CARPATHIAN ] MATH. Online version at https://www.carpathian.cunbm.utcluj.ro/
Volume 43 (2027), No. 1, Print Edition: ISSN 1584 - 2851; Online Edition: ISSN 1843 - 4401
Pages 209-231 DOI https:/ /doi.org/10.37193/CJM.2027.01.13

A Novel Forward-Backward Optimization Scheme for
Dementia Screening via Extreme Learning Machines
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ABSTRACT. In this paper, we propose a novel self-adaptive forward-backward algorithm for solving con-
vex minimization problems in Hilbert spaces and study its convergence behavior. The algorithm is developed
within the forward-backward splitting framework, where a self-adaptive mechanism is introduced to update the
control parameters at each iteration. This leads to improve stability and convergence performance. Under ap-
propriate conditions, we establish both weak and strong convergence of the generated sequence. To support the
theoretical analysis, we provide numerical experiments in infinite-dimensional Hilbert spaces, demonstrating
the efficiency and convergence behavior of the proposed algorithm. Furthermore, to illustrate its practical appli-
cability, it is applied to a classification problem for dementia detection in elderly populations. The algorithm is
combined with the Extreme Learning Machine (ELM) in data science. Experimental results, evaluated in terms
of accuracy, precision, recall, and F1-score, show that our method achieves superior performance compared to
existing approaches.

1. INTRODUCTION AND PRELIMINARIES

Convex minimization problems (CMP) arise naturally in numerous applications across
applied mathematics, data science, and engineering, where their rich mathematical struc-
ture allows for the development of efficient computational methods. Such problems are
widely used in image restoration, signal processing, and machine learning, particularly
in data classification tasks involving high-dimensional and structured datasets. In re-
cent years, CMPs have also gained increasing attention in medical applications, where
optimization-based models are employed for analyzing patient data, supporting diagnos-
tic classification, and improving decision-making systems. In many of these applications,
the problem can be expressed as a composite optimization model involving the sum of
two convex functions, where one function is smooth and the other is possibly non-smooth
but proximable. This structure has motivated the development of forward-backward type
splitting methods and their variants, which have proven to be effective for large-scale and
complex problems (see, for instance, [2, 3, 4,7, 9, 12, 13, 15, 18, 19]).

In this work, we consider the following convex minimization problem. Let H be a real
Hilbert space equipped with norm || - || and inner product (-,-). Let F,G : H — R U 400
be proper, lower-semicontinuous and convex. We aim to solve the CMP:

(1.1) Ienelﬁ F(e) + G(e).

where F' is differentiable on H.
The convex minimization problem can be equivalently reformulated as a fixed point
problem, which allows the use of operator-theoretic tools for convergence analysis.
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For any n > 0, it is well known that € is a solution of (1.1) if and only if it satisfies the
following fixed point equation:

€ = prox, (e — nVFE(e)).
Here, the proximal operator proxg : H — dom G is defined by
proxg(e) = (Id + 0G)"*(e), e€H,

where Id denotes the identity operator on H, VF is the gradient of F', and 0G is the
subdifferential of G, given by

8G(e) = {b € H: G(d) — G(e) — (b,d —¢) > 0, Vd € H}.

Based on this fixed point formulation, the classical forward-backward splitting algo-
rithm can be naturally derived as an iterative scheme that alternates between a forward
(gradient) step and a backward (proximal) step. Specifically, the forward-backward algo-
rithm is defined by

€n+1 = DPIOX,g (en — nVF(en)), n > 1.
—_—— —— ——

backward step forward step

The convergence analysis of the above iterative scheme relies on several fundamental
properties of the proximal operator and auxiliary results from nonlinear analysis. In par-
ticular, the following characterization of the proximal operator will play a crucial role in
establishing the convergence behavior of the proposed algorithms. For any e € H and
n > 0, it holds that

% € dG(prox,(e)).
This relation provides a direct link between the proximal mapping and the subdifferential
of G, which is essential for deriving key inequalities in the subsequent analysis.

In 2000, Tseng [21] proposed the forward-backward-forward splitting algorithm, also
known as Tseng’s extragradient method. Starting from an initial point eq € H, the iterative
scheme is given by

(1)1 = proxnnG(en —n,VF(en)) — nn (VF(proxnnG(en —n,VF(e,))) — VF(en)),

where (7,,) is a sequence of positive real numbers.

In 2005, Combettes and Wajs [5] introduced a relaxed variant of the forward-backward
splitting method. Given an initial point ¢y € H and ¢ € (0, min{1,1/L}), the iteration is
defined as

(1.3) entl =€+ Ay (proxnnG(en —n,VF(e,)) — en),

where \,, € [¢,1], n, € [e,(2/L) — €], and L denotes the Lipschitz constant of VF'.

Within the framework of convex optimization, Halpern-type iterative schemes [8] can
be naturally incorporated into proximal gradient methods. Let F' be a convex differen-
tiable function with Lipschitz continuous gradient and let G be a proper lower semicon-
tinuous convex function. We consider the convex minimization problem (1.1). A Halpern-
type proximal gradient scheme [6, 16, 22] generates a sequence (e,,) according to the fol-
lowing iteration:

en+l = KnU + (1 - Kfn) prOX’r]nG(en - nnvF(en))a

where u € H is a given reference point, n,, > 01is a step size, and (k,,) is a control sequence
satisfying conditions analogous to those of the classical Halpern iteration. This scheme
retains the structure of the Halpern iteration while incorporating the proximal operator to
effectively handle nonsmooth components.
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Furthermore, to facilitate the proof of weak and strong convergence results, we recall
several technical lemmas that will be used throughout the paper. These results include
boundedness criteria for iterative sequences, convergence principles for summable per-
turbations, and tools for weak convergence analysis such as Opial’s condition, as well as
demiclosedness properties of maximal monotone operators.

Next, we recall several technical lemmas that are essential for proving the main con-
vergence results.

Lemma 1.1. [17] Let Q@ C Hand let (e,,) C H satisfy
(1) foreache € Q, the limit lim ||e,, — el| exists;
n—oo
(2) wy(en) C Q.
Then (e,,) converges weakly to a point in Q.

Lemma 1.2. [10] Let {a,, } be a nonnegative sequence satisfying
an+1 S (1 - Tn)an + T'ndn ﬂTld an+1 S Ay — bn +pn7

where (ry,) C (0,1), (by) is a nonnegative sequence, and (p,), (¢, ) are real sequences such that

(1) Y 1y =00
n=1

(2) lim p, =0;
n—oo

(3) lim b,, = 0implies limsup q,, < 0 for any subsequence (n;) of (n).
J—00 j—o0

Then, lim a, = 0.
n— 00

Lemma 1.3. [1] Let OG be a maximal monotone operator. Assume that
Graph(90G) = {(e,a) e Hx H: a € 9G(e)}

is demiclosed, that is, if a sequence (en,a,) C Graph(0G) satisfies that e,, — e and a,, — a,
then (e, a) € Graph(0G).

These results form the analytical foundation for proving the main convergence theo-
rems presented in the next section.
Highlights of this research:

e This paper proposes a novel self-adaptive forward-backward algorithm for solv-
ing convex minimization problems. The proposed scheme is developed within a
splitting framework and is shown to achieve both weak and strong convergence
under suitable assumptions.

o To validate the theoretical findings, numerical experiments are conducted in infinite-
dimensional Hilbert spaces, demonstrating the stability and effectiveness of the
proposed algorithm under various initial conditions.

e The applicability of the proposed method is further illustrated through data clas-
sification tasks. In particular, Section 3 presents its implementation for dementia
prediction using a publicly available healthcare dataset from Kaggle (https:/ /www.
kaggle.com/datasets/timothyadeyemi/dementia-patient-health-dataset).

e Experimental results show that the proposed algorithm outperforms existing meth-
ods in terms of accuracy, precision, recall, and Fl-score. Moreover, it achieves
lower loss values and exhibits strong generalization capability across training and
testing datasets.

The remainder of this paper is organized as follows. In Section 2, we introduce the pro-
posed self-adaptive forward-backward algorithm and establish its weak and strong con-
vergence under appropriate conditions. Section 3 is devoted to numerical experiments,
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including examples in infinite-dimensional Hilbert spaces and real-world data classifi-
cation, illustrating the efficiency and robustness of the proposed method in comparison
with existing approaches. Finally, Section 4 summarizes the main results and discusses
the effectiveness of the proposed algorithm.

2. MAIN THEOREM

In this section, we propose a new forward-backward algorithm and study its conver-
gence behavior. We begin by establishing a weak convergence theorem for the generated
sequence and subsequently derive a strong convergence result by incorporating addi-
tional techniques.

First, we impose the following assumptions. Let F, G : H — RU (4+00) be proper, lower
semicontinuous, and convex. Assume that F' is differentiable with Lipschitz continuous
gradient VF on H. Moreover, we assume that argmin(F + G) # 0.

Algorithm 2.1. (Adaptive Forward-Backward Splitting Algorithm (Weak Version))
Initialization: Given p € (0,1), o € (0,2) and n; > 0.

Iterative step: Let e; € H and calculate e,, 1 as follows:

Stepl. Compute the forward-backward step:

dn = prox, g(en —nVF(e,))

where

p(L+ ) [dn — e i e
URCATS min { o e (i) IVE() = V()| £ 0

(L+4n)nm —|— On otherwise.

Step2. Set w,, = p(1 + £,,) and compute
ent1 = en — 0p,E(en, dy)

— wy)||dn — €n||2

Elem ]2~ %

1
where E(e,,,d,) = e, — d, — 0, (VF(e,) — VF(d,)) and 6, (
n =n+ 1 and go to Stepl.

Lemma 2.2. [14] Let {n,} be defined by (2.1). Suppose that (¢,,) and (0,,) are nonnegative

sequence such that Z L, < oo and Z 0 < 0o. Then

n=1 n=1

s = i . 2} 4]

where Z £, = aand Z 0, = b. Moreover,

n=1 n=1

VE(d,) — VF(e, g(lwn)“"dn_e"w n>1.
IVF(d,) (en)ll

Mn+1
Theorem 2.3. Let (¢, ) be defined by Algorithm 2.1. Suppose that (¢,,) and (J,,) are non-

negative sequences such that Z £, < ooand Z 0, < co. Then, (e,) weakly converges
n=1 n=1
to an element of argmin(F + G).

Proof. Let e, be a solution in argmin(F + G). Then, we obtain

lent1 —ell” = llen — 08nE(en, dn) — el
(2.2) = Hen - e*||2 - 2‘79n<en - e*,E(en, dn)> + 02972z||E(en7 dn)”2~
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Using the definition of E(e,,, d,) and (2.1), we have

(en — €x, Elen,dpn)) = (e, —dn,Elen,dyn)) + (d — ex, Elen, dp))
= (en —dn,en —dn —na(VFE(en) — VFE(dy)))
+{dp — s, — dp — M (VF(en) — VF(dy)))
= len — dn||2 —(en — dn,mn(VF(en) — VF(dy)))
+{dp — s, — dp —(VF(e,) — VF(dy)))
len — dn”2 —Mnllen — dnlll[VE(e,) — VEF(dy)|
+{dy — ex,n — dp, — N (VF(e,) — VF(dy)))
len — daff2 = LT E) o g2

77n+1
(2.3) +(dn = ex,en — dp — M (VF(en) — VF(dy))).

Y

v

Since d, = prox, g(en — 1.V F(e,)), it follows that (I — 9, VF)e, € (I — 17,0G)dp.
Moreover, we have (I — 1,V F)e, = d, — n,c, for some ¢,, € 9G(d,,) This shows that

(24) Cn = ni(en —dy — nnvF(en>)

On the other hand, we get 0 € VF(e.) + 0G(e.) C O(F + G)(ex) and VF(dy) + ¢, €
O(F + G)(dy,). Therefore, by the maximality of 9(F + G), we obtain

(25) <VF(dn) +cn,dn — 6*> > 0.
Substitution of (2.4) into (2.5) yields

(VF(d,) + i(en —dp =V F(ey)), dn —e,) > 0.

Mn,
This gives
(2.6) (en, —dp — NV F(en) + 1, VFE(dy),d, —ex) > 0.
By (2.3) and (2.6), we see that

Nnft(1+£y)

(en — e, E(en, dn)) > Hen—dn”2_ ”en_dnH2
n+1
) R e [

From (2.2) and (2.7), we obtain

lewss —eal? < ||en—e*||2—2aen(1—” pdt ))|en—dn||2+0293||E<en,dn>||2
77n+1

len — €. — 206, (1 _ gL ) )> len — do]?
Mn+1

+029n(1 — p(1+Ly))llen — dnH2

llen — ex]|? — [20071 (1 — ’”L;:)) — 020, (1 — p(1 4+ )| [len — dn®

(2.8)
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Set t,, = 200, (
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L _ T+ 6n)

) —020,(1 — u(1 + ¢,)). Moreover, we see that
Tn+1

||E(€mdn)||2 = llen — dnH2 +7]72L||VF(67L) - VF(dn)||2 =20y (en — dn, VF(en) — VE(dy,))
2,2
Mt (1+ €n)
< len —dull® + ——len — du?
n+1
2 2 2
U (14 4y,)
= <1+ 2 Hen_dn||2-
nn+1
It follows that
o — (A—pl+la))len — dn?

[ En(en, dn)|?

1—pu(1 2p(1 2
L= p+8)) peres, =14 Mok (L+6)

3 n>1.
Sn U/

?

From Lemma 2.2 and Z £, < oo, we see that there is N € N such that

n=1

1_
0, > —*H

152 > (0foralln > N.

Moreover, we have, for eachn > N,

20(1 — p)? 3 a?(1 — p)?

2

14 p? 14 p?
_ -0l -’
1+ p?

> 0.

So, for each n > N, we obtain

2.9)

H2 _ (2 — U)U(l — N)Z

1+ 2 len — dnll®.

||en+1_‘5*||2 < len —ex

So (]len, — ex|]) is a convergent sequence and it is also a bounded sequence. Hence, (e;,)

is bounded.

From (2.9), we get |le, — dy|| — 0 as n — oco. By the boundedness of (e, ),

we know that the set of its weak accumulation points is nonempty. Let e, be a weak
accumulation point of (e, ). Therefore, there is subsequence (e,,) of (e,). Next, we show
that eo, € argmin(F + G). Let (a,b) € Graph(VF + 0G), thatis b — V(a) € 0G(a). Since

dpn; = prox,

g(en; =M, VF(en,)), we obtain

(I—nm,VEF)en, € (I+1,,0G)dy,.

1
This yields — (en, — dn, — 1, VF(€y,)) € 0G(dy,). Since G is maximal monotone, we

n;

have

<a —dp,,b—VF(a) — L(em —dpn, — nniVF(em))> > 0.

Mn;
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This shows that
<a —dp,, VF(a)+ L(em —dn; — nniVF(em)»

(a —dp,,b) > 7
= (a—dn,, VF(a) = VF(en,) + (a — dy,, n%(em —d,))
= la—dy,, VF(a) = VF(dy,)) + {(a — dn,, VF(dn,) — VF(en,))

—|—<a —dn,, Ui(eni — dn)>

> (a—dy,,VF(dn,) — VF(en,)) + (a—dy,, ni(em —dy,)).

Since lim |le,, — dy,|| = 0 and F' is differentiable with Lipschitz continuous gradient VF'
11— 00
on H, we have lim ||VF(d,,) — VF(ey,)| = 0. Hence, we obtain
71— 00

(a — exo,b) = lim (@ — dy,,b) > 0.
1—> 00

This shows that 0 € argmin(F' + G)es, and consequently e, € argmin(F + G) by Lemma
1.3. This confirms that (e, ) converges weakly to an element of argmin(F + G) by Lemma
1.1. We thus complete the proof. O

Next, we establish a strong convergence theorem for the sequence generated by the
proposed algorithm. To this end, we incorporate the Halpern-type iterative technique
into our scheme, which enables us to strengthen the weak convergence result obtained
earlier.

Algorithm 2.4. (Adaptive Forward-Backward Splitting Algorithm (Strong Version))
Initialization: Given p € (0,1), o € (0,2) and 1, > 0.

Iterative step: Let 1, u € H and calculate e,,41 as follows:

Stepl. Compute the forward-backward step:

dp = prOXnng(en — W VFEF(e,))

where

1+£ )”dn_en” . B .

(1+¢ )77" + 5 otherwise.

Step2. Set w,, = u(1 + £,,) and compute
ent1 = kntt+ (1 — kp)[en — 00, E(en, dy)]
(1 - wn)”dn - enH2

where E(e,,d,) = e, — d, — n,(VF (e, VF and 6,
(en:dn) (VE(en) = VE(dn) TE(en, dr) 2

. Set

n =n+ 1 and go to Stepl.
Theorem 2.5. Let (e,) be defined by Algorlthm 24. Suppose that (k,,), () and (0p,) are

nonnegative sequences such that 11m Kn = 0, Z Ky = 00O, Zﬁ < oo and Z Op < 00.

n=1 n=1 n=1
Then, (e,,) strongly converges to an element of argmin(F' + G).

Proof. Let € = Pyrgmin(r+c)(u) € argmin(F + G). Then, we obtain

llent1 — é||2 = |kpu+ (1 = Kn)len — 00 E(en, dn)] — é||2
(2.11) < (1= kn)llen — 00,E(en, dp) — €||* + 260 (u — &, €501 — €).
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Using the same proof as in Theorem 2.3, we obtain
len — 00nE(en, dn) = el|” < |len —el|* = tullen — dnll?

1 Mp(1+6)
Mn+1

(2—0)o(l —p)?
14 p?

where t,, = 206, <
such that

) —020,(1—pu(1+£,)). Nothing that there exists N € N

ty > >0, foralln> N.

Using (2.11), we see that

lensr —el? < (1= rn)llen —el* = tullen — dnll’] + 260 (u — & ens1 — @)

= (1 —rn)llen —ell* = ta(1 = rn)|len — dnll® + 26, (u — €, epy1 — €).

Moreover, for each n > N, we have

lens1 —ell < hnllu—eéll+ (1 —kn)ll(en — &) — obnE(en, dn)||
< hnllu—ef + (1 = kn)llen — €]
< max{lu el lex 2l
< max{[ju—é], lex —ell}.

This shows that (e,,) is boundad. To invoke Lemma 1.2, we define

Dn = 2kp{u—8 eyl — €),
by = ta(l = kn)llen —dnl,
Tn =  Kn,

Gn = 2{u—2éenr1 —€),
an = |len —el>.

We can check that conditions (1) and (2) in Lemma 1.2 are satisfied. Next, we will show
that condition (3) holds. Let a subsequence of (n) be (n;) and suppose that lim B,, = 0.
11— 00

Then, we get lim |e,, — d,,|| = 0. Since (e,,) is bounded, it admits at least one weak
11— 00

accumulation point. Let € be such a point. Then, there exists a subsequence (e, ) that
weakly converges to . Moreover, (e,, ) also weakly converges to the same point. Since
klim |dn;, — en,, || = 0and VF is Lipschitz continuous, we obtain

hxde el

lim ||VE(dn, ) — VF(en, )| = 0.
k—o0 k k

By definition of (d,,, ), we see that

1
Mns,,

(enik —dn;, — M, VE(en,, ) € 9G(dn,, ),

which implies that

€ni, — dmk

; +VF(d, )~ VF(en, ) € VF(dy, )+0G(dy, )
"Lik

'k

C AF+G)(dn, ).
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Passing k — oo, by Lemma 1.3, we conclude that € € argmain(F + G). It follows that
ligrisolip@ —é,e,, —€) = klir&(u — €, €n, —€)
= (u—e,e—e)
< 0.
Moreover, we see that
tinllu—enl| + (1 = kin)obn|[E(en, dn)||
tnllu = enll + (1 = £n)obn(llen — dnll + nn[[VE(en) — VF(dn)])).

So, we have |le,,, — e,,+1]| = 0 as ¢ — oco. Thus, we obtain limsup(u — €, e,,+1 — €) < 0.
i—>00
Hence, we get lim sup Q,, < 0. We thus complete the proof. O

1—00

IN

[ent1 — enl|

N

3. NUMERICAL EXPERIMENTS

In this section, we conduct numerical experiments to illustrate the performance of the
proposed algorithms. The experiments are divided into two parts. In the first part, we
consider an example in an infinite-dimensional Hilbert space to demonstrate the strong
convergence behavior of the iterative scheme corresponding to Algorithm 2.4. This exam-
ple is designed to support the theoretical results and to examine the effect of the inertial
term on both convergence speed and stability. In the second part, we apply the proposed
method to a data classification problem using the Dementia Patient Health Dataset in
order to illustrate the weak convergence behavior associated with Algorithm 2.1. This
experiment further demonstrates the applicability of the algorithm in practical situations,
particularly in medical data analysis. All numerical computations are carried out using
MATLAB 2022b on a 64-bit MacBook Pro with an Apple M1 chip and 8 GB of RAM.

3.1. Example in infinite dimensional space. In this subsection, we implement one of
the proposed iterative schemes (Algorithm 2.4) to solve an optimization problem in an
infinite-dimensional Hilbert space. The purpose of this experiment is to examine the con-
vergence behavior and numerical performance of the algorithm under a setting where
strong convergence can be theoretically ensured. In particular, we investigate the role of
the inertial parameter incorporated into the iteration process, with emphasis on its influ-
ence on convergence acceleration and stability.

Let L5[0,1] = {a(t) fo la(t)|?dt < oo} be a Hilbert space equipped with the norm

lal = / la(t)[2dt

1
(a,b) = /O a(t)b(t)dt, forall b(t) € Ls[0,1].

and the inner product defined by

We consider the following minimization problem:

i 2(t,a(t)) + 2||al]).
Loin (2{ta(0) + 2lal)

Define the functions F' and G by
F(a(t)) = 2{t,a(t)), G(a(t)) = 2[all.

It is clear that f is convex, proper, and lower semicontinuous. Moreover, its gradient
VF(a(t)) = 2a(t) is Lipschitz continuous with 2-Lipschitz constant.
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The proximal operator of G is given by

2%) .
1— — Ja(t if ||al| > 27,
prox,, ¢(a(t)) = ( fa Jo® i lall> 20

0 otherwise.

By using Algorithm 2.4, we approximate the solution to the minimization problem. The
approximation takes into account the initialization settings where a; belongs to L?[0, 1].
The stopping criterion is defined as:

By = [lan(s) = ans1(s)[72 < 1075
We consider five different initial points e; as shown in the upper-right panel of Figure
1 and Figure 2. The parameters are chosen as
1 1 1
—=0.01 =05 —107%, f=— " = hy=— .
a TR o 7 1+n)? 2n+ 2% "7 (8t 17)09

The results are reported in Tables 1-2 and Figures 1-2. We denote by CPU the compu-
tational time, and by Iter the number of iterations. The results show that the proposed
algorithm converges for all initial points e.

TABLE 1. Numerical results for different initial points eq with K = 3.

Initial point eg Iter Time Errory.5 Errorgna
cos(t) — 7 43 7.2307 [2.5058, 0.1239, 0.0762, 0.0519, 0.0378] 9.7513 x 10~*
1613 — 1 30 4.7111 [0.2752, 0.0098, 0.0203, 0.0231, 0.0205] 9.5493 x 10~*
63 18  2.7569 [0.1044, 0.0087, 0.0082, 0.0088, 0.0078] 9.0628 x 10~*
[ ]
[ ]

12sin(t) —1 29 45069 [0.2572, 0.0228, 0.0247, 0.0226, 0.0188] 9.5223 x 10~*
11—cos(t) 41 64154 [0.4983, 0.0618, 0.0536, 0.0448, 0.0359] 9.8147 x 10—*

;e°=1"cos(t) -7
— — e,=16*t*1
“eg=ot |
eo=12"sin(t)-1
0

—«—ey=11-cos(t)

15 20 25 30 35 40
Number of Iterations

FIGURE 1. The graph of error and number of iterations

From Tables 1-2 and Figures 1-2, it shows that the proposed algorithm converges for all
initial points ey under both choices of K. It can be observed that, for K = 3, the algorithm
requires fewer iterations and less computational time, while the obtained errors are of
order 10~%. In contrast, for K = 4, the algorithm achieves higher accuracy with errors
of order 1072, at the expense of increased iterations and computational time. Moreover,
the convergence behavior remains consistent across all initial points, indicating that the
method is stable and robust with respect to different initializations.
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TABLE 2. Numerical results for different initial points ep with K = 4.

Initial point ey Iter  Time Error; .5 Errorgna
cos(t) — 7 146 23.4721 [2.5058, 0.1239, 0.0762, 0.0519, 0.0378] 9.9167 x 10~—°
163 — 1 102 15.5780 [0.2752, 0.0098, 0.0203, 0.0231, 0.0205] 9.8489 x 10~°

12sin(t) — 1 98 14.9431 [0.2572, 0.0228, 0.0247, 0.0226, 0.0188] 9.9722 x 10~°

[ ]
[ ]
613 61 9.1522 [0.1044, 0.0087, 0.0082, 0.0088, 0.0078] 9.7863 x 10~°
[ ]
11— cos(t) 140 21.6020 [0.4983, 0.0618, 0.0536, 0.0448, 0.0359] 9.8890 x 10~?

— — e =161

o

—— e =6*%
e,=6*t
e,=12"sin(t)-1

—o—e,=11-cos(t)

Zoom-in

Errors

Number of lterations

FIGURE 2. The graph of error and number of iterations

3.2. Data Classification. Inrecent years, the number of elderly individuals has been steadily
increasing, leading to a higher risk of cognitive decline and dementia-related conditions.
This growing concern highlights the importance of early detection and effective screening
methods. For this reason, we employ the Dementia Patient Health Dataset as a benchmark

to evaluate the performance of the proposed algorithm. This dataset provides relevant
health and behavioral features associated with cognitive conditions, making it suitable
for classification tasks. Furthermore, the insights gained from this study are expected to
support future applications of the proposed method to real-world data collected in prac-
tical settings.

The dataset used in this study is obtained from the publicly available Dementia Patient
Health Dataset provided on Kaggle (https:/ /www.kaggle.com/datasets/timothyadeyemi/
dementia-patient-health-dataset). This dataset consists of individual-level health infor-
mation, including demographic data, physiological measurements, lifestyle factors, and
clinical-related variables associated with cognitive conditions. In total, the dataset con-
tains 24 features, which can be categorized into several groups according to their charac-
teristics. These features include numerical variables (e.g., age, heart rate, and body tem-
perature), categorical variables (e.g., gender, smoking status, and education level), and
clinical indicators (e.g., cognitive test scores and medical history). For this study, the data
are analyzed through a classification framework. Each feature is systematically organized
as shown in Table 3.

Tables 4 and 5 present the descriptive analysis of the dataset, including both numerical
and categorical features. Table 4 summarizes the statistical characteristics of numerical
variables in terms of mean, standard deviation, and range (minimum and maximum val-
ues). It can be observed that the age of participants ranges from 60 to 90 years, with an
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TABLE 3. Description of dataset features

Attribute Description Value type Variable type
Age Age of patient int (years)  Demographic
Gender Patient’s gender binary (0,1) Demographic
Education_Level Education level categorical Demographic
Weight Body weight float (kg) Clinical
HeartRate Heart rate int (bpm) Clinical
BloodOxygenLevel Oxygen saturation float (%) Clinical
BodyTemperature Body temperature float (°C) Clinical
Diabetic Diabetes status binary Medical history
Smoking_Status Smoking behavior categorical Lifestyle
AlcoholLevel Alcohol consumption categorical Lifestyle
Physical_Activity Activity level categorical Lifestyle
Sleep_Quality Sleep quality categorical Lifestyle
Nutrition_Diet Dietary pattern categorical  Lifestyle
Depression_Status Depression condition binary Psychological
Cognitive_Test_Scores Cognitive score int (1-10) Clinical
Family_History Family history of dementia binary Genetic
APOE_e4 Genetic risk factor binary Genetic
Medication_History Medication usage categorical Medical history
Prescription Type of prescription categorical ~Treatment
Dosage Drug dosage float (mg)  Treatment
MRI_Delay MRI delay int (days)  Clinical
Chronic_Health_Conditions Chronic diseases categorical Medical history
Dominant_Hand Dominant hand categorical Demographic
Dementia Dementia status binary (0,1) Target

average of 74.91 years, indicating that the dataset primarily represents an elderly pop-
ulation. Similarly, clinical indicators such as heart rate, blood oxygen level, and body
temperature fall within normal physiological ranges, suggesting that the dataset is well-
structured and consistent with real-world medical data. Notably, the cognitive test scores
exhibit a relatively wide variation (0 to 10), which may play a significant role in distin-

guishing between dementia and non-dementia cases.
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TABLE 4. Descriptive statistics of numerical features

Feature Mean + Std (Min, Max)
Age 74.91+9.10 (60, 90)
Weight 74.32 +14.46  (50.07,99.98)
HeartRate 79.38 £12.11 (60, 100)
BloodOxygenLevel 95.23 £2.93  (90.01, 100.00)
BodyTemperature 36.76 £ 0.43  (36.00, 37.50)
AlcoholLevel 0.098 + 0.059 (0.0004, 0.1999)
MRI_Delay 30.10+16.86  (0.09, 59.96)
Dosage 9.21 £6.49 (1.50, 23.00)
Cognitive_Test_Scores  6.38 + 3.18 (0,10)

*Mean =+ Std denotes the average value and its standard deviation, indi-
cating the central tendency and variability of the data.

Table 5 presents the distribution of categorical variables. The gender distribution is nearly
balanced between female (50.4%) and male (49.6%), reducing potential bias related to gen-
der. For lifestyle-related variables, smoking status shows that the majority of participants
are either never-smokers or former smokers, while physical activity levels are relatively
evenly distributed across mild, moderate, and sedentary groups. Importantly, the target
variable (Dementia) is also balanced (51.5% vs. 48.5%), which is advantageous for classifi-
cation tasks as it prevents model bias toward a dominant class. Overall, these descriptive
statistics indicate that the dataset is well-balanced and suitable for developing and evalu-
ating machine learning models for dementia classification.

TABLE 5. Frequency distribution of categorical variables

Feature Category Frequency (%)
Gender Female / Male 50.4 / 49.6
Smoking Status ~ Never / Former / Current 452 /458 /9.0
Physical_Activity Mild / Moderate / Sedentary 35.1 / 31.8 / 33.1
Dementia 0/1 51.5 /485

Data classification is a fundamental process for extracting meaningful patterns from
datasets and has been widely applied across both scientific research and practical appli-
cations. In recent years, mathematically grounded algorithms, particularly those based
on optimization theory and iterative methods, have been increasingly utilized to enhance
classification performance. These approaches typically involve minimizing well-defined
objective functions or solving variational problems, which enables accurate and stable
separation of data into predefined categories, even in the presence of complex and high-
dimensional structures.

In the medical domain, the application of mathematical classification techniques plays
a crucial role in disease prediction, clinical decision support, and risk assessment. In par-
ticular, dementia is a complex public health problem associated with multiple factors, in-
cluding demographic characteristics, health behaviors, and cognitive test scores. The use
of mathematical approaches allows for systematic analysis of these interrelated variables
and facilitates effective classification of individuals according to their risk levels, thereby
supporting early screening and appropriate clinical management. In this study, we pro-
pose the application of an optimization-based algorithm originally developed for convex
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minimization problems to the classification of dementia data. The dataset used in this
study is the Dementia Patient Health Dataset, which consists of 1,000 individual health
records, including features related to clinical conditions, behavioral patterns, and relevant
risk factors. The dataset is partitioned into a training set comprising 80% (800 samples)
and a testing set comprising 20% (200 samples), in order to systematically develop and
evaluate the performance of the proposed model.

Next, we employ the Extreme Learning Machine (ELM) proposed by Huang et al. [11]
as the core classification model due to its fast learning capability and strong generaliza-
tion performance. ELM determines output weights analytically while randomly assigning
input weights and hidden biases, which significantly reduces computational complexity.
The ELM is integrated with the proposed optimization framework to improve classifica-
tion accuracy for dementia prediction. The concept is introduced by defining the training
set as follows:

Let the dataset be defined by

€= {(ei7ti):ei€Rn7 t; ER"l, i:l,Q,...7]\/v}-7

where e; denotes the input vector and ¢; represents the corresponding target output.
Consider a single-hidden layer feedforward neural network (SLEN) with M hidden
nodes. The network output associated with the i-th sample is expressed as

M
0; = Z E, U(wnez + bn)v

n=1
where U is the activation function, w,, and b,, are the input weight matrix and bias vector
of the n-th hidden node, respectively, and F,, denotes the output weight.
To characterize the hidden layer responses, define the matrix . € R* as
U(wier +by) -+ U(wper + bar)
L= : :
U(wleerbl) U(wM€p+bM)
The ELM training procedure seeks a vector
F=I[FF,. .. FLT
such that
LF =S5,
where
S=[tf,...,t57"
collects the desired outputs.
A common solution is obtained via the Moore-Penrose generalized inverse, given by
F=L's.

Alternatively, the problem can be formulated as a regularized least-squares model
1
in § =||LF —S|3+A|F
i, { 5ILF =8I+ AIFIL |

where )\ > 0 is a regularization parameter associated with the LASSO framework [20].

To evaluate the predictive capability of the proposed framework, four commonly adopted
performance indices are employed, namely precision, recall, F1-measure, and accuracy.
These quantities are expressed as

TP
Precisi PRE) = ——— x 100
recision ( ) TP + FP X %,
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TP
Recall (REC) = m X 100%,
2TP
F1-score (Fl) = m X 100%,
TP + TN
A ACC%) = 1 .
ccuracy (ACC%) TP T FP L TN £ TN * 00%

Here, TP and TN correspond to correctly identified positive and negative samples,
whereas FP and FN indicate incorrectly assigned positive and negative outcomes, re-
spectively.

To further quantify the model performance, the binary cross-entropy function is adopted
as a loss criterion. This function evaluates the deviation between predicted values and
true labels, and is formulated as

output size

1
L = - 11 _i 1-— i 1 1-— _i s
088 = — e ; (eilogé; + (1 — e;) log(1 — &;))
where the output size denotes the total number of scalar outputs, e; represents the true
label, and é€; is the predicted value corresponding to the i-th component.
For the comparison of our Algorithms 2.1 with Algorithm 1.3 [5] and Algorithm 1.2
[21]. The parameters are chosen as

s 1 1 1
n=001, o=05 1n=107", ¥¢,= Arne’ Op = Enr )t Kp = Bt 17
We ch = 0.1 in Algorithm 1.3 [5] and n,, = 0.1

ec ooseﬁn—mm gorithm 1.3 [5] an nn—m
1.3 [5] and Algorithm 1.2 [21].

The computational process is initialized by employing the sigmoid function as the ac-
tivation function, while fixing the number of hidden nodes at . = 340. The algorithm is
executed under a predefined stopping criterion, where the iterative process is terminated
once the maximum number of iterations (2500 iterations) is reached. The corresponding
results are summarized in Tables 6 and 7.

in Algorithm

TABLE 6. Performance comparison of different methods

Method AcCiain  AcCiest Precision  Recall F1

OUR 93.2836 95.5000 92.7273  99.0291 95.7746
Combettes 92.1642 95.0000 91.8919 99.0291 95.3271
Tseng 90.1741 91.5000 87.0690 98.0583 92.2374

From Table 6, it can be observed that the proposed method consistently outperforms
the Combettes and Tseng methods across all evaluation metrics. Specifically, the proposed
method achieves the highest training accuracy (93.2836) and testing accuracy (95.5000), in-
dicating superior generalization performance. In terms of precision, the proposed method
also yields the best result (92.7273), reflecting its effectiveness in correctly identifying pos-
itive cases. Moreover, it maintains an exceptionally high recall (99.0291), which is cru-
cial in medical screening applications to minimize missed diagnoses. Consequently, the
proposed method attains the highest Fl-score (95.7746), demonstrating a well-balanced
trade-off between precision and recall. In comparison, although the Combettes method
provides competitive results, it is slightly inferior in all metrics, while the Tseng method
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shows noticeably lower performance. Overall, these findings confirm that the proposed
method offers improved classification accuracy and reliability.

To further evaluate the effectiveness of the proposed approach, a comparative study
with existing methods is conducted based on the binary cross-entropy loss. The results
are presented in Table 7.

TABLE 7. Comparison of algorithm performance

Algorithms  Iterations Time Phase Loss

Our method 2500 0.4417 Training 0.3555
Testing  0.0875
Combettes 2500 0.8683 Training 0.4034
Testing  0.0987
Tseng 2500 1.2962 Training 0.4375
Testing 0.1075

From Table 7, It can be observed that the proposed method consistently achieves lower
loss values compared to the Combettes and Tseng methods in both training and testing
phases. In particular, the proposed method attains a training loss of 0.3555 and a testing
loss of 0.0875, which are significantly lower than those of the Combettes method (0.4034
and 0.0987) and the Tseng method (0.4375 and 0.1075), respectively. This indicates that
the proposed algorithm is more effective in minimizing the discrepancy between pre-
dicted outputs and true labels. Moreover, the proposed method requires less computa-
tional time, suggesting improved efficiency alongside enhanced predictive performance.

The results presented in Tables 6 and 7 are further illustrated in Figure 3, where the evo-
lution of accuracy and loss over iterations can be observed. The graphical representation
provides a clearer view of the convergence behavior of the model.
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9+ o -
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FIGURE 3. Training and validation accuracy and loss curves over itera-
tions, showing convergence behavior of the model.
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The confusion matrix of the proposed method, as reported in Table 6, is shown in Figure
4.

True Class

Predicted Class

FIGURE 4. Confusion matrix showing the classification performance of
the proposed method.

From Figure 4, it shows that the proposed method correctly classifies 102 samples as
true negatives and 89 samples as true positives, indicating strong discriminative capabil-
ity. The number of misclassifications is relatively small, with only 8 false positives and
1 false negative. This implies that the model maintains a high true positive rate while
keeping the false negative rate very low, reflecting a stable classification structure. In
particular, the minimal number of false negatives suggests that the model effectively cap-
tures the underlying decision boundary, whereas the limited false positives indicate that
the model does not significantly overestimate the positive class.

Next we investigate the contribution of each feature to the classification performance
by systematically removing one feature at a time and evaluating the resulting model using
our proposed algorithm. Specifically, for each feature, we construct a reduced dataset by
excluding that feature and then apply the proposed optimization-based learning frame-
work to train the classifier. The performance is assessed in terms of accuracy (training and
testing), precision, recall, F1-score, number of iterations, and computational time. This
feature ablation strategy allows us to analyze the sensitivity of the model to individual
features and to identify the most influential variables in the classification process. For-
mally, the stopping rule can be written as: terminate the algorithm at iteration % if £ > 600
or if AcCuain > 90% and Accrest > 90%. The corresponding results are summarized in
Table 8.
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TABLE 8. Performance comparison based on incremental feature inclu-

sion
Feature Iter AcCuain AcCwest Precision  Recall F1 Time
Diabetic 600 89.6766 90.0000 88.0734  93.2039 90.5660 2.7223
AlcoholLevel 600 89.9254 90.0000 88.0734  93.2039 90.5660 2.7771
HeartRate 600 88.4328 90.0000 86.7257  95.1456 90.7407 2.7825
BloodOxygenLevel 285 90.0498 92.0000 88.4956  97.0874 92.5926 1.3113
BodyTemperature 600 87.6866 90.0000 84.8739  98.0583 90.9910 2.7401
Weight 600 925373 89.5000 84.1667  98.0583 90.5830 2.9926
MRI_Delay 262 919154 90.5000 85.0000 99.0291 91.4798 1.1999
Prescription 600 88.9303 90.0000 85.4701 97.0874 90.9091 2.7292
Dosage in mg 600 83.9552 82.5000 80.9091 86.4078 83.5681 2.7440
Age 410 90.0498 92.0000 89.1892  96.1165 92.5234 2.0925
Education_Level 449 90.0498 91.0000 87.6106 96.1165 91.6667 2.0661
Dominant_Hand 446 90.0498 90.5000 86.8421 96.1165 91.2442 2.5823
Gender 444 90.0498 90.5000 86.8421 96.1165 91.2442 2.0881
Family_History 499 90.6716 90.5000 86.2069  97.0874 91.3242 2.2725
Smoking_Status 435 90.0498 90.5000 86.8421 96.1165 91.2442 1.9877
APQOE_¢4 457 90.0498 90.5000 86.8421 96.1165 91.2442 2.0912
Physical_Activity 426 90.0498 90.5000 86.8421 96.1165 91.2442 1.9773
Depression_Status 424 90.0498 90.5000 86.2069  97.0874 91.3242 1.9504
Cognitive_Test_Scores 600 87.5622 90.5000 85.0000 99.0291 91.4798 2.7499
Medication_History 320 90.0498 925000 87.2881 100.0000 93.2127 1.5302
Nutrition_Diet 300 90.0498 91.0000 85.7143  99.0291 91.8919 1.3936
Sleep_Quality 379 90.0498 91.5000 86.4407  99.0291 92.3077 1.7702

Chronic_Health_Conditions 409 90.0498 91.0000 86.3248  98.0583 91.8182 1.9220

Table 8 reports the classification performance obtained under the incremental inclu-
sion of features, providing insight into the contribution of each variable to the predictive
model. It is observed that the model maintains a relatively stable performance, with test-
ing accuracy around 90%, even when only a small subset of features is employed. This
indicates that basic clinical indicators already capture essential information for distin-
guishing between classes. As additional features are incorporated, particularly clinically
informative variables such as BloodOxygenLevel and Age, the model exhibits a notice-
able improvement in predictive performance. The best result is achieved when Medi-
cation_History is included, yielding the highest testing accuracy (92.5%), perfect recall
(100%), and the largest F1-score. This suggests that such features play a dominant role
in enhancing the discriminative capability of the model, especially in reducing false neg-
atives, which is critical in medical screening tasks. In contrast, the inclusion of certain
features, such as Dosage in mg, leads to a degradation in performance, indicating that
not all variables contribute positively to the model and some may introduce redundancy
or noise. Furthermore, beyond a certain level of feature inclusion, the improvement be-
comes marginal, implying that the model approaches a saturation point where additional
features provide limited new information.

Next, we performed a feature analysis on the 23 selected features using the Classifi-
cation Learner application in MATLAB. In particular, the feature selection process was
conducted based on a feature ranking algorithm to evaluate the relative importance of
each feature in the classification framework. The corresponding ranking scores obtained
from the analysis are summarized in Table 9.
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TABLE 9. Feature Ranking Algorithm

MRMR Chi2 ReliefF ANOVA
Feature Score Feature Score Feature Score Feature Score
1 Prescriptions  0.6927 | Prescriptions  440.7479 | Prescriptions 0.4267 | Prescriptions 658.5953

Rank

2 Smoking St 0.4890 | DosagelnMg  437.9007 | Cognitive_Test 0.3014 | DosageInMg 623.0436
3 | Cognitive_Test 0.4885 | Cognitive_Test 384.3445 | DosageInMg  0.2332 | Cognitive_Test 358.6872
4 DosageInMg  0.3129 | Depression St 175.2649 | Depression St 0.0986 | Depression St 213.9618
5 Depression St 0.2823 APOE 4 94.0320 - - APOE 4 103.4314
6 APOE 4 0.2521 | Smoking St 11.5965 - - Smoking St 78.2851
7 Family His  0.1795 Education 8.9650 - - Education 10.3128

Based on the results presented in Table 9, the selected features were employed for the
data classification process using our algorithm. The stopping criterion of the iterative pro-
cedure was determined by either reaching 2500 iterations or attaining Accryain = 100 and
Accress = 100. To investigate the effectiveness and stability of the proposed approach, the
analysis was divided into the following cases.

Case 1 (C1) was designed to investigate the classification performance under different
combinations of the highest-ranked features selected by the MRMR feature selection method.
The considered feature sets are described as follows:

o C1F7: Prescriptions, Smoking_Status, Cognitive_Test_Scores, DosageInMg, Depres-
sion_Status, APO E_e4 and Family_History

e C1F6: Prescriptions, Smoking_Status, Cognitive_Test_Scores, DosageInMg, Depres-
sion_Status and APOE_c4

o CI1Fb5: Prescriptions, Smoking_Status, Cognitive_Test_Scores, DosageInMg and De-
pression_Status

o C1F4: Prescriptions, Smoking_Status, Cognitive_Test_Scores and DosageInMg

Case 2 (C2) was conducted using feature subsets selected from the Chi2, ReliefF, and
ANOVA feature selection methods in order to further examine the classification perfor-
mance of the proposed algorithm under different feature ranking strategies as follows:

e C2F7: Prescriptions, DosageInMg, Cognitive_Test_Scores, Depression_Status, APOE _¢4
, Smoking_Status and Education_Level

o C2F6: Prescriptions, DosageInMg, Cognitive_Test_Scores, Depression_Status, APOE_c4
and Smoking_Status

e C2F5: Prescriptions, DosageInMg, Cognitive_Test_Scores, Depression_Status and
APOE_¢4

e C2F4: Prescriptions, DosageInMg, Cognitive_Test_Scores and Depression_Status

o C2F3: Prescriptions, DosageInMg and Cognitive_Test_Scores

The computational performance and classification results obtained from Case 1 and
Case 2 are summarized in Table 10, while their corresponding visual comparisons are
illustrated in Figures 5 and 6, respectively.
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TABLE 10. Comparison of Iteration and CPU Time based on selected fea-

tures
Features
Cases | Measure = 3 5 i 3
c1 Iter 316 445 244 2500 -
CPU 0.4081 0.6003 0.3430 3.1154 -
AcCrrain = 99.1294, Accrest = 99.5000
Pre = 99.0385, Rec = 100, F1 = 99.5169
I Iter 409 445 332 428 210
CPU 0.5533 0.5646 0.4254 0.5860 0.2727
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From Table 10, it can be observed that reducing the number of features can improve
the computational performance of the proposed algorithm. In Case 1, the selection of five
features yielded the best performance, achieving Accryain = 100 and Accresy = 100 with
a computational time of 0.3430 seconds and requiring only 244 iterations. This result out-
performed the cases employing fewer than five features as well as those using more than
five features. Similarly, in Case 2, the selection of three features provided the most effec-
tive performance, attaining Accryain = 100 and Accress = 100 with a computational time
of 0.2727 seconds and only 210 iterations. It is noteworthy that both Case 1 and Case 2
consistently identified the same significant features, namely Prescriptions, DosageInMg,
and Cognitive_Test_Scores. These features reflect the essential clinical and cognitive in-
formation associated with dementia screening, indicating their strong influence on the
classification performance of the proposed model.

Based on the results presented in Table 10, the cases C1F5 and C2F5 were selected for
further analysis. In particular, the training and validation accuracies were plotted to il-
lustrate the learning behavior and convergence performance of the proposed algorithm.
Furthermore, confusion matrices were constructed to demonstrate the classification per-
formance and predictive capability of each considered case, as illustrated in Figures 5 and
6, respectively.
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FIGURE 5. Training and validation accuracy and Confusion matrix show-
ing the classification performance of the Case C1F5.
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FIGURE 6. Training and validation accuracy and Confusion matrix show-
ing the classification performance of the Case C2F5.



230 K. Kankam et al.

4. CONCLUSION

In this paper, we introduced a novel self-adaptive forward-backward algorithm for
solving convex minimization problems in Hilbert spaces and investigated its convergence
properties. By incorporating a self-adaptive mechanism for updating the control parame-
ters, the proposed algorithm enhances the stability and efficiency of the iterative process.
Under suitable conditions, both weak and strong convergence of the generated sequence
were established. Numerical experiments in infinite-dimensional Hilbert spaces confirm
the theoretical findings. The proposed method demonstrates robust convergence behav-
ior for various initial points and achieves progressively smaller error levels, particularly
for larger values of the parameter K, indicating improved approximation accuracy. More-
over, the practical performance of the algorithm was validated through its application to
a dementia classification problem. When combined with the Extreme Learning Machine,
the proposed method achieved superior classification performance compared to exist-
ing methods, including those of Combettes and Tseng. It yielded higher accuracy and
F1-score, along with lower loss and computational time, highlighting its effectiveness in
real-world scenarios.
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