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New Mann type iterative methods with a general resolvent
on geodesic spaces

TAKUTO KAJIMURA1 AND YASUNORI KIMURA2

ABSTRACT. Approximation methods to a minimizer of a convex function have been studied by a lot of math-
ematicians for a long time. In this paper, we investigate a convergence theorem to a minimizer of a given convex
function by using the Mann type iterative method and a resolvent for convex functions on geodesic spaces.
Moreover, we apply the resolvents proposed by Kajimura, Kimura and Kohsaka quite recently to our main
result in this paper.

1. INTRODUCTION

As is well known, approximation methods for a fixed point of a given nonlinear map-
ping and a minimizer of a given convex function have been studied in various ways by
many researchers, respectively. The Mann type iterative method is one of the most cel-
ebrated methods to find a fixed point of nonlinear mappings. In 1953, it was proposed
by Mann [23] to approximate a fixed point of nonexpansive mappings in a Hilbert space.
In 2008, Dhompongsa and Panyanak [8] extended it to a complete CAT(0) space. They
generated the Mann iteration sequence by

xn+1 = αnTxn ⊕ (1− αn)xn

for all n ∈ N, where T is a nonexpansive mapping on a CAT(0) space and {αn} ⊂ [0, 1].
For more results about the Mann type iterative method, see, for instance, [1, 15, 26]. In
1967, Halpern [10] proposed the strong convergence method to find a fixed point of non-
linear mappings, see also [31].

Resolvents for convex functions play an important role to find a minimizer of a given
convex function. For κ ∈ {1, 0}, let Xκ be an admissible complete CAT(κ) space and f a
proper lower semicontinuous convex function from X into ]−∞,∞]. In 1998, Mayer [25]
proposed the resolvent of λf by

Jλfx = argmin
y∈X0

{
f(y) +

1

2λ
d(y, x)2

}
in a complete CAT(0) space, where λ is a positive real number. By using this resolvent,
Bačák [2] showed that the sequence

xn+1 = Jλnxn

is ∆-convergent to an element of argminX f , where x1 ∈ X0 and {λn} a sequence of
positive real numbers satisfying that

∑∞
n=1 λn = ∞. This method is called the proximal

point algorithm, and it was proposed by Rockafellar [28] for finding a zero-point of a
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monotone operator in a Hilbert space in 1976, see also [4, 24]. For more results of zero-
points problems, see, for example, [6, 7, 11, 16, 27, 30]. In 2016, Kimura and Kohsaka
proved the following theorem:

Theorem 1.1 ([19]). Let X be a complete CAT(0) space, f a proper lower semicontinuous convex
function from X into ]−∞,∞], {λn} a sequence of positive real numbers and {αn} a sequence of
[0, 1[ satisfying that

∑∞
n=1(1− αn)λn = ∞. Generate a sequence {xn} of X by

x1 ∈ X and xn+1 = αnxn ⊕ (1− αn)Jλnfxn

for all n ∈ N. Then the following hold:
(i) argminX f is nonempty if and only if {Jλnfxn} is bounded;

(ii) if argminX f is nonempty and supn αn < 1, then both {xn} and {Jλnfxn} are ∆-convergent
to an element of argminX f .

This theorem is a generalization of the proximal point algorithm in a complete CAT(0)
space. On the other hand, some resolvents of λf were proposed in an admissible complete
CAT(1) space for λ > 0. For instance, Kimura and Kohsaka [18] defined a resolvent of λf
by

Qλfx = argmin
y∈X1

{
f(y) +

1

λ
tan d(y, x) sin d(y, x)

}
.

They also showed the following theorem:

Theorem 1.2 ([21]). Let X be an admissible complete CAT(1) space, f a proper lower semicontin-
uous convex function from X into ]−∞,∞], {λn} a sequence of positive real numbers and {αn}
a sequence of [0, 1[ satisfying that

∑∞
n=1(1− αn)λn = ∞. Generate a sequence {xn} of X by

x1 ∈ X and xn+1 = αnxn ⊕ (1− αn)Qλnfxn

for all n ∈ N. Then the following hold:
(i) argminX f is nonempty if and only if

inf
y∈X

lim sup
n→∞

d(Qλnfxn, y) < π/2 and sup
n

d(Qλnxn, xn) < π/2;

(ii) if argminX f is nonempty and supn αn < 1, then both {xn} and {Qλnfxn} are ∆-convergent
to an element of argminX f .

We notice that Theorems 1.1 and 1.2 need an additional condition. In their proofs, they
use the following technique:

“Since −∞ < inf f(X) ≦ f(xn+1) ≦ f(xn),
{f(xn)} is convergent to some real number.”

However, we do not know whether f(xn) belongs to R or not. Therefore, we need an
assumption which generates f(xn) ∈ R for some n ∈ N.

The aim of this paper is to generalize Theorems 1.1 and 1.2 in CAT(κ) spaces, and we
modify their assumptions. Furthermore, we apply the resolvents

Sλfx = argmin
y∈X1

{
f(y) +

1

λ
(1− cos d(y, x)− log(cos d(y, x)))

}
and

Tλfx = argmin
y∈X−1

{
f(y) +

1

λ
(cosh d(y, x)− 1 + log(cosh d(y, x)))

}
,

which we proposed quite recently in the paper [14] to our main result.
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2. PRELIMINARIES

Throught this paper, we denote the set of all real numbers by R, the set of all posi-
tive integers by N and the set of all minimizers of a convex function f from a set X into
]−∞,∞] by argminX f , respectively. Let X be a metric space. We define an asymptotic
center of a sequence {xn} of X by{

x ∈ X

∣∣∣∣ infy∈X
lim sup
n→∞

d(xn, y) = lim sup
n→∞

d(xn, x)

}
which is denoted by A({xn}). A sequence {xn} is ∆-convergent to x∞ ∈ X if the as-
ymptotic center of every subsequence of {xn} consists of x∞. A set ω∆({xn}) is defined
by

{x ∈ X | there exists {xni
} ⊂ {xn} such that {xni

} is ∆-convergent to x} .
A function f from X into ]−∞,∞] is said to be

• proper if there exists x ∈ X such that f(x) < ∞;
• lower semicontinuous if

f(x∞) ≦ lim inf
n→∞

f(xn)

for every sequence {xn} of X which is convergent to x∞;
• ∆-lower semicontinuous if

f(x∞) ≦ lim inf
n→∞

f(xn)

for every sequence {xn} of X which is ∆-convergent to x∞.
For x, y ∈ X , a mapping γxy from [0, d(x, y)] into X is called a geodesic connecting x, y ∈
X if the following properties hold:

• γxy(0) = x and γxy(d(x, y)) = y;
• d(γxy(s), γxy(t)) = |s− t| for all s, t ∈ [0, d(x, y)].

For D ∈ ]0,∞], a metric space X is called a D-uniquely geodesic space if any two points
x, y ∈ X which satisfy d(x, y) < D have a unique geodesic γxy . Let X be a D-uniquely
geodesic space. For each x, y ∈ X with d(x, y) < D, we define a convex combination
between x and y by

tx⊕ (1− t)y = γxy((1− t)d(x, y))

for all t ∈ [0, 1]. A function f from X into ]−∞,∞] is said to be convex if

f(tx⊕ (1− t)y) ≦ tf(x) + (1− t)f(y)

for all x, y ∈ X and t ∈ ]0, 1[.
For κ ∈ R, a two dimensional model space with curvature κ is defined by

M2
κ =


1√
κ
S2 (κ > 0);

E2 (κ = 0);
1√
−κ

H2 (κ < 0),

where S2 is the two-dimensional unite sphere on R3, E2 is two-dimensional Euclidean
space and H2 is the two-dimensional hyperbolic space. We denote the diameter of M2

κ by
Dκ, that is,

Dκ =

{
π/

√
κ (κ > 0);

∞ (κ ≦ 0).
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We know that M2
κ is a Dκ-uniquely geodesic space. Let X be a Dκ-uniquely geodesic

space. For each x, y, z ∈ X with d(x, y) + d(y, z) + d(z, x) < 2Dκ, a geodesic triangle
△(x, y, z) of X is defined by

△(x, y, z) = γxy([0, d(x, y)]) ∪ γyz([0, d(y, z)]) ∪ γzx([0, d(z, x)]).

A geodesic triangle △(x′, y′, z′) on M2
κ is called a comparison triangle of △(x, y, z) ⊂ X if

the length of corresponding edges are identical. For p ∈ △(x, y, z), a point p̄ ∈ △(x′, y′, z′)
is called a comparison point of p if at least one of the following conditions holds:

• if p = tx⊕ (1− t)y, then p̄ = tx̄⊕ (1− t)ȳ;
• if p = ty ⊕ (1− t)z, then p̄ = tȳ ⊕ (1− t)z̄;
• if p = tz ⊕ (1− t)x, then p̄ = tz̄ ⊕ (1− t)x̄,

for t ∈ [0, 1]. X is called a CAT(κ) space if d(p, q) ≦ d(p̄, q̄) for all △(x, y, z) and p, q ∈
△(x, y, z), for more details, see [3, 5]. A sequence {xn} of a CAT(κ) space X is said to be
geodesically bounded if

inf
y∈X

lim sup
n→∞

d(xn, y) <
Dκ

2

holds. If κ ≦ 0, then the geodesical boundedness coincides with the usual boundedness
in metric spaces since Dκ = ∞. A CAT(κ) space is said to be admissible if d(x, y) <
Dκ/2 for all x, y ∈ X . In an admissible complete CAT(κ) space X , it is well known
that every proper lower semicontinuous convex function is ∆-lower semicontinuous, see
[3, 18]. Moreover, the following properties are well known:

Lemma 2.1 ([9, 22]). Let X be an admissible complete CAT(κ) space and {xn} a geodesically
bounded sequence of X . Then A({xn}) consists of one point and {xn} has a ∆-convergent subse-
quence.

Lemma 2.2 ([17]). Let X be an admissible complete CAT(κ) space and {xn} a geodesically
bounded sequence of X . If {d(z, xn)} is convergent for each z ∈ ω∆({xn}), then {xn} is ∆-
convergent to an element of X .

For κ ∈ R, a function cκ from [0, Dκ/2[ into [0,∞[ is defined by

cκ(t) =



1

κ
(1− cos(

√
κt)) (κ > 0);

1

2
t2 (κ = 0);

1

−κ
(cosh(

√
−κt)− 1) (κ < 0)

for all t ∈ [0, Dκ/2[. Further, we define cκ(Dκ/2) by limt→Dκ/2 cκ(t). We notice that cκ is
continuous, strictly convex and strictly increasing on [0, Dκ/2[, and cκ(0) = 0. Moreover,
it follows that

c′κ(t) =



1√
κ
sin(

√
κt) (κ > 0);

t (κ = 0);

1√
−κ

sinh(
√
−κt) (κ < 0)

and

c′′κ(t) =


cos(

√
κt) (κ > 0);

1 (κ = 0);

cosh(
√
−κt) (κ < 0).

The following lemmas are known.
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Lemma 2.3 ([12, 19, 20]). For κ ∈ R, let X be an admissible complete CAT(κ) space, {zk} a
geodesically bounded sequence of X , {βk} a sequence of positive real numbers with

∑∞
k=1 βk = ∞

and

g(y) = lim sup
n→∞

1∑n
k=1 βk

n∑
k=1

βkcκ(d(y, zk))

for each y ∈ X . Then argminXg consists of one point.

Lemma 2.4 ([13]). For κ ∈ R, let X be an admissible CAT(κ) space, f a proper lower semi-
continuous convex function from X into ]−∞,∞] and φ a strictly increasing function from
[0, cκ(Dκ/2)[ into [0,∞[ of class C1 and λ a positive real number. Assume that

Rλfx = argmin
y∈X

{
f(y) +

1

λ
φ(cκd(y, x))

}
is a singleton for each x ∈ X . Put Cη,z = cκd(Rηfz, z) for η > 0 and z ∈ X . Then

λ(f(Rλfx)− f(y))

≦
φ′(Cλ,x)d(Rλfx, y)

c′κd(Rλfx, y)
(cκd(x, y)− Cλ,xc

′′
κd(Rλfx, y)− cκd(Rλfx, y))

for all x, y ∈ X with Rλfx ̸= y and

(λφ′(C1,y)Cµ,y + φ′(Cλ,x)Cλ,x))c
′′
κ(D)

+ (λφ′(C1,y) + φ′(Cλ,x))cκ(D)

≦ λφ′(C1,y)cκd(Rλfx, y) + φ′(Cλ,x)cκd(x,Rfy)

for all x, y ∈ X , where D = d(Rλfx,Rfy). Moreover,

argmin
X

f = F(Rλnf )

holds for all n ∈ N.

3. MANN TYPE ALGORITHM

In this section, we prove a main theorem which is a generalization of Theorems 1.1
and 1.2. Further, we obtain a convergence theorem to a convex function by applying the
resolvents Sλf and Tλf to our main result.

Theorem 3.3. Let κ, X , f and φ be the same as in Lemma 2.4. Let {λn} be a sequence of positive
real numbers and {αn} a sequence of [0, 1[ satisfying that α1 = 0 and

∑∞
n=1(1 − αn)λn = ∞.

Assume that

Rλnfx = argmin
y∈X

{
f(y) +

1

λn
φ(cκd(y, x))

}
is a singleton for each x ∈ X . Generate a sequence {xn} of X by

x1 ∈ X;

zn = Rλnfxn;

xn+1 = αnxn ⊕ (1− αn)zn

for n ∈ N. Then the following hold:
(i) If argminX f is nonempty then both

d(zn, xn) ≦ d(xn, p) and d(zn, p) ≦ d(xn, p)

hold for all p ∈ argminX f ;
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(ii) argminX f is nonempty if and only if supn d(zn, xn) < Dκ/2 and {zn} is geodesically
bounded;

(iii) if argminX f is nonempty and supn αn < 1, then both {xn} and {zn} are ∆-convergent to
an element of argminX f .

Proof. Put Cη,z = cκd(Rηfz, z) for η > 0 and z ∈ X . We first show (i). Let p ∈ argminX f .
By Lemma 2.4, we have

0 ≦ λn(f(zn)− f(p))

≦ cκd(xn, p)− Cλn,xn
c′′κd(zn, p)− cκd(zn, p)

and thus the following inequalities hold:
d(xn+1, xn)

2 + d(zn, p)
2 ≦ d(xn, p)

2 (κ = 0);

cos(
√
κd(xn+1, xn)) cos(

√
κd(zn, p)) ≧ cos(

√
κd(xn, p)) (κ > 0);

cosh(
√
−κd(xn+1, xn)) cosh(

√
−κd(zn, p)) ≦ cos(

√
−κd(xn, p)) (κ < 0).

From the admissibility of X , both

d(xn, zn) ≦ d(xn, p) and d(zn, p) ≦ d(xn, p)

hold.
We next show the the only if part of (ii). Let p ∈ argminX f . By (i), we obtain

cκd(xn+1, p) ≦ αncκd(xn, p) + (1− αn)cκd(zn, p)(3.1)

≦ αncκd(xn, p) + (1− αn)cκd(xn, p) = cκd(xn, p)

and hence

d(xn+1, p) ≦ d(xn, p) ≦ · · · ≦ d(x1, p) < Dκ/2.(3.2)

Therefore, it follows from (i) that

d(zn, p) ≦ d(xn, p) ≦ d(x1, p) < Dκ/2(3.3)

and that {zn} is geodesically bounded. Moreover, we have

d(zn, xn) ≦ d(xn, p) ≦ d(x1, p) < Dκ/2(3.4)

and hence supn d(zn, xn) < Dκ/2. We show the if part of (i). Put

βn =
(1− αn)λn

φ′(Cλn,xn)
and σn =

n∑
k=1

βk

for n ∈ N. By the assumption, there exists a real number d ∈ ]0, Dκ/2[ such that d =
supm d(zm, xm). Furthermore, since φ′ ◦ cκ is a continuous function on [0, d], there exists a
real number M such that maxt∈[0,d] φ

′ ◦ cκ(t) = M > 0. Therefore, we obtain

σn =

n∑
k=1

βk ≧
n∑

k=1

(1− αn)λn

M
→ ∞

as n → ∞. From Lemma 2.3, the function

g(y) = lim sup
n→∞

1

σn

n∑
k=1

βkcκd(y, zk)
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has a unique minimizer p ∈ X . By Lemma 2.4, we get

λk

φ′(Cλk,xk
)
cκd(zk, Rfp)

≦
λk

φ′(Cλk,xk
)
cκd(zk, p) +

1

φ′(C1,p)
(cκd(xk, Rfp)− cκd(zk, Rfp))

and hence

βkcκd(zk, Rfp)

≦ βkcκd(zk, p) +
1− αk

φ′(C1,p)
(cκd(xk, Rfp)− cκd(zk, Rfp))

≦ βkcκd(zk, p) +
1

φ′(C1,p)
((1− αk)cκd(xk, Rfp)− (1− αk)cκd(zk, Rfp)).

On the other hand, we know that

cκd(xk+1, Rfp) ≦ αkcκd(xk, Rfp) + (1− αk)cκd(zk, Rfp).

Consequently, we get

βkcκd(zk, Rfp)

≦ βkcκd(zk, p) +
1

φ′(C1,p)
(cκd(xk, Rfp)− cκd(xk+1, Rfp)),

and thus

1

σn

n∑
k=1

βkcκd(zk, Rfp)

≦
1

σn

n∑
k=1

βkcκd(zk, p) +
1

σnφ′(C1,p)
(cκd(x1, Rfp)− cκd(xn+1, Rfp))

≦
1

σn

n∑
k=1

βkcκd(zk, p) +
cκd(x1, Rfp)

σnφ′(C1,p)
.

Taking the upper limit as n tends to ∞, we get g(Rfp) ≦ g(p). Since p is a unique mini-
mizer of g, we have Rfp = p ∈ F(Rf ) = argminX f .

We finally show (iii). Since α1 = 0, we have x2 = Rλ1
x1 and thus f(x2) ∈ R. Let n ∈ N

satisfying that f(xn) ∈ R. Since argminX f is nonempty, it follows from the definition of
Rλnf that

−∞ < inf f(X) ≦ f(zn) ≦ f(zn) +
1

λn
φ(cκd(zn, xn))−

1

λn
φ(0) ≦ f(xn)(3.5)

and hence

−∞ < inf f(X) ≦ f(xn+1) ≦ αnf(xn) + (1− αn)f(zn) ≦ f(xn).(3.6)

By induction, f(xn) ∈ R for all n ≧ 2. Therefore, the sequence {f(xn)} is convergent
to a real number γ, and {f(zn)} is a bounded sequence. Let {f(zni

)} ⊂ {f(zn)}. Since
supn αn < 1, we can take a subsequence {αnij

} of {αni
} which is convergent to δ ∈ [0, 1[.

By the inequalities (3.5) and (3.6), we have

1

1− αnij

(f(xnij
+1)− αnij

f(xnij
)) ≦ f(znij

) ≦ f(xnij
)
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and thus both {f(xn)} and {f(zn)} are convergent to γ. Let p ∈ argminX f . By (3.2), the
sequence {d(xn, p)} is convergent to β ∈ [0, Dκ/2[. By Lemma 2.4, there exists a positive
real number L such that

(1− αn)λn(f(zn)− f(p)) ≦ L((1− αn)cκd(xn, p)− (1− αn)cκd(zn, p))

≦ L(cκd(xn, p)− cκd(xn+1, p)).

Consequently, we obtain
∞∑

n=1

(1− αn)λn(f(zn)− f(p)) ≦ L(cκd(x1, p)− cκ(β)) ∈ R.

Since
∑∞

n=1(1− αn)λn = ∞, we get

lim inf
n→∞

(f(zn)− f(p)) = 0.

Since both {f(xn)} and {f(zn)} are convergent to γ, it follows

lim
n→∞

f(xn) = lim
n→∞

f(zn) = f(p).

Let z ∈ ω∆({xn}). Then there exists a subsequence {xni} of {xn} which is ∆-convergent
to z. Since f is ∆-lower semicontinuous, we get

f(z) ≦ lim inf
i→∞

f(xni
) = f(p).

This implies that z ∈ argminX f . Since {d(xn, z)} is convergent to some real number, it
follows from Lemma 2.2 that {xn} is ∆-convergent to x∞ ∈ X . By using the same tech-
nique, we obtain x∞ ∈ argminX f . On the other hand, by (3.4), {d(zn, xn)} is bounded.
Let {d(zni

, xni
)} ⊂ {d(zn, xn)} arbitrarily. From (3.3) and supn αn < 1, we can take subse-

quences {d(znij
, p)} ⊂ {d(zni

, p)} and {αnij
} ⊂ {αni

} which satisfy

lim
j→∞

d(znij
, p) = d ∈ [0, Dκ/2[ and lim

j→∞
αnij

= α ∈ [0, 1[ .

It follows from Lemma 2.4 and (3.1) that

0 ≦ cκd(znij
, xnij

) ≦
cκd(xnij

, p)− cκd(znij
, p)

c′′κd(znij
, p)

≦

cκd(xnij
, p)−

cκd(xnij
+1, p)− αnij

cκd(xnij
, p)

1− αnij

c′′κd(znij
, p)

→
cκ(β)−

cκ(β)− αcκ(β)

1− α
c′′κ(d)

= 0

as j tends to ∞. This immediately implies that limn→∞ d(zn, xn) = 0. Since {xn} is ∆-
convergent to x∞, {zn} is also ∆-convergent to x∞. □

Let X be an admissible complete CAT(1) space. We define a function φ from [0, 1[ into
[0,∞[ by φ1(a) = a− log(1− a) for all a ∈ [0, 1[. Then we can express the resolvent Sλf by

Sλfx = argmin
y∈X

{
f(y) +

1

λ
φ1(c1d(y, x))

}
for x ∈ X . Note that φ1 is a strictly increasing function on [0, 1[ of class C1. On the other
hand, in a complete CAT(−1) space X , define a function φ−1 from [0,∞[ into [0,∞[ by
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φ−1(a) = a+ log(1 + a) for all a ∈ [0,∞[. It is also strictly increasing function on [0,∞[ of
class C1. Moreover, we can express Tλf by

Tλfx = argmin
y∈X

{
f(y) +

1

λ
φ−1(c−1d(y, x))

}
for x ∈ X . In the paper [14], we show the well-defindeness of Sλf and Tλf as single-
valued mappings. Thus, it follows from Theorem 3.3 that the following theorem:

Theorem 3.4. For κ ∈ {1,−1}, let Xκ be an admissible complete CAT(κ) space, f a proper lower
semicontinuous convex function, {λn} a sequence of positive real numbers and {αn} a sequence of
[0, 1[ satisfying α1 = 0 and

∑∞
n=1(1−αn)λn = ∞. Generate a sequence {xn} of Xκ by x1 ∈ Xκ

and {
xn+1 = αnxn ⊕ (1− αn)Sλnfxn (κ = 1);

xn+1 = αnxn ⊕ (1− αn)Tλnfxn (κ = −1)

for all n ∈ N. If argminX f is nonempty and supn αn < 1, then {xn}, {Sλnfxn} and {Tλnfxn}
are ∆-convergent to an element of argminX f .

4. APPLICATION IN A HILBERT SPACE

In this section, we give an application in a Hilbert space. By using Theorem 3.3, we get
the following theorem.

Theorem 4.5. Let H be a Hilbert space, f a proper lower semicontinuous convex function from
H into ]−∞,∞] with argminH f ̸= ∅, p ≧ 2 and

Rnx = argmin
y∈H

{
f(y) +

1

n
∥y − x∥p

}
for n ∈ N. Generate a sequence {xn} of H by x1 ∈ X and

xn+1 =

(
1− 1

n

)
xn +

1

n
Rnxn.

Then {xn} is weakly convergent to an element of argminH f .

Proof. Let φ(t) = 2p/2tp/2 for all t ∈ [0,∞[. Then we know that φ is strictly increasing and
φ′ is continuous on [0,∞[. Moreover, we notice that

Rnx = argmin
y∈H

{
f(y) +

1

n
φ

(
1

2
∥y − x∥2

)}
for x ∈ X . We also know that the sequence {xn} is well defined. On the other hand,

∞∑
n=1

1

n
· n = ∞.

Therefore, by Theorem 3.3, we get the conclusion. □

We remark that the resolvent used in Theorem 4.5 is deduced to the classical one by
putting p = 2.
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5. CONCLUSION

In this paper, we studied Mann type iterative methods with a general resolvent for
convex functions on admissible complete CAT(κ) spaces. We established convergence
results for approximating a minimizer of a given convex function by using the Mann
iterative scheme with a resolvent operator. Our results extend several known convergence
theorems for proximal type algorithms on geodesic spaces.

In this work, we considered a general class of resolvents defined by perturbation func-
tions. The class of perturbation functions used in this paper is sufficiently broad and
includes many resolvents that have been studied in earlier works as special cases. From
this viewpoint, our framework provides a unified way to treat both classical type resol-
vents and more recently proposed resolvents on geodesic spaces with curvature bounded
above.

Another important aspect of our analysis is that it is carried out in admissible complete
CAT(κ) spaces with an arbitrary real curvature bound κ. This makes it possible to handle
spaces of nonpositive curvature, flat spaces, and spaces of positive curvature in a single
setting. As a consequence, many existing results on Mann type iterations and convex
minimization problems can be covered within our framework.

Finally, we applied the main theorem to several concrete examples. These include re-
solvents on CAT(1) and CAT(−1) spaces, as well as an application in a Hilbert space.
Through these examples, we showed that the proposed method can be used in different
geometric settings. This indicates that our results are useful for a wide range of convex
minimization problems on geodesic spaces.
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