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An Averaged Mann-Type Algorithm with Inertial
Technique for Solving Fixed-Point Problems

SUPARAT BAIYA!, SOMYOT PLUBTIENG? AND TADCHAI YUYING?

ABSTRACT. This paper introduces an averaged Mann-type algorithm incorporating an inertial technique
and a self-adaptive step size to solve common fixed-point problems in Hilbert spaces. The proposed method in-
volves nonexpansive and S-demicontractive mappings in Hilbert spaces satisfying Condition A, such that I — G
is demiclosed at zero. Under mild assumptions on the control sequences, we establish a strong convergence
theorem for the proposed iterative algorithm without requiring prior knowledge of the operator norm. Further-
more, numerical experiments and applications to image restoration problems are provided to demonstrate the
efficiency and superiority of the algorithm compared to existing methods.

1. INTRODUCTION

Fixed-point theory serves as a fundamental tool in nonlinear analysis, owing to its ex-
tensive utility in resolving complex issues across various scientific domains, such as sig-
nal recovery, image processing, and mathematical optimization. These applications can
be effectively formulated for finding fixed points within the framework of Hilbert spaces.
Among the various classes of operators, nonexpansive and -demicontractive mappings
have emerged as particularly significant due to providing a foundation for developing
efficient computational methods.

Herein, let H be a real Hilbert space and C be a nonempty closed convex subset of H
with the inner product (-, ) and the norm || - ||. Denote the set of all fixed-points of F is
denoted by

Fig(F)={zx € H: Fzx =z}
A mapping F': H — H is said to be as follows:
(i) Nonexpansive if
|Fz— Fy| <z —yll, forall z,y € H.
(i) Quasi-nonexpansive if Fiz(F) # @ and
[Fz =yl < llz -yl forall x € H and y € Fiz(F)

(iii) B-demicontractive if Fixz(F') # @, and there exists a positive number § < 1 such
that

|Fz —y|?> < ||z —ylI*> + Bllz — Fyl?, forall z € H and y € Fixz(F).

(iv) Strongly quasi-nonexpansive if Fiz(F) # @, F is quasi-nonexpansive and z,, —
Fz, — 0whenever {z, } is abounded sequence such that ||z,, —z| — || Fz,—z| — 0
for some x € Fix(F).
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Common fixed point problem for mappings F' and G is generally denoted by the follow-
ing:
find « € H such that Fz = Gz = z.

To achieve efficient numerical solutions, numerous iterative schemes have been pro-
posed. A cornerstone of these approaches is the well-known Mann-type iteration [14, 15],
defined as follows:

Tnt1 = (1 — an)Tn + anGay,
where {a,,} € (0,1) is a relaxation parameter which satisfies some appropriate assump-
tions. However, Mann iterations often suffer from slow convergence rates. To enhance
computational efficiency, researchers have integrated the inertial acceleration technique,
a concept in Polyak’s heavy ball method [16]. By incorporating a term based on the dif-
ference between previous iterations, this technique significantly boosts the convergence
speed of the algorithm. Polyak’s heavy ball method [16] has been presented as follows:

Tn+1 = Tn + an(x’n + xn—l)a

where 6,,(z,, + ,,—1) is inertial term. Many researchers are interested in adding an initial
technique to the algorithm to improve the efficiency of the algorithms they have devel-
oped, see more [1, 2, 6, 10] the references therein.

In other words, research concerning common fixed-point problems remains a grow-
ing field, driven by its broad applicability in solving complex problems within various
scientific domains. In 2009, Iemoto and Takahashi [12] approximated the common fixed
points of a nonexpansive mapping 7' : H — H and nonspreading mapping S : H — H in
Hilbert space as follows:

Tntl = (]- - an)xn + an[(]- - ﬁn)Fxn + 6nGxn]7

where {a,}, {8.} € (0,1) are a relaxation parameter.

Recently, Berinde and Saleh [4] present Halpern-type algorithm for approximating the
solution of a common fixed-point for a couple of nonexpansive and /-demicontractive
mappings where 3 < 1 with a variational inequality constraint as follows:

(1.1) Tpt1 = apt + (1 — ap)[bpn Fz, + (1 — b)) ((1 — o)z, + aGxy)],

where u is arbitrary in H, {a,,}, {b,} € (0,1) and o € (0,1 — 3) are a relaxation parameter.
Many researchers adapted the fixed point to common fixed point problems to increase
the diversity and dimension of the problem, see for example [4, 7, 8, 12, 17, 20, 21] and
the references therein. One of the famous applications for the iteration algorithm of fixed
point and common fixed point problems is applying the algorithm to image restoration
problems. That is, applying the fixed point problem to the monotone inclusion problem
[3, 22, 23]. Furthermore, a common problem in deploying these algorithms is the depen-
dence on the operator norm to determine the step size. In calculating the exact norm is
computationally expensive or even impossible. These reasons for the development of self-
adaptive step size, which allow the algorithm to dynamically update parameters without
requiring prior information about the operator’s norm.

Drawing inspiration from these developments, this research proposes an averaged
Mann-type algorithm that synergistically combines inertial acceleration with a self-adaptive
step size mechanism. Our study focuses on approximating common fixed points for non-
expansive and -demicontractive mappings. We prove a strong convergence theorem for
the proposed scheme in a real Hilbert space under mild conditions. Finally, the practi-
cal efficacy of our method is validated through numerical simulations and its application
to image restoration, demonstrating superior performance over existing iterative frame-
works.
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2. PRELIMINARIES
We will use the following notation:
(1) — for weak convergence and — for strong convergence.
(2) wy(vy) = {z : 3w, — x} denotes the weak w-limit set of {x,, }.
Now, we present some fact and tools in a real Hilbert space H which are listed as
lemmas below.
Lemma 2.1. Let H be a Hilbert space. Then the following results hold:
Q) o = 9[[2 = [[o] + 2{e,9) + o forall 2,y € H;
(i) [+ yll* < |z + 2(y, x + y);
(iii) forallt € [0,1] and z,y € H,
[tz + (1 = t)yll* = tllz]* + 1 = Dllyl* — tQ = )]z — y]I*.
Lemma 2.2 ([5]). Let H be a Hilbert space and D C H be a closed and convex set. If G :

D — D is B-demicontractive, then the Krasnoselskij perturbation Gs = (1 — 6)I + 6G of G is
(14 B8/ — 1/6)-demicontractive.

Lemma 2.3 ([5]). Let H be a Hilbert space and D C H be a closed and convex set. If G : D — D
is B-demicontractive, then for any § € (0,1 — 3),

Gs=(1-0)I+6G
is quasi-nonexpansive.

Definition 2.4. A mapping T': D — D is said to satisfy Condition (A) if there exists a
non-decreasing function f : [0, 00) — [0, 00) with f(0) = 0 and f(r) > 0 for all r € (0, c0)
such that || — Tz|| > f(d(x, F(T))) for all z € D, where d(z, F(T)) denotes the distance
from z to the fixed point set F(T').

Example 2.5. Let H = R and D = [0,1]. Define Tz = % for all z € D. It is easy to see
that F(T') = {0}. For any « € D, we have ||z — Tz| = %|x| If we define a non-decreasing
function f : [0,00) — [0,00) by f(r) = %r, then f(0) = 0 and f(r) > 0 for r > 0. Since
d(xz, F(T)) = |z|, it follows that || — Tz| = Zm > %m = f(d(x, F(T))). Thus, T satisfies
Condition (A).

Lemma 2.6 ([19]). Let {c,} be a sequence of nonnegative real numbers and {d,, } be a sequence
of real numbers in (0,1) such that > ", t,, = co. Assume that

Cnt1 < (1 —ty)en + tnhdy
foralln € N. Iflimsupi — cod,,, < 0 for every subsequence {cy, } of {c,,} satisfying
ligglf(cni+l —cp) > 0.
Then lim,,_, o ¢, = 0.

Lemma 2.7 ([24]). Let C be a nonempty subset of a real Hilbert space and let T : C — C be
a k-strictly pseudocontractive mapping. Then, the averaged mapping T = (1 — NI + AT is
nonexpansive for any A € (0,1 — k).

Let us now present Mann-type algorithm with inertial technique as follows:
Algorithm 1.

(1) Initial. Take xo,z; € H arbitrarily and s; =0
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(2) Forn > 1, we set

@.1) o0 — mm{ sn+1 , H%ﬂ:” n } if x, #x,_1;

" Sa=l otherwise;
n+1
where 5,11 = w and {a,,} C [0,1).
(3) Step 1. Calculate uy,, v, and 2,41 using:

Unp, = xnp+ en(In - xn—l)

(2.2) Up, = bpFu, + (1 —b,)((1 —y)u, +vGuy,)
Tnt1 = apFv, + (1 —an)vn,

where {a,}, {b,} C [0,1].
4) If |zpt1 — znll < g, stop. Otherwise, set n := n + 1 and return to Step 1.
Algorithm 2.

(1) Initial. Take xo,z; € H arbitrarily and s; =0
(2) Forn > 1, we set

mln{ not o Qnby } if x, # x,_1;

— Sp+1’ Hin_xn 1“ n n ’

(2.3) On { sa=l otherwise;

Sn+41
where s, 11 = % and {a,} C [0,1).
(3) Step 1. Calculate u,,, v, and z,,41 using:

Un = xn'i_en(xn_xnfl)

(2.4) Uy, = byDaupn + (1 —0,)((1 — ¥)uy + yBuy)
Tny1 = apBu, + (1 —ap)vp,

where I'yu = (1 — A)u + Al'u, with A € (0,1 — k) and {a,, }, {bn} C [0, 1].
(4) If |zp+1 — zn|| < &, stop. Otherwise, set n := n + 1 and return to Step 1.

3. COMMON FIXED POINTS

We first introduce the following property to help prove the main results.
A mapping G satisfies Condition A if z,, — Gz,, — 0 whenever {z,} is bounded se-
quence such that
lzn — 2| = |(1 = 8)zp + 0Gxy, — 2*|| = 0
for some z* € Fiz(G) and ¢ € [0,1].
Theorem 3.1. Let H be a Hilbert space and C be a closed convex subset of H, A mappings
F : C — C is a nonexpansive and G : C — C'is a S-demicontractive satisfying Condition A

such that I — G is demiclosed at 0. Assume that Fiz(F) N Fiz(G) # 2. Let {ay} and {b,} be
the sequences in [0, 1] which satisfy the following conditions:

(i) lim, oo a, =0and Y | a, = oo,
(i) Y02 by =00,
(iii) a, € (a,b) for some a,b € (0,1) witha < b,
(iv) limg, o0 iy — 0.
Let xo,x1 € H be arbitrarily and {x,} be a sequence generated by Algorithm 1. Then {z,}
converges strongly to x € Fiz(F) N Fiz(G) where t* = Ppiy(p)nriz(c)(T)-

Proof. We first to show that {z,} is a bounded sequence. By the definition of u,, and v,
we get

Hun - .’13” = ||a:n + en(xn - xn—l) - J)H
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(31) < HIn*IH +9onn7xn—1”'

Since G is a f-demicontractive mapping, by Lemma 2.3 and follows the averaged map-
ping G, = (1 — v)I + G is quasi-nonexpansive for v € (0,1 — ). Clearly, G, — I is
demiclosed at zero. One can also see that G, is strongly quasi-nonexpansive from the fact
that G satisfies Condition A. Now, we can write

Uy, = b Fuy + (1 — by) Gy,
for each n € N. Let x be a common fixed point of I and G,. Define
T, =b,F+ (1-b,)G,,

for each n € N. So, we get

[vn — 2| = [ Thun — ||
< Jun — ||
(3.2) <Nlwn — 2| + 00|70 — zp—1]|-

Since (3.1), (3.2), we get
[#n1 = ll = lan(Fop — Fr) + an(Fz — ) + (1 = an)(vn — )|
< ay||Fv, — Fx|| + an||[Fx — x| + (1 — ap)||vn — x|
< anllon — x| + anl|[Fz — zf| + (1 — an)[Jon — 2
(3.3) <ow =zl + anl|[Fz — 2| < |20 — 2| + Opllzn — Tpoa || + anl|Fz — 2.
This implies that

0
@t = all < 1 = ll +an (= len = 201l + | F2 = ]))
n

From z—:Hmn — Zp—_1|| = 0 as n — oo, there exists a constant M > 0 such that 2—:||;vn -
Zn—1|| < M, for all n > 1. Therefore,
(34) [€nt1 =zl < flzn = 2] + an(M + [|[Fz — ).
By mathematical induction, we obtain
[#nt1 — || < max{|zo — x|, M + |[Fx — [},

for all n > 1. This implies that {z,,} is bounded. By definition of w,, for each n € N, we
get

[un = 2| = |20 + On(2n — zn1) — z|?
(3.5) = |z — z||* + 200 (xp — 2,2 — 1) + 02 ||2n — 2012
Using Lemma 2.1(i)-(iii), F is nonexpansive and G, is quasi-nonexpansive, we get
[vn = 2)|? = [|bn Fu + (1 = b)) Gy, — ||
= |bn(Fuy, — F2) 4 by (Fx — ) + (1 — b)) (Gruy — 2)]2
< |bn(Fun — F) + (1 = b)) (Gruy — 2)||? + 2(bp(F2 — 1), v, — )
= bn|[Fuy, — Fa|? + (1 - by |Gyt — a|®
— by (1 = by)||(Fup — Fz) — (Gyun — 3)||> 4+ 2(by(Fz — 2),v, — )
= bn|[Fuy, — Fa|? + (1 - by)||Gytin — a|®
— by (1 = by)[|Fun, — Fa||* — 2(Fu, — Fz,Gyuy, — ) + ||Guy — 2%
+2(bp(Fx — ), v, — x)
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< b || Fun — Fa|? + (1 — b,)||Gyun — |
= bn(1 = bo)[[|Fun — Fal* = 2||Fuy — Fa||[|Gyun — || + | Gyun — 2]
+2(bp(Fx — ), v, — x)
< Ul Fup — Fa||* + (1 = b,)? |Gy — 2|
+ 2b, (1 = by) || Fup, — Fa||||Gyun — || + 2(bp(Fz — ), v, — )
< b flun — l* + (1 bn)?[Jun — 2?
+ 2b, (1 = by)Jup, — z||||un — || + 2(bn(Fx — x),v, — )
< (02 4 (L= bp)? + 26, (1 = b)) [[un, — z||* + 26, (Fz — 2,0, — 2)
= (1 —4b,) ||y — z||* + 20, (Fx — z, v, — 2)
= (1= 4by)(|zn — 2| + 2(zn — 2,0 (20 — Tp—1)) + O llzn — 0—1]?)
(3.6) + 2b, (Fx — x,v, — x).
Using Lemma 2.1(iii), (3.6), this implies that
Jnsr — 22 = llanFon + (1 - ap)on — o
= llan(Fo, — 2) + (1 = an)(vn — 2)|?
= ay||Fon —z]* + (1 = an)llvn — 2[* = an(l = ap) || Fvn — v, |?
< lon = 2l* = an(1 = an)|[Fo, — vnl|®
= (1 —4bp)(||lzn — 2| + 2(xp — 2,00 (2 — Tp1)) + ainn — zpa?)
+ 20, (Fx — 2,0, — 2) — an(1 — an) || Fop — vn]?
(3.7) < (1 =bp)llzn — 2|® = an(l = @) | Fon — vnl|* + budy,
where
dy, = {Q(F:v 2,0 — @) + 2 — | (i—nﬂxn —xn,lu) + (i—"”xn —xn,lu)ennxn —xn,l}.
It follows that
(3.8) an(1 = ap)[[Fop = va|® < (1= bn)llzn — 2| = lensr — 2| + 0o,

where M’ = sup{d,, : n € N}. We finally to show that z,, - z as n — co. To do this,
we will apply Lemma 2.6 by setting ¢,, := ||z,, — z||* and t,, := b,,. From (3.7), we get the
following inequality:

Cnt1 < (1 —tn)en + tndp.
Suppose that {c,, } is a subsequence of {¢,,} such that

(3.9) ligiglf(ani+l —an,) > 0.

From (3.8), (3.9) and a,, —+ coasn — oo and > ., a,, = oo, we get

lim Sup an,; (]- — ani) F’Uni — U, ? < lim Sup(ani T Qnyyy + MI)
17— 00 1—00
< limsup(an; — an,,,)
1—00

= —liminf(an, , —an,)

1—> 00
<0.
From the condition (ii) and above inequality lead to
(3.10) lim ||Fv,, — vp,|| = 0.
1—> 00
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On
By the condition of 6,, (2.1) together with lim,,_,, o, = 0. We note that 5 |Xnt1—zn|| = 0
as n — oo, we next show that limsup,_, . d,, < 0. Obviously, it suffices to show that
limsup(F(x) — x, vy, —x) <0.
n—oo

Let {Umj } be subsequence of {v,, } such that

lim (F(z) — z,v,, —x)=limsup(F(z) —x,v,, — )

J—00 7 i—00
and Un;, = W for some w € H. By (3.10) and set the equation & = Ppjy(p)nriz() () yields

limsup(F(x) — z,v,, — ) = lim (F(z) — z,v,, —x)

1—00 J—00 J
= (F(z) —z,w—x) <0.

Using Lemma 2.6, we can conclude that z,, — x as n — oo. ([

Remark 3.2. The integration of the inertial technique 6,,(x,, — z,—1) into the averaged
Mann-type iterative scheme plays a crucial role in accelerating the convergence process.
This inertial term, often referred to as the momentum effect, utilizes the information from
the previous two iterates to determine the next position, thereby significantly reducing the
number of iterations required to reach the desired accuracy compared to the non-inertial
version presented in [4].

Corollary 3.3. Let H be a Hilbert space and C be a closed convex subset of H, A mappings
F : C — Cis anonexpansive and G : C — C' is a S-demicontractive satisfying Condition A
such that I — G is demiclosed at 0. Assume that Fix(F) N Fix(G) # @. Let {a,},{b.} be the
sequences in [0, 1] and {x,,} be the sequence generated as follows:
x1 € C,
Up = bpFay, + (1= b,)[(1 — v)zn + 7Gxy,
Tnt1 = anFo, + (1 — ap)vp,
for n > 1 which satisfy the following conditions:
(1) limy, oo a, =0and Y7 | a, = o0,
(i) Y07, by =00,
(iii) an € (a,b) for some a,b € (0,1) with a < b.
Then {x,,} converges strongly to x € Fix(F') N Fix(G) where x* = Ppiy(r)nriz(c)(T).
Proof. If §,, = 0 for all n € N U {0} in Theorem (3.1) then u,, = z,,. And the rest of

the proof is similar to that of Theorem (3.1), we obtain {z,} converges strongly to z €
Fiz(F)N Fiz(G). O

If we set 6,, = 0 and F'v,, = u, we obtain the following results of Berinde and Saleh [4].

Corollary 3.4 ([4]). Let H be a Hilbert space and C' be a closed convex subset of H, A mappings
F : C — Cisanonexpansive and G : C — C is a -demicontractive satisfying Condition A
such that I — G is demiclosed at 0. Assume that Fix(F) N Fix(G) # @. Let {a,}, {bn} be the
sequences in [0, 1] and {z,, } be the sequence generated as follows:

Tpt1 = apt + (1 — ap)[bnFzp + (1 — b,)((1 — @)zy, + oGy,
where w is arbitrary in H. If Y~ (1 —b,) < oo and bn — 0. then {x,} converges strongly to
Qn,
x € Fiz(F) N Fix(G) which is the unique point in Fixz(F) N Fix(G) that solves the variaional
inequality
(W —z,u—2z) >0, Yue Fiz(F)nN Fiz(G),
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ie, v = Ppiyrnrisa)(T).

Next, more general theorems can be proven similarly to the proof of Theorem 3.1.
Theorem 3.5. Let H be a Hilbert space and C be a closed convex subset of H, A mappings
I' : C — Cis a k-strictly pseudocontractive and B : C — C is a S-demicontractive satisfying
Condition A such that I — B is demiclosed at 0. Assume that Fix(T') N Fiz(B) # @. Let {a,}
and {b,, } be the sequences in [0, 1] which satisfy the following conditions:

(i) limy—oo ay =0and Y7 | ay = o0,
(11) Zzozl by, = oo,

(iii) an € (a,b) for some a,b € (0,1) witha < b,

(iv) limg, o0 ay — 0.

Let xo,x1 € H be arbitrarily and {x,} be a sequence generated by Algorithm 2. Then {z,}
converges strongly to x € Fiz(I') N Fix(B) where x* = Ppiyrynriz)(T).

Proof. Since T is k-strictly pseudocontractive, by Lemma 2.7, we have that the averaged
mapping

Cy=(1-XNI+

is nonexpansive for all A € (0,1 — k) and Fiiz(I") = Fiz(T'»). Therefore, I'y and B satisfy
the conditions of the operators in Theorem 3.1. Now, the rest of the proof is similar to that
of Theorem 3.1 by replacing F' and G., in Theorem 3.1 by I'y and B, respectively. O

From Theorem 3.5, we obtain the following results

Corollary 3.6. Let H be a Hilbert space and C be a closed convex subset of H, A mappings
I': C — C is k-strictly pseudocontractive and B : C — C is a S-demicontractive satisfying
Condition A such that I — B is demiclosed at 0. Assume that Fiz(T'y) N Fix(B) # @. Let
{an}, {bn} be the sequences in [0, 1] and {x,,} be the sequence generated as follows:

x1 € C,
v = bp Tz + (1= 0,)[(1 — v)@n + vBw),
Tpt1 = anlrvp + (1 - an)vnv
for n > 1 which satisfy the following conditions:
(i) lim, o0 a, =0and Y )" | a, = 0o,
(i) 3250 by = oo,
(iii) a, € (a,b) for some a,b € (0,1) witha < b,
Then {x,,} converges strongly to x € Fix(T'\) N Fix(B) where x* = Priyr,)nFiz(B)(Z)-
Proof. If §,, = 0 for all n € N U {0} in Theorem (3.1) then w,, = z,. And the rest of

the proof is similar to that of Theorem (3.5), we obtain {xz, } converges strongly to = €
Fixz(T'y) N Fiz(B). O

If we set 6, = 0 and F'v,, = u, we obtain the following results of Berinde and Saleh [4].

Corollary 3.7 ([4]). Let H be a Hilbert space and C be a closed convex subset of H, A mappings
F : C — Cis k-strictly pseudocontractive and G : C — C is a B-demicontractive satisfying
Condition A such that I — G is demiclosed at 0. Assume that Fix(F) N Fix(G) # @. Let
{an}, {bn} be the sequences in [0, 1] and {x,} be the sequence generated as follows:

Tpt1 = apt + (1 — ap)[bpFx, + (1 —b,)((1 — o)z, + aGxy)],

bn
where w is arbitrary in H. If >>° (1 — b,) < oo and =~ — 0. then {x,,} converges strongly to
Qn,
x € Fix(F) N Fix(G) which is the unique point in Fixz(F) N Fix(G) that solves the variaional
inequality
(" —z,u—x) >0, VYue€ Fiz(F)N Fiz(G),
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ie.,v= Priv(r)nFiz(Q) ().

4. APPLICATIONS

From our main algorithm, we will present an exploration of the potential and expect the
results for specific cases of Algorithm 1 for the resolution of monotone inclusion problems.
We recommend the operator U : H — H is said to be as follows:
(i) monotone if it satisfies (Ux — Uy, z —y) > O forall z,y € H.
(ii) k-cocoercive if there exists k > 0 such that (Uz — Uy, z — y) > s||Ux — Uy||? for
all z,y € H.
The set of all zeros of the operator U is denoted by zer(U) := {z € H : Uz = 0}. Let
V(S) :={(z,y) € H x H : y € Sz} be the graph of a multivalued operator S : H — 2%,
Then S is called
(i) monotone if forall z,y € H,u € Sz and v € Sy implies that (v — v,z —y) > 0.
(ii) maximal monotone if G(V') is not properly contained in any graph of other mul-
tivalued monotone operator, that is, if S : H — 27 is a multivalued monotone
operator such that G(S) C G(S, then G(S) = G(S).
(iii) v-strongly monotone if there esists A > 0 such that (z — y,u — v) > v|jz — y||? for
all (z,u), (y,v) € G(S5).
The multivalued operator Js : H — 2 which is defined by
Js(x) = (I+8) " (x) forallz € H
is called the resolvent operator associated with S. It is well know that if S : H — 24
is maximal monotone and p > 0, then J,5 is single-valued and firmly nonexpansive

1(1__

mappings. This implies that the Yosida approximation S, of S is defined by 5, := —
1

Jus).
Let us consider the following monotone inclusion problem:

(4.1) find z € H such that 0 € (o1 Rz + ¢Sz + 1 Uz) N (02Rx + oSz + Yo Ux)

where 01,02, 0,191,192 > 0, R, S : H — 2" are maximal monotone operatorsand U : H —
H is v-cocoercive operator with v > 0. We next present the important tool for applying
Algorithm 1 to solving (4.1) as follows:

Proposition 4.1 ([9]). Let 11,75 : H — H be two firmly nonexpansive operators and W be a
v-cocoercive operator with v > 0. Let 1) € (0,2v). Then operator

TZ:T10(2T2—I—1/)WOT2)+I—TQ

is s-averaged with coefficient ¢ := 1 2 < 1. In particular, the following inequality holds for

v—1
allz,y € H,

(1-9)
1Tz — Ty|* < ||lz —yl|* - =Tz~ (I - T)yl.

Lemma 4.2 ([22], Fixed point encoding). Let o, 0, > 0, R, S : H — 25 be maximal mono-
tone operators and U : H — H be an operator. Suppose that zer(cR + ¢S + ¢YU) # @. Then,

zer(cR+ ¢S +9YU) = J,s(Fiz(T)),
where T = Jyr o0 (2J,5 — 1 — U o Jys) + (I — Jys).
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From Proposition4.1 and Lemma 4.2, we can setting the our algorithm as follows:
Fi=Ju,ro2Jps =1 —1UoJys) + (I — Jys)
and
G := uaR © (2JLpS = '¢2U o J@S) —+ (I — JLPS).

This results in the following algorithms for monotone inclusion problem:
Algorithm 3.

(1) Initial. Take xo,z1 € H arbitrarily and s; =0
(2) Forn > 1, we set

(4 2) 0. — Hlln{ Snt1’ Hin—ﬂfn IH} if Tp # Tp_1;
. ! al, otherwise;
Sn+1
where s, 11 = ﬂ and {a,} € [0,1).

(3) Step 1. Calculate the iterative step:

Un = Tpn+ 071,(93n - xn—l)

Un = st(un)

Dn = Jo, (20 — up — V1UV,) + up, — vy
(43) dn = O'QR(2,U’I’L — Up — wQU'U'rJ + Up — Up,

zn =bnpp + (1= 0n)((1 = 7)un +7¢n)

Yn = JalR(Zvn_Zn_¢1UUn)+zn_Un

Tprl = ApYn + (]- - an>zn7

where o1, 02, ¢ > 0and 91,12 € (0,2v).
Then, update n := n + 1 and return to iterative step.

If we set Sz = 0, then J,s(z) = I(z) for all z € H. So, Lemma 4.2 reduces to zer(c1 R +
P1U) N zer(oaR + ¢oU) = Fix(F) N Fix(G) where F := J, ;g o (I — ¢1U) and G :=
Joyr © (I —12U). This results in the following algorithm:

Algorithm 4.

(1) Initial. Take zg, 2, € H arbitrarily and s; =0
(2) Forn > 1, we set

Sn— . .
(4.4) 6, = mm{ Snt1 ’ Hxnfzn 1|\} if z, 7é Tn—1;5
" o otherwise;
Sn+1
I44/1+4s2
where s, 11 = % and {a,,} C [0,1).

(3) Step 1. Calculate the iterative step:

Up = x,+ an(xn - xnfl)
Pn - JalR(un - 1pl(]un)
(45) Adn = JagR(un - wQUun)
Zn = bnpn + (1= 00)((1 = 7)tun +7n)
Yn == a’lR('Un - wlU'Un)
Tn+1 = AplYn + (]- - an)zrm

where 01,09, ¢ > 0 and ¢1,¢9 € (0, 2v).
Then, update n := n + 1 and return to iterative step.
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5. NUMERICAL EXPERIMENTS

In this section, we introduce some numerical examples to show the performance for
comparing Algorithm (1.1) [4] of Berinde and Saleh with Algorithm 1 for a common fixed
point of nonexpansive and S-demicontractive mappings and demonstrate image restora-
tion problems for Algorithm 4 by applying real-world scenarios. For computational re-
sults, we used the MATLAB tool in a computing environment on a system equipped
with a MacBook Pro (13-inch, 2019, with two Thunderbolt 3 ports and 8 GB of 2133 MHz
LPDDR3 memory).

5.1. Numerical illustrations. For this part, In the paper [13] presented the example of
nonexpansive mapping as follows: let C = [—1, 1] and defined F' : C' — C by

Fr=-2 sin(g) where =z € [0,1],

1
and [18] introduced the example for —-demicontractive mappings as follows: let R denote

the reals with the usual norm and G : R — R be a function defined by

Go—17% if —oco<x<O;
Tl =3z, if 0< 2 < o0.

It is worth noting that the mapping G defined above satisfies Condition (A), ensuring the
strong convergence of the proposed algorithm as established in Theorem 3.1.

1 2n
By Algorithm (1.1) [4], ta,=——,b,=———and a=0.3.
y Algorithm (1.1) [4], we set a 1000m 1_’_Spam «
88 -10%° 0.9 1 1
In Algorithm 1, we set s; = 0,7 = 0.3, 0, = ——,a, = M and b, = —. In

n n 88n’
the table, Denote Iter. and Sec. are the number of iterations and the CPU times in seconds,

respectively. Denote E(z) = ||z, — zn—1]| and we took E(z) < ¢ as the stopping criterion
and ¢ = 10~%. From the setting arbitrary points, the parameters and stopping criterion
above, we obtain the result as follows:

TABLE 1. Comparison of Algorithm (1.1) [4] and Algorithm 1.

inertial Algorithm (1.1) Algorithm 1
xo(u) z1 Iter. Sec. Iter. Sec.
0.2 0.9 41570 0.043159 21 0.022803
0.85 0.22 13826 0.032322 10 0.023544
0.247  0.135 38973 0.056078 18 0.022837
0.9843 0.1145 16517 0.035322 14 0.013842

TABLE 2. Comparison of Algorithm (1.1) [4] and Algorithm 1.

Algorithm (1.1) Algorithm 1

zo(u) =x1  Iter. Sec. Iter. Sec.
0.6 21633 0.028811 18  0.023049
0.28 7471  0.009315 14  0.004448

0.567 54513 0.05844 18  0.015024
0.3198 2469 0.019252 14 0.067060
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5.2. Image restoration problems. To further validate the practical utility of the strong
convergence results presented in Section 3, we apply Algorithm 1 to the image restora-
tion problem. This problem is formulated as a minimization of a functional that can be
equivalently characterized as finding a common fixed point of associated proximal oper-
ators.

Recall that the image restoration for the most relevant mathematical approximations
can be expressed as:

(6.1) ysz+w7

where y, [ [, z and w are the corrupted image, blurring operator, pristine image and noise
operator, respectively.
To solve the subsequent regularized least-squares problem as follows:

.1
(5.2) mlﬂ{§||H$—y||§+T||xH1}»

where y is the corrupted image and [] is bounded linear operator. Noted that problem
(5.2 is a specific instance of problem (4.1) by setting R = 9f(:),S = 0and U = AL(:)

where f(z) = ||z||1,7 = 0.001 and L(z) = %H [Tz — y||3. It is the following fact that

U(z) = AL(z) = [["(IT= — y), where []" is a transpose of []. Defined the configuration
O.l(n—|—1) by =1 1 _ 80n B

’ 100n2° 7 = T00n— 97" ©
0, v, = 0.99999, 01 = 09 = 0.000099,v71 = 0. 7 Yo = 0.99 and Algorithm (1.1) by setting

70k — 9 1 0.1 1

an = W’bn = 0.99 + 057 = #,01 = o9 = 0.000099,¢; = 0.7, = 0.9.
We assess the quality of the reconstructed image by using the signal to noise ratio (SNR)
for images which is defined by

outlined in Algorithm 4 by setting a,, =

SNR()—QOb&O|||“’

nll3

where x and z,, denote the original and the restored image at iteration n, respectively.
This results in the following figures:
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(c) Algorithm (1.1) [4] (D) Algorithm 4.

FIGURE 1. (a) The original image, (b) the images degraded by motion
blur and random noise (c-d) show the reconstructed images obtained
from Algorithm (1.1) [4] and Algorithm 4.

As illustrated in Figure 1 and Table 1, the proposed Algorithm 1 demonstrates a faster
convergence rate than Algorithm (1.1) in [4]. This superior performance is due to the syn-
ergistic effect of the averaged operator and the inertial acceleration. While the averaged
technique ensures stability and strong convergence, the inertial momentum allows the it-
erates to take larger, more effective steps towards the fixed point, especially in the early
stages of the iteration.

6. CONCLUSION

In this research, we have introduced a novel averaged Mann-type iterative framework
that incorporates both an inertial acceleration term and a self-adaptive step size strategy.
The developed algorithm is specifically designed to identify common fixed points for
the classes of nonexpansive and -demicontractive operators within real Hilbert spaces,
which is Algorithm 1. We have rigorously established a strong convergence theorem for
this scheme under a set of mild conditions.

A key innovation of the proposed method lies in its self-adaptive parameter selection,
which eliminates the practical difficulty of estimating the operator norm. The empirical
results were obtained through comprehensive numerical simulations and image restora-
tion tasks. From comparing the performance, we found that Algorithm 1 represents more
numerical advantages than Algorithm (1.1) as shown in Table 1 and Table 2, respectively.
Furthermore, we gain the picture restoration result by applying it to monotone inclusion
issues, demonstrating that our technique (Algorithm 4) outperforms Algorithm (1.1) [4]
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of Berinde and Saleh in image restoration, as shown in Figure 1. All demonstrate that
our approach significantly outperforms several existing methods in terms of convergence
speed and computational efficiency.
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