry.

We note that the preceding review highlights two distinct research trajectories: (1) The
pursuit of accelerated convergence rates via multi-step inertial techniques, as seen in the
double inertial methods of Dong et al. [12] and Suantai et al. [29], which notably only
established weak convergence. (2) The separate pursuit of strong convergence, which is
critical for many applications, typically achieved by integrating a viscosity or Halpern-
type framework, as demonstrated by Cholamjiak et al. [10] and Tan et al. [34]. A clear
gap exists in unifying these two lines of inquiry. The problem of whether a double inertial
forward-backward algorithm can be structured within a viscosity-type framework to guar-
antee strong convergence for the important problems remains an open and compelling
question. This manuscript is dedicated to resolving this.

In this paper, motivated and inspired by the above literature, we will consider the
monotone inclusion problem and fixed point problem, that is, the problem of finding a
point x∗ ∈ H such that

x∗ ∈ F (S) ∩ (A+B)−10 =: Ω,(1.11)

where S : H → H is a nonexpansive mapping. We aim to suggest the algorithms for
finding a common solution of problem (1.11) and provide some suitable conditions to
guarantee that the constructed sequence {xn} converges strongly to a point in Ω.
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2. PRELIMINARIES

In this section, we present relevant notations and definitions, as well as lemmas that can
be used to prove our main theorem. Let H be a real Hilbert space with the inner product
⟨·, ·⟩ and the norm ∥ · ∥. Let {xn} be a sequence in H , such that the strong and weak
convergence of the sequence {xn} to x are given by xn → x and xn ⇀ x, respectively.

Let S : H → H be a mapping. Then S is said to be

(i) Lipschitz if there exists L ≥ 0 such that

∥Sx− Sy∥ ≤ L∥x− y∥, ∀x, y ∈ H.

The number L is called a Lipschitz constant. Also, if L ∈ [0, 1) we say S is a contraction, if
L = 1 we say S is a nonexpansive.

(ii) Firmly nonexpansive if

∥Sx− Sy∥2 ≤ ⟨x− y, Sx− Sy⟩, ∀x, y ∈ H.

(iii) σ-inverse strongly monotone (σ-ism) if for a positive real number σ,

⟨Sx− Sy, x− y⟩ ≥ σ∥Sx− Sy∥2, ∀x, y ∈ H.

Below we have included some important properties for our proof.

Lemma 2.1. [4, 38] The following are true:
(i) If A : H → H is σ-ism, then A is 1

σ -Lipschitz continous and monotone mapping.
(ii) If A : H → H is σ-ism and λ ∈ (0, σ], then S := I − λA is firmly nonexpansive.

Let B : H → 2H be a set-valued mapping. The effective domain of B is denoted by
D(B), that is, D(B) = {x ∈ H : Bx ̸= ∅}. Recall that B is said to be monotone if

⟨x− y, u− v⟩ ≥ 0, ∀x, y ∈ D(B), u ∈ Bx, v ∈ By.

A monotone mapping B is said to be maximal if its graph is not properly contained in the
graph of any other monotone operator. To a maximal monotone operator B : H → 2H

and λ > 0, its resolvent JB
λ is defined by

JB
λ := (I + λB)−1 : H → D(B).

Notice that the resolvent JB
λ is a single-valued and firmly nonexpansive mapping, and

F (JB
λ ) = B−10 ≡ {x ∈ H : 0 ∈ Bx},∀λ > 0; see [30, 33].

Lemma 2.2. [3] Let C be a nonempty, closed, and convex subset of a real Hilbert space H and
A : C → H be an operator. If B : H → 2H is a maximal monotone operator, then F

(
JB
λ (I −

λA)
)
= (A+B)−10.

The following fundamental results are needed in our proof.

For each x, y, z ∈ H , the following facts are valid for inner product spaces,

∥αx+ (1− α)y∥2 = α∥x∥2 + (1− α)∥y∥2 − α(1− α)∥x− y∥2,(2.12)

and

∥αx+ γy + δz∥2 = α∥x∥2 + γ∥y∥2 + δ∥z∥2

−αγ∥x− y∥2 − αδ∥x− z∥2 − γδ∥y − z∥2,(2.13)

for any α, γ, δ ∈ [0, 1] such that α+ γ + δ = 1; see [20, 30].
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Let C be a nonempty closed convex subset of H . For every point x ∈ H , there exists a
unique nearest point in C, denoted by PCx, such that

∥x− PCx∥ ≤ ∥x− y∥, ∀y ∈ C.

PC is called a metric projection of H onto C; see [32]. The following property of PC is well
known and useful:

⟨x− PCx, y − PCx⟩ ≤ 0, ∀x ∈ H, y ∈ C.

We also use the following lemmas to prove the main theorems.

Lemma 2.3. [31] Let C be a closed convex subset of a Hilbert space H and S : C → C be
a nonexpansive mapping. Then, U := I−S is demiclosed, that is, xn ⇀ x0 and Uxn → y0 imply
Ux0 = y0.

Lemma 2.4. [14, 37] Let {an} be a sequence of nonnegative real numbers satisfying the following
relation:

an+1 ≤ (1− αn)an + αnbn + cn, ∀n ∈ N,
where {αn}, {bn} and {cn} are sequences of real numbers satisfying

(i) {αn} ⊂ [0, 1],
∑∞

n=1 αn = ∞;
(ii) lim supn→∞ bn ≤ 0;
(iii) cn ≥ 0,

∑∞
n=1 cn < ∞.

Then, an → 0 as n → ∞.

3. MAIN RESULTS

This section will present the following assumptions and the double inertial forward-
backward method with a Mann viscosity-type algorithm to solve the monotone inclusion
problem and fixed point of nonexpansive mapping, problem (1.11).

(A1) A : H → H is a σ-inverse strongly monotone operator;
(A2) B : H → 2H is a maximal monotone operator;
(A3) S : H → H is a nonexpansive mapping;
(A4) f : H → H is a contraction mapping with coefficient ω ∈ (0, 1).

Algorithm 3.1. Let {αn}, {γn}, {δn} and {φn} be sequences in (0, 1) with αn + γn + δn = 1
and the initial x0 = u0, x1 ∈ H be arbitraries, define

un = xn + µn(xn − xn−1),

zn = un + θn(un − un−1),

yn = φnxn + (1− φn)J
B
λn

(I − λnA)zn,

xn+1 = αnf(xn) + γnxn + δnSyn, ∀n ∈ N,(3.14)

where λn ∈ (0, σ), and {µn} and {θn} are defined as follow: 0 ≤ µn ≤ µ̄n such that

µ̄n =

min

{
µ(∥xn − xn−1∥),

βn

∥xn − xn−1∥

}
, if xn ̸= xn−1;

0, otherwise,
(3.15)

and 0 ≤ θn ≤ θ̄n such that

θ̄n =

min

{
θ(∥un − un−1∥),

βn

∥un − un−1∥

}
, if un ̸= un−1;

0, otherwise,
(3.16)

when {βn} is a positive sequence satisfying βn = o(αn) and µ, θ : [0,∞) → [0, 1).
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Remark 3.1. From Algorithm 3.1, we see that µn ≤ βn

∥xn−xn−1∥ and θn ≤ βn

∥un−un−1∥ , respec-

tively. These imply that µn

αn
∥xn − xn−1∥ ≤ βn

αn
and θn

αn
∥un − un−1∥ ≤ βn

αn
; limn→∞

βn

αn
= 0, we

get

(3.17) lim
n→∞

µn

αn
∥xn − xn−1∥ = 0

and also have

(3.18) lim
n→∞

θn
αn

∥un − un−1∥ = 0.

Remark 3.2. A significant methodological advantage of Algorithm 3.1 lies in the definition of
the inertial parameters in (3.15) and (3.16). The upper bounds µn and θn are not fixed constants
but are determined by functions µ(·) and θ(·) that depend on the norm of the previous step. This
construction provides a self-adaptive inertial mechanism. It allows the algorithm to dampen the
inertial effect if the iterates begin to oscillate or make a large jump (i.e., when ∥xn − xn−1∥ is
large), thereby enhancing stability. This contrasts with many algorithms in the literature that
employ a fixed inertial parameter, which can be seen as a special case of this more general and
adaptive formulation.

Remark 3.3. The construction of the iterate yn in (3.14) is a key feature of the algorithm. It
employs a Mann-type average between the current iterate xn and the forward-backward step eval-
uated at the double-inertial point zn. This choice can be interpreted as a stabilizing mechanism,
balancing the acceleration provided by the µn and θn terms with an anchor to the non-extrapolated
sequence {xn}. The subsequent proof in Theorem 3.1 validates that this specific construction is
sufficient to achieve strong convergence under the stated conditions.

Using the above assumptions and applying Algorithm 3.1 to our main result, we obtain
the strong convergence theorem (Theorem 3.1) as follows.

Theorem 3.1. Let H be a real Hilbert space and let {xn} be generated by Algorithm 3.1. Suppose
that the assumptions (A1)-(A4) hold, Ω ̸= ∅ and the following control conditions are satisfied:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) There exist a positive real number a with 0 < a ≤ γn and 0 < a ≤ δn, for each n ∈ N;
(C3) There exist positive real numbers b1 and b2 with 0 < b1 ≤ φn ≤ b2 < 1, for each n ∈ N.

Then, {xn} converges strongly to p ∈ Ω, where p = PΩf(p).

Proof. Firstly, we prove that {xn} is a bounded sequence. Let z ∈ Ω. Then, z ∈ F (S),
implies Sz = z. Moreover, we have z ∈ (A+B)−10, this implies that JB

λn
(I − λnA)z = z.

Now, consider the following relation,

∥zn − z∥ = ∥un + θn(un − un−1)− z∥
≤ ∥un − z∥+ θn∥un − un−1∥,(3.19)

for each n ∈ N. We will get the first term of (3.19) as follows,

∥un − z∥ = ∥xn + µn(xn − xn−1)− z∥
≤ ∥xn − z∥+ µn∥xn − xn−1∥,(3.20)

for each n ∈ N. Substitute (3.20) in (3.19) and using (3.17) and (3.18), we obtain

∥zn − z∥ ≤ ∥xn − z∥+ µn∥xn − xn−1∥+ θn∥un − un−1∥

≤ ∥xn − z∥+ αn
µn

αn
∥xn − xn−1∥+ αn

θn
αn

∥un − un−1∥

≤ ∥xn − z∥+ αnK1,(3.21)
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for some K1 > 0. By the definition of yn and (3.21), we have

∥yn − z∥ =
∥∥φnxn + (1− φn)J

B
λn

(I − λnA)zn − z
∥∥

≤ φn∥xn − z∥+ (1− φn)
∥∥JB

λn
(I − λnA)zn − z

∥∥
≤ φn∥xn − z∥+ (1− φn)∥zn − z∥
≤ φn∥xn − z∥+ (1− φn)∥xn − z∥+ (1− φn)αnK1

≤ ∥xn − z∥+ (1− φn)αnK1,(3.22)

for each n ∈ N. Then, using the definition of xn+1 and (3.22), we obtain

∥xn+1 − z∥ =
∥∥αnf(xn) + γnxn + δnSyn − z

∥∥
≤ αn

∥∥f(xn)− z
∥∥+ γn∥xn − z∥+ δn∥Syn − z∥

≤ αn

∥∥f(xn)− f(z)
∥∥+ αn

∥∥f(z)− z
∥∥+ γn∥xn − z∥+ δn∥yn − z∥

≤ αnω∥xn − z∥+ αn

∥∥f(z)− z
∥∥+ γn∥xn − z∥

+δn∥xn − z∥+ δn(1− φn)αnK1

=
(
1− αn(1− ω)

)
∥xn − z∥+ αn(1− ω)

(∥∥f(z)− z
∥∥+K1

1− ω

)
≤ max

{
∥xn − z∥,

∥∥f(z)− z
∥∥+K1

1− ω

}
...

≤ max

{
∥x1 − z∥,

∥∥f(z)− z
∥∥+K1

1− ω

}
,(3.23)

for each n ∈ N. Therefore, we conclude that
{
∥xn − z∥

}
is a bounded sequence, implying

{xn} is bounded. Consequently, {un}, {zn}, {yn}, and {f(xn)} are also bounded.

Next, we note that PΩf(·) is a contraction mapping. Let p be a unique fixed point of
PΩf(·), i.e. p = PΩf(p). In the following, we will show the necessary relationships to
prove the convergence theorem. Consider, for each n ∈ N,

∥un − p∥2 = ∥xn + µn(xn − xn−1)− p∥2

≤ ∥xn − p∥2 + µ2
n∥xn − xn−1∥2 + 2µn∥xn − p∥∥xn − xn−1∥

≤ ∥xn − p∥2 + µn∥xn − xn−1∥
(
µn∥xn − xn−1∥+ 2∥xn − p∥

)
≤ ∥xn − p∥2 +K2µn∥xn − xn−1∥,(3.24)

where K2 = 3 supn
{
µ∥xn − xn−1∥, ∥xn − p∥

}
> 0.

∥zn − p∥2 = ∥un + θn(un − un−1)− p∥2

≤ ∥un − p∥2 + θ2n∥un − un−1∥2 + 2θn∥un − p∥∥un − un−1∥
≤ ∥un − p∥2 + θn∥un − un−1∥

(
θn∥un − un−1∥+ 2∥un − p∥

)
≤ ∥un − p∥2 +K3θn∥un − un−1∥,(3.25)

where K3 = 3 supn
{
θ∥un − un−1∥, ∥un − p∥

}
> 0, for each n ∈ N. By substituting (3.24)

into the inequality (3.25), we get

∥zn − p∥2 ≤ ∥xn − p∥2 +K2µn∥xn − xn−1∥+K3θn∥un − un−1∥,(3.26)
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for each n ∈ N. By the definition of yn and (3.26), we have

∥yn − p∥2 =
∥∥φnxn + (1− φn)J

B
λn

(I − λnA)zn − p
∥∥2

≤ φn∥xn − p∥2 + (1− φn)
∥∥JB

λn
(I − λnA)zn − p

∥∥2
−φn(1− φn)

∥∥xn − JB
λn

(I − λnA)zn
∥∥2

≤ φn∥xn − p∥2 + (1− φn)∥zn − p∥2

≤ φn∥xn − p∥2 + (1− φn)∥xn − p∥2

+K2µn∥xn − xn−1∥+K3θn∥un − un−1∥
≤ ∥xn − p∥2 +K2µn∥xn − xn−1∥+K3θn∥un − un−1∥,(3.27)

for each n ∈ N. In addition, by substituting the obtained relation (3.27) into the following,
we obtain

∥xn+1 − p∥2 =
〈
αnf(xn) + γnxn + θnSyn − p, xn+1 − p

〉
= αn

〈
f(xn)− f(p), xn+1 − p

〉
+ αn

〈
f(p)− p, xn+1 − p

〉
+γn

〈
xn − p, xn+1 − p

〉
+ δn

〈
Syn − p, xn+1 − p

〉
≤ αn

2

(
∥f(xn)− f(p)∥2 + ∥xn+1 − p∥2

)
+
γn
2

(
∥xn − p∥2 + ∥xn+1 − p∥2

)
+
δn
2

(
∥Syn − p∥2 + ∥xn+1 − p∥2

)
+αn

〈
f(p)− p, xn+1 − p

〉
≤

(
αnω

2

2
+

γn
2

)
∥xn − p∥2 + δn

2
∥yn − p∥2 + 1

2
∥xn+1 − p∥2

+αn

〈
f(p)− p, xn+1 − p

〉
≤

(
αnω

2 + γn
2

)
∥xn − p∥2 + δn

2
∥xn − p∥2

+
δn
2

{
K2µn∥xn − xn−1∥+K3θn∥un − un−1∥

}
+
1

2
∥xn+1 − p∥2 + αn

〈
f(p)− p, xn+1 − p

〉
,

for each n ∈ N. This gives,

∥xn+1 − p∥2 ≤
(
1− αn(1− ω2)

)
∥xn − p∥2 +K2µn∥xn − xn−1∥+K3θn∥un − un−1∥

+2αn

〈
f(p)− p, xn+1 − p

〉
=

(
1− αn(1− ω2)

)
∥xn − p∥2 + αn(1− ω2)Tn,(3.28)

where Tn =
K2

1− ω2

µn

αn
∥xn−xn−1∥+

K3

1− ω2

θn
αn

∥un−un−1∥+
2

1− ω2

〈
f(p)− p, xn+1− p

〉
.

Next, we prove the desired result by considering the following two cases.
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Case 1: Suppose that there exists n0 ∈ N such that
{
∥xn − p∥

}
is monotonically non-

increasing for all n ∈ N. Since a sequence
{
∥xn − p∥

}
is bounded, it is a convergent

sequence. By using (3.26) and the definition of yn, we also get

∥yn − p∥2 =
∥∥φnxn + (1− φn)J

B
λn

(I − λnA)zn − p
∥∥2

≤ φn∥xn − p∥2 + (1− φn)
∥∥JB

λn
(I − λnA)zn − p

∥∥2
−φn(1− φn)

∥∥xn − JB
λn

(I − λnA)zn
∥∥2

≤ φn∥xn − p∥2 + (1− φn)∥zn − p∥2 − φn(1− φn)
∥∥xn − JB

λn
(I − λnA)zn

∥∥2
≤ φn∥xn − p∥2 + (1− φn)∥xn − p∥2 +K2µn∥xn − xn−1∥+K3θn∥un − un−1∥

−φn(1− φn)
∥∥xn − JB

λn
(I − λnA)zn

∥∥2
≤ ∥xn − p∥2 +K2µn∥xn − xn−1∥+K3θn∥un − un−1∥

−φn(1− φn)
∥∥xn − JB

λn
(I − λnA)zn

∥∥2,(3.29)

for each n ∈ N. Furthermore, we use (2.13) and (3.29), we have

∥xn+1 − p∥2 =
∥∥αnf(xn) + γnxn + δnSyn − p

∥∥2
=

∥∥αn

(
f(xn)− p

)
+ γn(xn − p) + δn(Syn − p)

∥∥2
= αn∥f(xn)− p∥2 + γn∥xn − p∥2 + δn∥Syn − p∥2

−αnγn∥f(xn)− xn∥2 − αnδn∥f(xn)− Syn∥2 − γnδn∥xn − Syn∥2

≤ αn∥f(xn)− p∥2 + γn∥xn − p∥2 + δn∥yn − p∥2

≤ αn∥f(xn)− p∥2 + γn∥xn − p∥2 + δn∥xn − p∥2

+K2µn∥xn − xn−1∥+K3θn∥un − un−1∥
−φn(1− φn)

∥∥xn − JB
λn

(I − λnA)zn
∥∥2,

for each n ∈ N. Then,

φn(1− φn)
∥∥xn − JB

λn
(I − λnA)zn

∥∥2 ≤ αn∥f(xn)− p∥2 + ∥xn − p∥2 − ∥xn+1 − p∥2

+αnK2
µn

αn
∥xn − xn−1∥+ αnK3

θn
αn

∥un − un−1∥.(3.30)

By using Remark 3.1 and conditions (C1) and (C3), we obtain

lim
n→∞

∥∥xn − JB
λn

(I − λnA)zn
∥∥ = 0.(3.31)

Now, for each n ∈ N, we have

∥xn − yn∥ =
∥∥xn − φnxn − (1− φn)J

B
λn

(I − λnA)zn
∥∥

≤ (1− φn)
∥∥xn − JB

λn
(I − λnA)zn

∥∥.
Using (3.31), it follows that

lim
n→∞

∥xn − yn∥ = 0.(3.32)

Next, consider

∥zn − xn∥ = ∥un + θn(un − un−1)− xn∥
= ∥xn + µn(xn − xn−1) + θn(un − un−1)− xn∥
≤ µn∥xn − xn−1∥+ θn∥un − un−1∥

= αn
µn

αn
∥xn − xn−1∥+ αn

θn
αn

∥un − un−1∥,
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for each n ∈ N. By (3.17), (3.18) and condition (C1), it follows that

lim
n→∞

∥zn − xn∥ = 0.(3.33)

From the relation

∥xn+1 − p∥2 = αn∥f(xn)− p∥2 + γn∥xn − p∥2 + δn∥Syn − p∥2

−αnγn∥f(xn)− xn∥2 − αnδn∥f(xn)− Syn∥2 − γnδn∥xn − Syn∥2,

we have

γnδn∥xn − Syn∥2 ≤ αn∥f(xn)− p∥2 + γn∥xn − p∥2 + δn∥yn − p∥2

−∥xn+1 − p∥2

≤ αn∥f(xn)− p∥2 + γn∥xn − p∥2 + δn∥xn − p∥2

+K2µn∥xn − xn−1∥+K3θn∥un − un−1∥ − ∥xn+1 − p∥2

≤ αn∥f(xn)− p∥2 + ∥xn − p∥2 − ∥xn+1 − p∥2

αnK2
µn

αn
∥xn − xn−1∥+ αnK3

θn
αn

∥un − un−1∥,(3.34)

for each n ∈ N. By using conditions (C1) and (C2), we obtain

lim
n→∞

∥xn − Syn∥ = 0.(3.35)

Moreover, we will show that limn→∞ ∥xn+1 − xn∥ = 0. Consider

∥xn+1 − xn∥ = ∥αnf(xn) + γnxn + δnSyn − xn∥
≤ αn∥f(xn)− xn∥+ δn∥Syn − xn∥,

for each n ∈ N. By using (3.35) and condition (C1), we have

lim
n→∞

∥xn+1 − xn∥ = 0.(3.36)

Since the sequence {xn} is bounded on H , there exists a subsequence {xnj} of {xn}
converges weakly to x∗ ∈ H . The next step is to prove that x∗ ∈ Ω.

To show x∗ ∈ (A+B)−10, we first consider∥∥xn − JB
λn

(I − λnA)xn

∥∥ ≤
∥∥xn − JB

λn
(I − λnA)zn

∥∥+
∥∥JB

λn
(I − λnA)zn − JB

λn
(I − λnA)xn

∥∥
≤

∥∥xn − JB
λn

(I − λnA)zn
∥∥+ ∥zn − xn∥,

for each n ∈ N. By using (3.31) and (3.33), it follows that

lim
n→∞

∥∥xn − JB
λn

(I − λnA)xn

∥∥ = 0.(3.37)

Next, consider the following relation∥∥x∗ − JB
λn

(I − λnA)x∗∥∥2 ≤
〈
x∗ − JB

λn
(I − λnA)x∗, x∗ − xnj

〉
+
〈
x∗ − JB

λn
(I − λnA)x∗, xnj

− JB
λn

(I − λnA)xnj

〉
+
〈
x∗ − JB

λn
(I − λnA)x∗, JB

λn
(I − λnA)xnj

− JB
λn

(I − λnA)x∗〉,(3.38)

for each j ∈ N. By xnj
⇀ x∗ and (3.37), we obtain

lim
j→∞

∥∥x∗ − JB
λn

(I − λnA)x∗∥∥ = 0.

Thus, we get x∗ = JB
λn

(I − λnA)x∗, implies that x∗ ∈ (A+B)−10.
To show that x∗ ∈ F (S), we consider the following relation

∥yn − Syn∥ ≤ ∥yn − xn∥+ ∥xn − Syn∥,



A Strongly Convergent Self-Adaptive Double Inertial Forward-Backward Method 129

for each n ∈ N. By using (3.32) and (3.35), we have

lim
n→∞

∥∥yn − Syn
∥∥ = 0.(3.39)

Using (3.39) and together with ynj ⇀ x∗, for each j ∈ N, we obtain from Lemma 2.3 that
x∗ ∈ F (S). From the above results, it shows that x∗ ∈ Ω.

Finally, we will prove that the sequence {xn} converges strongly to p = PΩf(p). Now,
the sequence {xn} is bounded, and we have ∥xn+1 − xn∥ → 0, as n → ∞. Without loss
of generality, we may assume that a subsequence {xnj+1} of {xn+1} converges weakly to
x∗ ∈ H . It follows that

lim sup
n→∞

2

1− ω2

〈
f(p)− p, xn+1 − p

〉
= lim

j→∞

2

1− ω2

〈
f(p)− p, xnj+1 − p

〉
=

2

1− ω2

〈
f(p)− p, x∗ − p

〉
≤ 0.(3.40)

By using (3.40) and together with (3.17) and (3.18), we obtain

lim sup
n→∞

(
K2

1− ω2

µn

αn
∥xn − xn−1∥+

K3

1− ω2

θn
αn

∥un − un−1∥+
2

1− ω2

〈
f(p)− p, xn+1 − p

〉)
≤ 0.

That is from (3.28), we get lim supn→∞ Tn ≤ 0. By using Lemma 2.4 to (3.28), we can con-
clude that ∥xn − p∥ → 0, as n → ∞. Therefore xn → p, as n → ∞.

Case 2: Suppose that
{
∥xn − p∥

}
is not a monotonically decreasing sequence for all

n ∈ N. Now, we set Γn = ∥xn − p∥ and let τ : N → N be a mapping defined by

τ(n) := max
{
k ∈ N : k ≤ n, Γk ≤ Γk+1

}
,

for all n ∈ N. Then, we obtain {τ(n)} is a nondecreasing sequence, with τ(n) → ∞ as
n → ∞ and

0 ≤ Γτ(n) ≤ Γτ(n)+1, ∀n ∈ N;

see [16]. From this result, we get ∥xτ(n) − p∥2 − ∥xτ(n)+1 − p∥2 ≤ 0, for each n ∈ N.
Consider, from (3.30), it follows that

φτ(n)(1− φτ(n))
∥∥xτ(n) − JB

λτ(n)
(I − λτ(n)A)zτ(n)

∥∥2 ≤ ατ(n)∥f(xτ(n))− p∥2

+∥xτ(n) − p∥2 − ∥xτ(n)+1 − p∥2

+ατ(n)K2

µτ(n)

ατ(n)
∥xτ(n) − xτ(n)−1∥

+ατ(n)K3

θτ(n)

ατ(n)
∥uτ(n) − uτ(n)−1∥

≤ ατ(n)∥f(xτ(n))− p∥2

+ατ(n)K2

µτ(n)

ατ(n)
∥xτ(n) − xτ(n)−1∥

+ατ(n)K3

θτ(n)

ατ(n)
∥uτ(n) − uτ(n)−1∥,(3.41)

for each n ∈ N.
Similar as in Case 1, we also have

lim
n→∞

∥∥xτ(n) − JB
λτ(n)

(I − λτ(n)A)zτ(n)
∥∥ = 0,

lim
n→∞

∥xτ(n) − yτ(n)∥ = 0,



130 M. Suwannaprapa, N. Petrot and J.C. Yao

lim
n→∞

∥xτ(n)+1 − xτ(n)∥ = 0

and

lim sup
n→∞

Tτ(n) ≤ 0.

By the sequence {xτ(n)} is bounded, we can find a subsequence of {xτ(n)}, still denoted
by {xτ(n)}, which converges weakly to x∗ ∈ F (S)∩(A+B)−10. From the relation in (3.28),
we obtain

∥xτ(n)+1 − p∥2 ≤
(
1− ατ(n)(1− ω2)

)
∥xτ(n) − p∥2 + ατ(n)(1− ω2)Tτ(n),

for each n ∈ N. Consequently, we have

ατ(n)(1− ω2)∥xτ(n) − p∥2 ≤ ∥xτ(n) − p∥2 − ∥xτ(n)+1 − p∥2

+ατ(n)(1− ω2)Tτ(n),

≤ ατ(n)(1− ω2)Tτ(n).(3.42)

Since ατ(n)(1− ω2) > 0, it follows from (3.42) that

lim sup
n→∞

∥xτ(n) − p∥2 ≤ 0.

This implies

lim
n→∞

∥xτ(n) − p∥2 = 0,

and also

lim
n→∞

∥xτ(n) − p∥ = 0.(3.43)

Moreover, we use limn→∞ ∥xτ(n)+1 − xτ(n)∥ = 0 and (3.43), we get

∥xτ(n)+1 − p∥ ≤ ∥xτ(n)+1 − xτ(n)∥+ ∥xτ(n) − p∥ → 0,(3.44)

as n → ∞. In addition, if τ(n) < n, we also have Γτ(n) ≤ Γτ(n)+1, because Γτ(n)+1 ≥ Γj

for τ(n) + 1 ≤ j ≤ n. Consequently, we obtain

0 ≤ Γn ≤ max
{
Γτ(n),Γτ(n)+1

}
= Γτ(n)+1,

for each n ∈ N. By using (3.44), we have limn→∞ Γn = 0. Therefore, we can conclude that
{xn} converges strongly to p. This completes the proof. □

3.1. Applications of Theorem 3.1. In this subsection, we demonstrate the utility of our
main theorem by applying it to several well-known optimization problems.

3.1.1. Variational Inequality Problem. Consider the normal cone to C at u ∈ C defined as
NC(u) = {z ∈ H : ⟨z, y − u⟩ ≤ 0,∀y ∈ C}. We note that NC is a maximal monotone
operator (A2). By setting B := NC , problem (1.3) is reduced to the variational inequality
problem (VIP) of finding x∗ ∈ C such that ⟨Ax∗, x − x∗⟩ ≥ 0,∀x ∈ C. We denote the
solution set by V IP (C,A). In this case, the resolvent JB

λn
becomes the metric projection

PC . The common solution problem (1.11) is now to find x∗ ∈ F (S) ∩ V IP (C,A) =: Ω1.
Applying Theorem 3.1 directly yields the following corollary:
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Corollary 3.1. Let A be σ-ism (A1) and S, f satisfy (A3) and (A4). Let {xn} be generated by the
algorithm: 

un = xn + µn(xn − xn−1)

zn = un + θn(un − un−1)

yn = φnxn + (1− φn)PC(I − λnA)zn

xn+1 = αnf(xn) + γnxn + δnSyn

, ∀n ∈ N.

If Ω1 ̸= ∅ and conditions (C1)-(C3) hold, then {xn} converges strongly to p ∈ Ω1, where p =
PΩ1

f(p).

3.1.2. Convex Minimization Problem. Let h : H → R be a convex and Fréchet differentiable
function, and let A := ∇h. If ∇h is v-Lipschitz, then A is (1/v)-ism, satisfying (A1).
By setting B := NC as in the VIP case, problem (1.3) becomes the convex minimization
problem of finding x∗ ∈ C such that x∗ ∈ argminx∈C h(x). The common solution problem
(1.11) is to find x∗ ∈ F (S) ∩ argminx∈C h(x) =: Ω2.

Corollary 3.2. Let S, f satisfy (A3) and (A4), and let A = ∇h be (1/v)-ism. Let {xn} be
generated by the algorithm:

un = xn + µn(xn − xn−1)

zn = un + θn(un − un−1)

yn = φnxn + (1− φn)PC(I − λn∇h)zn

xn+1 = αnf(xn) + γnxn + δnSyn

, ∀n ∈ N.

If Ω2 ̸= ∅, λn ∈ (0, 1/v), and conditions (C1)-(C3) hold, then {xn} converges strongly to p ∈ Ω2,
where p = PΩ2

f(p).

3.1.3. Split Feasibility Problem. Let H1, H2 be two real Hilbert spaces, C ⊂ H1 and Q ⊂ H2

be nonempty closed convex sets, and L : H1 → H2 be a bounded linear operator. The split
feasibility problem (SFP) [5] is to find x∗ ∈ C such that Lx∗ ∈ Q. Let A = L∗(I − PQ)L,
where L∗ is the adjoint of L. It is known [33] that A is (1/∥L∥2)-ism, satisfying (A1). Let
B = NC (A2). Then (A + B)−10 is the solution set of the SFP. The common solution
problem (1.11) is to find x∗ ∈ F (S) ∩ C ∩ L−1Q =: Ω3.

Corollary 3.3. Let S, f satisfy (A3) and (A4). Let {xn} be generated by the algorithm:
un = xn + µn(xn − xn−1)

zn = un + θn(un − un−1)

yn = φnxn + (1− φn)PC(I − λnL
∗(I − PQ)L)zn

xn+1 = αnf(xn) + γnxn + δnSyn

, ∀n ∈ N.

If Ω3 ̸= ∅, λn ∈ (0, 1/∥L∥2), and conditions (C1)-(C3) hold, then {xn} converges strongly to
p ∈ Ω3, where p = PΩ3f(p).

4. NUMERICAL EXPERIMENTS

In this section, we will consider some numerical experiments to illustrate the use of
Theorem 3.1.

Example 4.1. Let H = R2 be equipped with the Euclidean norm. For each x :=

(
x1

x2

)
∈ H , we

consider the following two norms:

∥x∥1 = |x1|+ |x2| and ∥x∥∞ = max
{
|x1|, |x2|

}
.
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Let a function g : H → R, which is defined by

g(x) = ∥x∥1, ∀x ∈ H.

Now, we have a subdifferential operator of g is

∂g(x) =
{
z ∈ H : ⟨x, z⟩ = ∥x∥1, ∥z∥∞ ≤ 1

}
, ∀x ∈ H.

Since g is a convex function, then ∂g(·) is a maximal monotone operator. Moreover, for each λ > 0,
we have

J∂g
λ (x) =

{(
u1

u2

)
∈ H : ui = xi −

(
min{|xi|, λ}

)
sgn(xi), for i = 1, 2

}
,

where sgn(·) stands for the signum function.

Next, let x̃ :=

(
7
4

)
and x̄ :=

(
11
−8

)
be two fixed vectors in H . We consider the 1-Lipschitz

operator PQ, where
Q :=

{
u ∈ H : ⟨x̃, u⟩ ≤ −11

}
,

and the operator PC , where C is the following nonempty convex subsets of H :

C :=
{
u ∈ H : ⟨x̄, u⟩ ≤ 22

}
.

Now, we get F (PC) = C. In addition, we consider a contraction mapping f :=

[
1
20 0
0 1

30

]
. Under

the above settings, we will consider the problem to find a point

(4.45) x∗ ∈ C ∩ (PQ + ∂g)−10.

Note that, the solution set of problem (4.45) is Ω :=

{(
x

4x−3
7

)
∈ H : 3

4 ≤ x ≤ 130
45

}
. We de-

termine the results using the stopping criterion by
∥xn+1 − xn∥
max{1, ∥xn∥}

≤ 1.0e−06.

We set the control parameters as βn =
1

(2n+ 100)2
, αn =

1

2n+ 100
, γn =

1− αn

2
and

δn =
1− αn

2
.

We notice that the maximal monotone operator as B := ∂g, satisfying condition (A2). We
set the single-valued operator A := PQ. Because PQ is a metric projection onto a closed convex
set, it is firmly nonexpansive, which implies it is 1-inverse strongly monotone (1-ism), thereby
satisfying condition (A1). Next, we define the nonexpansive mapping S := PC , noting that its
fixed point set is F (PC) = C, which satisfies condition (A3). The operator f is a given contraction
mapping, satisfying (A4). Consequently, finding a point x∗ ∈ C∩(PQ+∂g)−10 is mathematically
equivalent to finding x∗ ∈ F (S) ∩ (A + B)−10. Furthermore, the selected control parameters
{αn}, {γn}, {δn}, and {βn} are constructed to satisfy conditions (C1)-(C3). Thus, all hypotheses
of Theorem 3.1 are fulfilled, guaranteeing that the sequence {xn} generated by Algorithm 3.1 will
converge strongly to the solution.

Experiment 1: Comparison of Inertial Structures (Table 1)
We first investigate the performance of different inertial structures. We test the four cases

defined as:
Case 1: µn = µ̄n, θn = θ̄n (Double Inertial);
Case 2: µn = µ̄n, θn → 0 (Double Inertial with diminishing upper bound);
Case 3: µn = µ̄n, θn = 0 (Single Inertial);
Case 4: µn = 0, θn = 0 (Non-Inertial).
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TABLE 1. Numerical experiments for different step size parameters µn

and θn of Algorithm 3.1 with some initial points.

Case → Case 1 Case 2 Case 3 Case 4
# x0, x1 ↓ Iters Sol Iters Sol Iters Sol Iters Sol

IP 1 271
(
0.715407

0

)
278

(
0.716117

0

)
271

(
0.715440

0

)
3,371

(
0.746598

0

)
IP 2 271

(
0.715407

0

)
285

(
0.716811

0

)
271

(
0.715440

0

)
3,371

(
0.746598

0

)
IP 3 3,548

(
0.746825

0

)
3,555

(
0.746831

0

)
3,550

(
0.746827

0

)
3,552

(
0.746829

0

)
IP 4 4,907

(
0.747701

0

)
4,927

(
0.747705

0

)
4,909

(
0.747702

0

)
4,911

(
0.747703

0

)

For Cases 1, 2 and 3, we use the self-adaptive functions µ(x) = θ(x) =
ex − 1

ex
, as praised in

Remark 3.2. The fixed parameters λn = 0.5 and φn = 0.5 are used. We consider four different
initial points as follows.

IP 1: x0 = (0, 0)⊤, x1 = (1, 1)⊤;
IP 2: x0 = (−1,−1)⊤, x1 = (1, 1)⊤;
IP 3: x0 = (−1, 10)⊤, x1 = (1, 10)⊤;
IP 4: x0 = (−1,−1)⊤, x1 = (10, 10)⊤.

From Table 1, we found that for any initial points, Case 1 (the double-adaptive method) gives
a better convergence rate, especially when compared to Case 3 (single-adaptive) and Case 4 (non-
inertial). This establishes the double-inertial structure as the most effective.

Experiment 2: Validating the Self-Adaptive Mechanism (Table 2 & 3)
Given that the Case 1 structure is superior, we now validate the practical benefit of the self-

adaptive mechanism (Remark 3.2). A major challenge in optimization is the difficult task of hyper-
parameter tuning.

The chosen adaptive function µ(x) = θ(x) =
ex − 1

ex
= 1 − e−x, where x is the norm of the

previous step (e.g., x = ∥xn−xn−1∥), is designed to solve this problem. It has two distinct, critical
behaviors:

(1) Acceleration (Large Steps): When the algorithm is far from the solution, the step size
x is large. As x → ∞, the function µ(x) → 1. This allows the algorithm to use a large
inertial parameter to accelerate convergence.

(2) Damping (Small Steps): As the algorithm converges, the step size x → 0. A Taylor
expansion shows µ(x) = 1 − e−x ≈ 1 − (1 − x) = x. The inertial parameter automati-
cally and intelligently vanishes, damping the algorithm to prevent overshoot and stabilize
convergence.

We now present numerical evidence of this dual behavior. We compare the performance of our
adaptive method (from Table 1, Case 1) against the same algorithm using five different fixed inertial
parameters (i.e., µ(x) = c = θ(x)). The results of these fixed-parameter tests are in Table 2.

We compute the average of iterations for these fixed-parameter tests and summarize them in
Table 3.

The results in Table 3 are highly insightful and perfectly confirm our analysis of the adaptive
function. They show that finding a good fixed parameter is non-trivial:
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TABLE 2. Influence of the parameter µ of Algorithm 3.1 with some initial point.

µ → µ = 1.0e−10 µ = 1.0e−06 µ = 1.0e−03 µ = 0.5 µ = 0.99
# x0, x1 ↓ Iters Sol Iters Sol Iters Sol Iters Sol Iters Sol

IP 1 271
(
0.715440

0

)
271

(
0.715440

0

)
271

(
0.715429

0

)
3.371

(
0.746598

0

)
3,371

(
0.746598

0

)
IP 2 271

(
0.715440

0

)
271

(
0.715440

0

)
271

(
0.715429

0

)
3.371

(
0.746598

0

)
3,371

(
0.746598

0

)
IP 3 3,550

(
0.746827

0

)
3,550

(
0.746827

0

)
3,548

(
0.746825

0

)
3,548

(
0.746825

0

)
3,548

(
0.746825

0

)
IP 4 4,909

(
0.747702

0

)
4,909

(
0.747702

0

)
4,907

(
0.747701

0

)
4,907

(
0.747701

0

)
4,907

(
0.747701

0

)

TABLE 3. Average iterations for different fixed µ values (from Table 2).

Parameter Value (µ = c) Average Iterations
µ = 1.0e−10 2250.25
µ = 1.0e−06 2250.25
µ = 1.0e−03 2249.25
µ = 0.5 3799.25
µ = 0.99 3799.25

• A poor choice of a large, fixed parameter (µ = 0.5 or µ = 0.99) leads to very slow
convergence (3799.25 avg. iterations). This is the ”Acceleration” behavior without the
”Damping”: the large, fixed parameter causes persistent oscillation and overshoot near
the solution.

• An optimally-tuned small, fixed parameter (µ = 1.0e−03) is very fast (2249.25 avg. it-
erations). This is the ”Damping” behavior, which appears to be critical for this problem’s
convergence.

• Crucially, the data from our adaptive function in Table 1 (Case 1) automatically achieved
this near-optimal performance (2249.25 avg. iterations, from Table 1 data).

This is the key advantage: the function’s ”Damping” property (Behavior 2) allowed it to intelli-
gently and automatically mimic the optimally-tuned fixed parameter as it approached the solution.
The proposed self-adaptive mechanism provides acceleration when needed and automatic damp-
ing, achieving the best performance without requiring the user to perform these difficult tuning
experiments.

Experiment 3: Influence of φn (Table 4)
In Table 4, we focus on the parameter φn. We return to the superior Case 1 setup (using the

adaptive functions µ(x) and θ(x)) and test three different fixed values for φn.
From the presented results in Table 4, it can be seen that a smaller value of parameter φn leads

to faster convergence.

5. CONCLUSIONS

This paper has introduced a new double inertial forward-backward algorithm (Algo-
rithm 3.1) for the common problem of finding a zero of the sum of two monotone oper-
ators and a fixed point of a nonexpansive mapping (1.11). The algorithm’s design inte-
grates two key novelties: a double inertial extrapolation step and a self-adaptive inertial
parameterization (Remark 3.2), combined within a Mann viscosity-type iteration.
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TABLE 4. Influence of the parameter φn of Algorithm 3.1 with some ini-
tial point.

φn → φn = 0.01 φn = 0.5 φn = 0.9
# x0, x1 ↓ Iters Sol Iters Sol Iters Sol

IP 1 240
(
0.730256

0

)
271

(
0.715407

0

)
418

(
0.643651

0

)
IP 2 240

(
0.730256

0

)
271

(
0.715407

0

)
418

(
0.643651

0

)
IP 3 2,719

(
0.747907

0

)
3,548

(
0.746825

0

)
5,544

(
0.739947

0

)
IP 4 3,413

(
0.748330

0

)
4,907

(
0.747701

0

)
12,317

(
0.745507

0

)

The primary theoretical contribution is the proof of strong convergence (Theorem 3.1).
This result formally addresses a noted gap in the literature, where similar multi-step iner-
tial methods have, until now, generally only established weak convergence. We demon-
strated the utility of this main theorem by establishing strongly convergent corollaries for
the variational inequality, convex minimization, and split feasibility problems.

Furthermore, the numerical experiments in Section 4 provide a practical validation of
the algorithm’s design. The comparisons in Table 1 illustrate the computational advantage
of the proposed double-inertial structure (Case 1) over single-inertial (Case 3) and non-
inertial (Case 4) variants.

More importantly, the experiments validate the practical benefit of the self-adaptive
mechanism. The results in Table 2 and Table 3 show that finding an optimal fixed pa-
rameter is a non-trivial tuning problem, with poor choices (e.g., µ = 0.5) leading to sig-
nificantly slower convergence. Our adaptive algorithm (Case 1, Table 1) automatically
achieved this near-optimal performance without requiring any manual hyperparameter
tuning. This demonstrates a key practical advantage, enhancing the algorithm’s robust-
ness and ease of use.

Future research may be directed toward analyzing the algorithm’s convergence rate or
relaxing the control conditions required for its implementation.
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