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Continuity and Lipschitz Properties of Approximate Weak
Solution Maps via Nonlinear Scalarization

PAKKAPON PREECHASILP! AND RABIAN WANGKEEREE?2

ABSTRACT. This paper examines the stability of approximate weak solution mappings in set optimization
problems under the partial order induced by the Minkowski difference. We introduce a scalarization framework
that remains continuous when feasible sets and objective mappings are perturbed separately and show that the
scalarization mapping is Holder continuous. By treating feasible and objective variations independently, the
analysis provides sharper stability conditions than approaches that consider joint perturbations. Using these
continuity properties, we also establish continuity and Lipschitz-type bounds for approximate solution mappings.
These results yield a quantitative framework for studying the stability of approximate weak solutions in set
optimization.

1. INTRODUCTION

Set optimization has evolved over the past two decades from a technical extension of
vector optimization into a mature modelling paradigm in which a single decision generates
a set of attainable outcomes. Its scope now applies to multi-criteria decision making,
control systems, differential inclusions, welfare economics, financial risk management, and
robust optimization under uncertainty [6}7,{11}/15,[20]. Beyond the classical vector criterion,
the set criterion approach has been advanced in many directions (see [16}/18}22-24]) and
references therein.

A unifying theme in this literature is that meaningful analysis hinges on how sets are
compared. In set optimization, two principal criteria are commonly used to compare and
evaluate sets: the vector criterion and the set criterion. The vector criterion measures
optimality by examining individual elements of the image set, whereas the set criterion
determines optimality through minimal elements of the collection of image sets with
respect to order relations. For classical developments of set-based order relations, we refer
the reader to [22]23]. In recent years, alternative set order relations have emerged, most
notably the Minkowski-difference based orders introduced by Karaman et al. [18], which
have been the focus of extensive research in set optimization; see, for example, [1}2,4,12,21].

In set optimization, stability usually refers to the behavior of minimal solution sets
under perturbations, ensuring continuity, robustness, or convergence of solutions when
data or parameters vary. Several approaches have been proposed to study this property.
For continuity and semicontinuity, stability conditions were established for parametric
problems. Holder and Lipschitz stability has been derived using nonlinear scalarization
and distance-based methods [[13}[14]. Convergence stability has also been analyzed via
Painlevé-Kuratowski techniques, clarifying external and internal robustness of solution
sets [3}5].

Recent research has significantly advanced the analysis of stability and continuity in
set optimization problems formulated with partial orders inspired by Karaman et al. [18].
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In particular, several contributions have focused on stability properties of exact solution
sets, including semicontinuity, convergence, well-posedness, and structural results. The
stability of parametric set optimization problems was investigated by Preechasilp and
Wangkeeree [25], who provided sufficient conditions guaranteeing upper semicontinuity,
lower semicontinuity, and closedness of the corresponding solution mappings. They also
examined pointwise well-posedness in set optimization, deriving sufficient conditions and
establishing connections between pointwise and global notions of well-posedness through
scalarization techniques in [26]. Gupta et al. [10] introduced a new scalarization function
associated with the partial set order and examined its fundamental properties. Within this
framework, they proposed two notions of well-posedness, demonstrated their equivalence
with scalar well-posedness, and derived necessary conditions for these concepts. Karuna
and Lalitha [19] investigated minimal solutions of set optimization problems defined by
partial orders. They analyzed convergence of solution sets in both decision and image
spaces and provided scalarization-based characterizations of minimal and weak minimal
elements. They also established semicontinuity properties of parametric solution mappings.
Kapoor, Ahmad and Sharma [17] proposed generalized convexity concepts for set-valued
maps, analyzed lower-level maps, and established path connectedness of solution sets with
applications to robust Nash equilibrium games. Zhou, Feng and Ansari [31] introduced
and analyzed two notions of well-posedness in set optimization and derived necessary and
sufficient conditions for each. By employing a nonlinear scalarization method, they estab-
lished the equivalence of these well-posedness concepts and illustrated their applicability
with several examples. Zhang and Xu [29] investigated a nonlinear scalarization function
constructed from the Minkowski-difference order and examined its key properties. They
proved that this scalarization is both continuous and convex, and applied these results to
set optimization problems. Their analysis further established path connectedness of solu-
tion sets and continuity of parametric solution mappings without imposing monotonicity
conditions on the objective mapping.

By contrast, only a limited number of works have investigated stability properties
of approximate solutions in set optimization. For instance, Gupta and Srivastava [9]
introduced the concept of approximate weak minimal solutions under the Minkowski-
difference order, analyzed their stability under perturbations, and developed a framework
of Levitin—Polyak well-posedness with sufficient conditions and characterizations. Zhao et
al. [30] further extended the study of approximate solutions to cases where the ordering
cone has a nonempty quasirelative interior, proposed new classes of nonlinear scalarization
functions, and derived optimality conditions for approximate efficient and approximate
weakly efficient solutions.

After reviewing the literature, it becomes clear that only a few papers address approxi-
mate solution sets, whereas scalarization methods are widely recognized as central tools for
analyzing minimal solution sets in set optimization. In this work, we focus on approximate
solutions in set optimization. This study is driven by three related motivations.

First, we extend the continuity results for nonlinear scalarization functions recently
obtained by Zhang and Xu [29] to problems with perturbed feasible sets and objective map-
pings. This extension is carried out by employing the Hausdorff-type distance technique
developed by Han [13]], which provides a metric framework for analyzing continuity and
stability of solution set mappings.

Second, unlike most prior works, we analyze perturbations of the feasible set and
objective mapping separately, leading to sharper stability criteria. This separation yields a
sharper understanding of stability behavior and reveals continuity properties that remain
hidden when both sources of perturbations are considered together.
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Third, to the best of our knowledge, no quantitative stability results have yet been
obtained for approximate solution mappings under the partial order relation. The literature
has largely concentrated on qualitative notions of stability, such as semicontinuity, set
convergence, or well-posedness. By establishing Lipschitz-type properties, we provide the
first quantitative framework for measuring the sensitivity of approximate solution maps in
this setting.

The structure of the paper is as follows. Section 2introduces the basic notation, essential
definitions, and preliminary results concerning cones, the Minkowski difference, partial
orders, and nonlinear scalarization. In Section 3| we investigate continuity and Holder
properties of the scalarization function and present metric-type gap functions that serve
as tools for stability analysis. Section [4|focuses on semicontinuity, where we establish
lower and upper semicontinuity of approximate weak solution mappings for parametric set
optimization problems. In Section 5, we derive Lipschitz continuity results for approximate
solution mappings under appropriate assumptions.

2. PRELIMINARIES

We collect basic definitions used throughout the paper. Unless stated otherwise, let
X and Y be real normed linear spaces. A subset C' C Y is called a cone if Ao € C for
every ¢ € C and every A > 0. We endow Y with the partial order induced by a fixed
convex, pointed cone C' C Y with nonempty interior (in particular, 0y € C). The family of
nonempty subsets of Y is denoted by Py (Y).

For A € Py(Y) and = € Y, we write int(A) for the (topological) interior of 4, cl(A) for
its closure, and

By (v,6) = {y € ¥ : [ly —a < &}

for the open ball of radius € > 0 centered at z; the unit ball is By := By (0y, 1).

Lemma 2.1. [28]] Let Y be a normed linear space and let A C'Y be convex with int(A) # &. Then
cl(int(A4)) = cl(A).
For nonempty sets A;, Ay C Y, define the Minkowski (Pontryagin) difference
A-B:={yeY: y+BCA}L

Proposition 2.1. Let A, B € Py(Y') and k € Y. The following statements are true:
(i) (k+A)~B=k+ (A= B).

(ii) A~ (k+ B)=—k+ (A~ B).

(iii) If A is a bounded set, then A ~ A = {0y }.

(iv) If Ais closed, then A ~ B is also closed.
(v) If Ais compact, then A~ B is also compact.

Given C as above, the partial set order ng is
A<*B < (A=B)n(-0)#0,
and
A<3*B <= (A=B)nint(-C) #0.
Fix e € int(C). For given sets A, B € X, the scalarization function associated with A
and B is
I (A,B) :=inf{t e R: A </'* te+ B}.
The following Proposition can be found in [18].
Proposition 2.2. Let r € Rand A, B € Py(Y'). Then the following statements are true:
(i) I"*(A, B) < rifand only if A <\ re + B.
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(ii) If B = A is compact, then I7"*(A, B) = r if and only if A <[}%. re + B and A A5
(r—e)e+ Bforalle > 0.
(iii) If A~ B is compact, then 17"*(A, B) < r ifand only if A <7\* re + B.
(iv) If A is compact, then
I(A,B)=min{teR : A<%*te+ B}.
Proposition 2.3 ([29]). Let A, B € Po(Y) and let § > 0. Then
I (0A,6B) = 61**(A, B),
where §A :={da: a € A} and 6B := {§b: b e B}.
Consider a nonempty feasible set X' C X and a set-valued mapping F' : K = Y.

The associated set optimization problem with respect to the order </’ (abbreviated as
(m2-SOP)) is

(mo-SOP) m(/in F(x) subject to x € K.

Definition 2.1 ( [18]). An element xo € K is called
(i) a minimal solution of (mo-SOP) if there is no x € K with F(x) # F(x¢) satisfying
F(z) 25* Fl(xo);
(i) a weak minimal solution of (ma-SOP) if there is no x € K satisfying F(x) <5? F(xo).
We denote by E™2(F, K) the set of all minimal solutions of (m-SOP), and by E"-™2 (F, K)
the set of all weak minimal solutions. The following recalls the concept of approximate
minimal solutions, including e-minimal and weak e-minimal solutions of the (my—SOP).

Definition 2.2 ( [9]]). An element xy € K is called
(i) an e-minimal solution of (mo-SOP) if there is no = € K with F(x) # F(x¢) satisfying
F(x)4ce 25* F(xo);
(ii) a weak e-minimal solution of (mo-SOP) if there is no x € K satisfying F(z) +ce <5*
F(LL'())
Let E"2(F, K) denote the set of all e-minimal solutions of (m3-SOP), and E¥""2(F, K)
the set of all weak e-minimal solutions.
Remark 2.1. Ife =0, then E7"*(F,K) = E™(F,K) and E¥"™(F,K) = E¥"™2(F, K).

The following proposition collects three fundamental properties that will be employed
throughout: monotonicity of the e—-minimal solution set in ¢, a scalarization test for mem-
bership, and a simple sufficient condition for e-minimality.

Proposition 2.4. (i) If0 < ey < eq and F(z) has compact values on K, then
EX™M2(F,K) C EZ™(F, K).
(ii) o € EX'™2(F,K) iff I"(F(y),F(x0)) > — forally € K.
(iii) I7"2(F(y), F(z)) > —¢ forall y € K = z € EM(F,K).
Proof. (1) Let0 < e; < eyandsupposex; € E"™2(F, K). Weshow z; € B2 (F, K).
Assume, to the contrary, that z; ¢ £ (F, K). Then there exists z, € K such
that
F(xg) +ege <22 F(x1).
Since 1 < g2, by monotonicity of the ms-order with respect to translating by te we
have
F(x2) +e1e 222 F(x2) + e2e <% F(x1),
hence F'(x3) 4 e1e <¢* F(x1), which contradicts z; € EX"™*(F,K). Therefore
ry € B2 (F, K).
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(2) (=) Suppose o € EX™2(F, K). By definition[2.2}
F(y) +ee £52 F(xo) forally € K.
This is equivalent to
F(y) A5? F(xg) —ce forally € K.
Proposition[2.2](i) gives that,
I (F(y), F(xg)) > —¢ forally € K.
(«) Conversely, assume
I (F(y), F(xg)) > —¢ forally € K.

Then by Proposition[2.2)(i), there isno y € K with F(y) +ee <{* F(zo). Therefore
o € B2 (F,K).
(3) It immediately follows from Proposition [2.2] (ii).
O

The next proposition states that this nesting is continuous from the right: intersecting
all tolerances strictly above a given level recovers the set at that level, a fact we will later
use to pass from approximate to exact weak minimality as the tolerance vanishes.

Proposition 2.5. Forany ey > 0,
() EX™(F,K) = EX™(F,K).

£>€0

Proof. By the scalar characterization (Proposition [2.4](ii)),
EMm2(F K = {x e K: I™(F(y),F(z)) > —¢ Vy € K}

Define the gauge

P(x) = sup (= I (F(y), F(z))) € [~o00,00].

Then for every € > 0,
EX"™(FK)={z e K: ¢(x) <e}.

We claim that for any function ¢ : K — R and any ¢, € R,
(2.1) ﬂ {re K :¢Y(x)<e} = {zeK:¢(x)< inf e}.

£>€q
e>eq
Indeed, write S, := {z : ¢¥(z) < e} and I := (g9, 0).
Let z € (.. Se. Then, by definition,
Y(x) <e foralle €I

eel

Hence, 1(x) is a lower bound of I. Consequently,
Y(x) <infl = inf ¢,
£>€0

which shows that = belongs to the right-hand side of (2.T).
Conversely, assume that
P(x) < inf e.

£>€0
Since inf. ., € < ¢ for every ¢ € I, it follows that ¢/(x) < ¢ for all ¢ € I. Thus, = belongs to
ﬂsel SE .
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Thus (2.1)) holds. Because inf.~., € = €9, we obtain

() {z:¢(2) < e} = {z: ¢(a) < o).

£>€q
Hence,
() B (FK) = [({z: (@) <e} = {z: () < g} = EL™(F, K).
£>¢€o £>€0
O
Corollary 2.1. Forany ey > 0,
() EX™(F,K) = E"“"™(F,K).
e>0
Proof. Taking £¢ = 0 in Proposition 2.5 yields the conclusion. O

The following are definitions of continuity for a set-valued mapping I' : X = Y ata
point zy € X, which can be found in [8§].

Definition 2.3. (1) Hausdorff upper semicontinuous (H-usc) at x if, for every neighbor-
hood V of 0 in Y, there exists a neighborhood U (x) of x such that for all x € U(zy),
I'(z) C T(xg) + V.

(2) Upper semicontinuous (usc) at x if, for every neighborhood V of T'(x(), there exists a
neighborhood U (x) of xo such that for all v € U(xo), I'(x) C V.

(3) Lower semicontinuous (Isc) at zy if, for every y € I'(xo) and every neighborhood V' of y,
there exists a neighborhood U (x) of xo such that for all x € U(xg), I'(x) NV # @.
We say that T' is H-usc, usc, or Isc on a set D C X if it has the corresponding property at each
x € D. Moreover, I is (Hausdorff) continuous on D if it is both usc and Isc on D.

Definition 2.4. Let (X, d) be a metric space and let D, E C X be nonempty. The Hausdorff
distance between D and E is

H(D,E) := max{o(D, E), o(E,D)},

where

o(D,FE) = supdist(d, E), dist(d, E) := inf d(d,e).
deD ecE

Definition 2.5. A set-valued mapping T' : X =Y is called q,0—Holder continuous at xo € X if
there exists a neighborhood U of xo such that

F(IQ) C F(Il) + q||u1 — u2||GBY’ V1,0 € U(Io)
We say that T" is g—Lipschitz at ¢ when 6 = 1.
Remark 2.2. For set-valued maps with nonempty compact values, the inclusion condition
[(22) € D(a1) + qlles — 22]° By
is equivalent to the Hausdorff—-Holder estimate
H(D(21),T(22)) < qllzy — 22|

Definition 2.6. Let D be a nonempty convex subset of X. A set-valued mappingI' : X =3 Y is
called

(i) mg C—convex on D [26 if, for any x1,x2 € D and any « € [0, 1], one has
Doz + (1 — a)zz) =52 al(z1) + (1 —a)T(z2).
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(ii) mo—properly C—quasiconvex on D [29] if, for any x1,x2 € D and any o € [0, 1], one has
either Doy + (1 — a)zs) <32 T(z1) or Doz + (1 —a)zs) =E* T(za).
When I is a scalar-valued mapping, property (i) automatically implies property (ii).
However, this implication does not extend to the set-valued case. The following exam-
ple shows that, for set-valued mappings, mas C—convexity does not necessarily imply
me—proper C'—quasiconvexity.
Example 2.1. Let Y =R?, C =R32, D = (0, 1], and define the set—valued map
I(x):={(z, 1 —2)} (x € D).

We will show that I' is my C-convex, but not mq-properly C—quasiconvex. For any x1,x9 € D
and o € [0, 1],

F(axl +(1- a)mg) ={(az1+ (1 - @)z, 1 —az; — (1 —a)xz)} = al'(z1) + (1 — a)T(a2),
hence T'(axq + (1 — )xo) =<5? ol (z1) + (1 — a)F(mz)
On the other hand, take x1 = 0, x50 = 1, and o = 5 Then
L) ={0,1)}, ) ={10} I(3)=1{G;
Hence (3, %) 287 (0,1) since (0,1) — (3,3) = (-
= (%, —1) ¢ C. Therefore,
M(3) £2 TO) and () A2 TO).
myg-proper C—quasiconvexity is violated.

2.4) 287 (1,0) since

Proposition 2.6. [29] Let A C Y be nonempty and compact, and letT' : D C X =3 Y have
nonempty compact values.

(i) IfT'(-) is mo—properly C—quasiconvex on D, then I (A, -) is properly quasiconcave on D,
that is, for any x1,x2 € D and for any o € [0, 1], one has

either I7"*(A, al'(z1) + (1 — a)['(z2)) > I7"*(po,I'(21))
or
1A, ol (1) + (1 = a)0(x2)) > 1" (po, T(22)).

The next lemma establishes the concavity of the scalarization whenever the underlying
set-valued mapping is mo C-convex.

Lemma 2.2. Let A C Y be nonempty and compact, and let I' : X =Y have nonempty compact
values. Assume that T'(+) is ma C—convex on D. Then the scalarization 17"2(A,T'(+)) is concave in
the sense that, for all x1,x2 € D and o € [0, 1],

I7?(A,T(amy + (1 — a)xz)) > all?(A,D(z1)) + (1 — @) 12 (A, T(x2)).

Proof. Fix 1,22 € Dand « € [0,1], and setT'; :=T'(z;) (: = 1,2),and 'y, := '(ax; + (1 —
a)xs).

By the mg C—convexity of I'(-) we have
Iy 22 al'i+ (1 —a)ls.
Since I7*2(A, -) is me—decreasing in its second argument,
2.2) IM"(A,Ty) > I7*(A,aly + (1 — a)Ty).
We know that
{teR: A= te+ (al't + (1 — )T}
C{teR:aA =P te+al}+{teR:(1-a)A=20%te+ (1 —a)ls},
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thus
inf{teR: A =72 te+ (aF1 +(1- O{)Fg)}
>inf{tcR:ad 7 te+ ol 1} +inf{t e R: (1 —a)A =1? te+ (1 — o)z}
This implies
I;"?(A7aF1 +(1- a)Fg) > I (aA,al) + 17 ((1 — @) A, (1 — a)Ty).
Applying Proposition[2.3|together with (2.2), we obtain
I7%(A,T(amy + (1 — a)xz)) > o™ (A, T1) 4+ (1 — a) I (A,T).
]
Remark 2.3. Lemma establishes that if T" is my C-convex on D, then the scalarization
I72(A,T(+)) is concave on D. Proposition[2.6|asserts that if T' is mo—properly C—quasiconvex, then
I72(A,T(-)) is properly quasiconcave. Example[2.1|demonstrates that, for set-valued mappings,

my C—convexity does not necessarily imply mo—proper C—quasiconvexity. By contrast, in the scalar
setting the concavity conclusion of Lemma 2.2 automatically entails the proper quasiconcavity

property of Proposition
3. CONTINUITY AND HOLDER PROPERTIES OF THE SCALARIZING MAP

In this subsection we introduce a scalar function built from the nonlinear scalariza-
tion I'"2(-,-). Our approach is inspired by the work of Han [13}|14], who investigated
Hausdorff-type distances and scalarization techniques for set-valued mappings. After
introducing a new scalarization for compact set-valued mappings, we proceed to analyze
its regularity properties. In particular, we establish both continuity and Holder continuity
of the scalarization function. These results provide the foundation for subsequent stability
analysis of approximate solution mappings in set optimization.

Let T3, T be normed vector spaces and let A : T3 = Y and B : 7> = Y be set-valued
maps. Define ¢ : T7 x Tp — RU {£o0} by

E(z,y) = I7"(A(z), B(y)) = inf {t e R: A(z) <3* te + B(y) }, (z,y) € Th x Tx.

We assume that, for every « € T} and y € T3, A(z) and B(y) are nonempty with compact
values and that A(z) — B(y) # @. Under these standing hypotheses (Proposition[2.2),

—xo < Emy) <o, V(w,y) €Ty x T

Proposition 3.7 ( [29, Proposition 10]). Assume that A(z)~B(y) # & for every (z,y) € Ty xT.
If A(-) and B(-) are continuous with nonempty compact values, then (-, -) is continuous on Ty X Ts.

We now establish several basic properties of the scalarization I7*2(-, ), which serve as
the foundation for defining a metric between set-valued mappings.

Proposition 3.8. Let A, M, B C Y be nonempty compact sets with A~ M # @, M ~ B # @
and A — B # &. Then

I (A,B) < IJ"(A,M) + I"*(M, B).
Proof. Set o := I7"2(A, M) and 3 := I;">(M, B). By Proposition 2.2] (i),
A =5 (ae+ M) and M <7? (Be+ B).
Thus there exist ¢1, co € —C with
(c1+ae)+ M CA and (ca+ Be) + B C M.
Consequently,
(1 +c2)+ (a+ B)e+ B=(c1 +ae)+ ((c2+ Be) + B) C (c1 +ae) + M C A.
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Because C'is a cone, —C'is closed under addition, hence ¢; +c; € —C. Therefore A <7* (a+

B)e+ B. Proposition(iii) yields that I7?(A,B) < a+ 8 = I (A, M)+ 17*(M,B). O

Corollary 3.2. Let A, B C'Y be nonempty compact sets with A ~ B # @ and B —~ A # @&. Then
I (A, B) + I**(B,A) > 0.

Proof. Apply PropositionB.8|to get 0 = I7"2(A, A) < I7"2(A, B) + I7"2(B, A). O

We now collect some elementary properties of the symmetric gap
Ge(A, B) :=max{I["*(A, B), I"*(B, A)}.
On any class of nonempty compact set where all the involved scalarizations are finite, G,
enjoys the following properties.
Proposition 3.9. Let A;, Ay, A3 € Po(Y') be compact sets. Assume that A; — A; # O for all
i,7 € {1,2,3}, i # j. Then the following properties hold:
(a) Symmetry: G.(A;, As) = Ge(Az, A1).
(b) Diagonal: G.(A1, A1) =0.
(c) Nonnegativity: G.(A;, A2) > 0.
(d) Triangle inequality:
Ge(A1, A2) < Ge(Ar, As) + Ge(As, Az).
(e) Positive homogeneity: G.(dA1,542) = § G.(A1, As) forall § > 0.
Proof. Parts (a)—(b) are immediate; (c) follows from Corollary 3.2}
For (d), we apply Proposition [3.8|twice:
172 (Ar, Az) < I (Ar, As)+I10"2 (As, A2), 17 (As, A1) < 107 (As, Ag)+10" (A3, Ar),
and then use
max{z,y} < max{a+c, b+d} < max{a,b}+ max{c,d}.
For (e), the conclusion then follows directly from Proposition[2.3] O

The following proposition shows that I7*(-,-) is 1-Lipschitz in each argument with
respect to the symmetric gap G.(A4, B).

Proposition 3.10. Let Ay, Ay, As C Y be nonempty compact sets. Assume that 17*2(A;, A;) is
finite for all i, j € {1,2,3} with i # j. Then

(3.3) |12 (Ay, A3) — 1% (A2, A3)| < Ge(Ar, Ag),
and
(3.4) |12 (As, Ay) — I (A3, A2)| < Ge(Ay, A).

Proof. By Proposition[3.8}

I (A, Az) < I2(Aq, Ag) + 172 (Ag, A3),
so

I (Ay, Ag) — 17" (Ag, As) < I"2(Aq, As).
Exchanging A; and A, gives

172 (Ag, Ag) < 1"*(Ag, Ay) + 12 (Ar, As),

hence
—(I"2 (A1, A3) — IT"*(Ag, A3)) < I2(Ag, Ay).
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Combining yields

|Ién2(A1,A3) — [?Q(AQ,A3)| < max{I["? (A1, A3),I"?(As, A1)} = Ge(A1, A2),
which proves (3.3).

For (3.4), Proposition [3.8|implies

I3 (As, Ar) < 102 (As, Ao)+10" (Ag, Ar),  172(As, Ag) < 172 (As, Ar)+107 (Ar, As).
Thus,
17 (As, An) =102 (Ag, Ag) < 102 (Ag, A1), 10" (As, Ag)—10" (A3, A1) < 177 (A, As),
and therefore

1172 (A, Ay) — I™(As, Ay)| < max{I™ (Ay, Ag), I7 (A, A1)} = Go(Ar, Ay).

Let 2; and Q> be two normed vector spaces and 77,75 C X be nonempty. Define
T, = {(I) Ty —2Y ‘ ®(z) # & and bounded Vz € Tl},
and
Ty = {\IJ c Ty — 2V ‘ U(z) # @ and bounded Vzx € Tz}.
Let ®;, 5 € 1. The metric g1 (®1, ®2) is defined by
g1(P1, Do) := 5;17;1)1 Ge(<I>1(;v)7<I>2(x)).

Similarly, for ¥, ¥y € Ty, set

92(U1, Uy) := Isg%) Ge(\Ill(x), \Ilg(x))

We assume that A, € T, for any a € €} and Bg € T, for any 5 € Q. The function
w11 x Ty x 1 x Q9 — Ris defined by
QD(’I,y,Oé,ﬂ) = I:h (Aoz(x)7 Bﬁ(y))a V(x,y,a,ﬂ) € Tl X T2 X Q1 X QQ-
The next theorem shows that, under mild nonemptiness and continuity assumptions

on A, and Bj (including uniform continuity in the parameters via the metrics gi,g2), the
scalarization ¢ is jointly continuous in (z, y, ¢, §).

Lemma 3.3. Let T, T be nonempty subsets of X, and let Q;, s be normed parameter spaces.
Foreacha € Quand B € Qo, let Ay : Ty = Y, Bg : T5 = Y be set—valued maps with nonempty
compact values. Assume that

(i) Ay(z) = Bg(y) # @ forall (z,y,c, 8) € Th x Tp x Q1 X Qy;

(ii) for any («, B) € Q1 x Qo, the mappings A (), Bg(-) are continuous;
(iii) g1(Aq, Aay) — 0as o — ag and go(Bg, Bg,) — 0as 5 — fo.
Then  is continuous at every point (xo, Yo, o, Bo) € T1 X T X 1 X Q.

Proof. Lete > 0. For any fixed (av, By), it follows from (ii) and Proposition[3.7 that the map
(,9) — L"*(Aay (), Bay (1))

is continuous at (x¢, yo). Then there exists d,, > 0 such that

(35) H.T - mOH < 6zy7 ||y - yOH < 6my = ’@(w7yaa07ﬂ0) - <P(l’07fl/0>a0750)‘ < %
By (iii), there exists §,, > 0 such that

||a — OZ()” < 0 = gl(AomAao) <

Wl M
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Using Proposition [3.10}

p(2,y, 0, 8) = p(x,y,a0, )| = |[1"*(Aa(), Ba(y)) — 1" (Aay (), Ba(y))]
< Ge(Aa(x)vAao(x))
)

(3.6) < 91(Aas Aay) < 5
Likewise, there exists 65 > 0 such that || — fo|| < s = g2(Bs, Bs,) < 5, and again by
Proposition 3.10}

(37) |S0(xayaa07ﬂ) - gﬁ(l',y,()éo,ﬂo” < Ge(Bﬁ(x)aBﬁo(x)) < gZ(BﬁaBﬁo) <

W ™

Set § := min{d,y, 0, g }. If || (z,y, v, B) — (w0, Yo, o, Bo)|| < &, then by (B.6), (3.7), and
give that

lo(z,y, o, B) — (0, Yo, a0, Bo)| < |e(z,y, . B) — ¢(z, y, a0, B)|
+ |z, y, 0, B) — (2, oo, Bo)|
+ (2, y, a0, Bo) — (0, Y0, 0, Bo)|
< : + = + = €.
3 3 3
Thus ¢ is continuous at (z, Yo, @, 5o)- O

Remark 3.4. Lemma3.3|establishes the continuity of the parametric scalarization o(x,y, a, 3) by
combining the continuity of the set—valued maps A, (-) and Bg(-) with the gap function estimates
in Propositions 3.9 and This result can be viewed as a parametric extension of Proposition 10
in [29], where continuity of the scalarization was proved for fixed mappings A(-) and B(-) without
perturbations.

We now work under the following local hypotheses, which ensure finiteness of the
scalarization and Holder property of the data in the state variables and parameters near

(%0, Y0, o, Bo)-

(H1) (Aa() = Bg(+)) # @ forall (a, B) € Ulag) x U(fo)-
(H2) There exist T > 0 and 6 > 0 such that, for any « € U(a) and any z1, 22 € U(x),

Ge(Aa(z1), An(22)) < T|j71 — 22|°.
(H3) There exist L > 0 and v > 0 such that, for any 5 € U(8y) and any y1,y2 € U(vo),
Ge(Bs(y1), Ba(y2)) < Lllyr — 2"
(H4) There exist M > 0 and v > 0 such that, for any oy, as € U(w),
91(Aa,, Aa,) < Mlon — g™
(H5) There exist V> 0 and 7 > 0 such that, for any 81, 52 € U(5o),
92(Bg,, Bg,) < V[|B1 — Bel|”.

Theorem 3.1. Let (zo,yo, o, Bo) € Th x T x Q1 X Qg and let U(zo) x U(yo) X U(ag) x U(Bo)
be a neighborhood of (o, yo, o, Bo) such that Assumptions (H1)-(HS5) hold. Then for any

(z1,91, a1, B1), (T2, Y2, a2, B2) € U(xo) X U(yo) x U(ao) x U(Bo),

|§0(-T1,y1,051,ﬂ1) _QO(an:gQ)aQaﬂQ)‘
< Tlay—a2|® + Lllys — well” + Mlloa — ao||” + V|81 — Ba"-
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Proof. Let (z1,y1, 01, 51), (22,y2, a2, B2) € U(xo) X U(yo) x U(ag) x U(Bo). We have
lo(x1, 91,01, B1) — (22,2, @z, Ba)|
(3.8) < e, y1, a1, B1) — @(x2, Y2, a1, Bu)| + |@(@2, y2, a1, 1) — (w2, Y2, 2, B2) .
For any fixed (a1, 81) € U(ap) x U(fy), Proposition3.10} (H2) and (H3) give that
1"*(Agy (1), Bp, (1)) — 1"*(Aa, (22), B, (1)) |
+ [1%(Aa, (22), B, (1)) — 12"%(Aa, (22), Bg, (y2)) |
(3.9) < Ty — 22 + Lilyr — |-
It follows from Proposition (H4) and (H5) that
|2, Y2, 01, B1) — @(@2, Y2, 2, B2)| < Ge(Aay (22), Aay (22)) + Ge(Bg, (y2), Bs, (42))
< g1(Aas Aay) + 92(Bg,, Bs,)
< Mllwr — wa | + Vlon — azl|™.
Combining this with in yields the desired estimate. O

’@(xhylaalvﬁl) - ‘P($2792aa1751)| <

Remark 3.5. Theorem |3.1|establishes a new continuity result for the parametric scalarization map
@ associated with (mo-PSOP). In particular, it shows that ¢ enjoys Holder continuity with respect
to both state variables and parameters, with exponents 0, v,~y, n determined by the local hypotheses
(H1)—(H5). This extends earlier continuity results for scalarization functions by demonstrating
quantitative Holder-type stability in the framework of the Minkowski-difference order, which has
not been previously investigated in the literature.

Example 3.2. Let X =Y =R, C = [0,00) and e = 1. Consider the parameter spaces
Q4 = Qg = R and define the set—valued maps

Ao(z):=[o+a, x+a+1],  Bsly):=[y+8 y+B+1]

Each A, (z) and Bg(y) is a compact interval in R, and the mappings are continuous with respect
to both x,y and the parameters «, 3.
We now verify the assumptions (H1)—(H5).

(H1). For any (x,y, o, B),
Ao(@) = Baly) = [t +a—y =B, z+a—y—f]
is a singleton, hence nonempty.
(H2)—(H3). For Ay (x1) = [x1 + @, 2o + a+ 1] and Ay (x2) = [22 + @, 22 + a + 1], we have
I?Q(Aa(ml), Aa(xg)) =T — 9,
and symmetrically
IT2(An (), Aa(m1)) = 22 — 21.
Hence G (Aa(21), Aa(22)) = |21 — 22|, and so Ge(Bs(y1), Ba(y2)) = [y1 — yal.

(HY)—H5). Similarly, for Ay, (z) = [x + a1, v+ oy + 1] and Ay, (v) = [z + a2, +az +1]
one has
Ge(AalaAoq) = |C¥1 — 012|.
Therefore g(Aa, » Aas) = |on — aa|, and so g2(Bg, , Bg,) = |51 — Bal.
By Theorem we obtain for any (x1,y1, o1, B1), (x2, Y2, g, B2) in a neighborhood of a fixed
(w0, Yo, o, Bo),

lo(z1,y1, 01, B1) — @(@2, Y2, 02, B2)| < |w1 — @a| + |y1 — ya2| + |ar — aa| +|B1 — Bal.
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4. CONTINUITY OF APPROXIMATE SOLUTION MAPS
Let (k, 1) be a parameter varying in a subset A x M of a normed space. For each
(K, 1), consider a feasible set K (x) C X and a set-valued mapping F'(-,u) : K(k) = Y.
The corresponding parametric set optimization problem with respect to the order <
(abbreviated as (my-PSOP)) is
(m2o-PSOP) ming F(z, 1) subject to x € K (k).

For each (g, k, 1) € [0,00) x A x M, let S(e, k, u) and S¥ (g, k, ) denote, respectively, the
g-approximate mg-minimal solution set and the c-approximate weak my-minimal solution
set of (my-PSOP).

We introduce the function

S,y p) = I72(F (2, 1), Fy, ).

Based on this scalarization ¢, we define
Sz (e k) = {w € K(k): () > 2, Yy € K(r)},

S¢ (e, ki, p) = {x € K(k): ((y,z,p) > —&, Yy € K(H)}
By Proposition[2.4(ii) and (iii), we have
SZ (esk,p) C S(eyk,p) CS(e k1) = SE (e, 5, o).
Throughout, we assume SC> (e, k1) # 2.

Theorem 4.2. Fix e € int(C). Let €9 > 0 and (ko, o) € A x M. Assume that
(i) Fy,p) =~ F(z,u) #0forall z,y € K(ko) and p € M;
(ii) F(-, uo) is continuous with nonempty compact values on K (ko) X {po};
iii) i E,F,)=0;

(i) lim g(Fiu, Fuo)

(iv) K (-) is continuous at ko with nonempty compact values.

Then SE(-, -, ) is usc at (o, Ko, pto) and S¢' (€0, Ko, pio) is compact.

Proof. Suppose, for contradiction, that SZ" is not usc at (g, Ko, o). Then there exist a
neighborhood U of Sé”(so, Ko, tto) and a sequence (g, kn, tn) — (€0, Ko, to) together with
T, € Sé“(sn, K, fin) such that z,, ¢ U for all n.

By continuity of K (-) at ko, {z,} is relatively compact; passing to a subsequence, z,, —
o € K(Ko).

Suppose zy ¢ S¢ (€0, Ko, t10)- Then there exists yg € K (k) such that

(410) C(y()vaqu) < —¢€op-

By the lower semicontinuity of K(-) at ko, there is y,, € K(k,) with v, — yo. Since
T, € Sé"(an, Kn, itn) and y, € K (k,), we have

(4.11) CWYn, Tny fin) > —€n for all n.
By (ii) and (iii), together with Lemma [3.3] we obtain
C(Yns T,y pn) —> C(Yo, Tos o) and  — &, — —¢o.

Passing to the limit in (£.11) yields ¢(yo, %o, ft0) > —¢o, contradicting {.10). Hence z( €
Sz” (€0, Ko, tho)- Because U is a neighborhood of this set, x,, € U for all sufficiently large n,
contradiction. Therefore Sé“(~, -, ) is upper semicontinuous at (g9, Ko, 1o)-

To establish the compactness of SC“’ (0, Ko, o), note that it is contained in the compact
set K (ko). Therefore, it remains only to verify that SZ” (€0, Ko, to) is closed. Let z,, €
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Sé”(so, Ko, po) wWith z,, — x¢. Since K (k¢) is a closed set, one has 2y € K (k). Lety € K(ko).
Then for every n € N,

C(ya Tn, /140) Z —&0-
Using the continuity of F(-, y10) and Lemma [3.3|we obtain
C(ya Tn, ,U/O) — C(ya Zo, /’LO)
Hence ((y, zo, o) > —eg for every y € K(ko), i.e., xg € Sg’(so, Ko, ft0)- Thus Sé”(so, Ko, [40)

is closed in the compact set K (x¢), hence it is compact. O

The next example shows that assumption (iii) in Theorem 4.3 is indispensable: if
9(Fy, Fuy) # 0, the e~weak solution map need not be usc.

Example 4.3. Let X =Y =R, A = M =R, and equip Y with the order cone C = [0, c0); fix
e =1 € int(C). Let the feasible set mapping be constant

K(k)=10,1].
Fix ¢ € (0, 1), and define a compact interval-valued mapping F : X x M =Y by

[x—(S, x], w=0.

With o = 0, the mapping F (-, po) is continuous on K (ko). In addition, it has nonempty compact
values on K (ko). Since the Minkowski difference of two intervals is again an interval, it follows that
Fy,p) = F(x,p) # @ forall x,y € K(ko) and p € M. Hence assumption (i)—(ii) ofTheorem
holds. Because K (r) = [0, 1], assumption (iv) holds immediately.

From definition of F', we have that
Ge(F(z, 1), F(z,0)) = max{(—;fla: —6)—uxz, (x—0)— (—,u_lx)} =|p e+ 2| -4
Taking the supremum in x € [0, 1] gives

9(Fu, Fuy) = sup Ge(F(z,p),F(z,0)) > }/fl+1| -0 —o00as p—0.
z€[0,1]

Thus assumption (iii) fails.
Again, from the definition of F,

C(y7w7ﬂ):{—u‘1(y—w)—5, p#0,
(y—x) =4, w=0.
Let e = 6. Then
x € S¢(0,k0,0) <= (y—x)—6> -6 Vye[0,1]
— z=0.
For >0,

= —puy—x)-0>-0 Vyelo,1]
= —pH(y—x)>0Vyelo,1]
A = 1.

x € S (6, Ko, 1)

8]

Therefore,
Sé"(é, Ko, 0) = {0}, Séu((sa Ko, ) = {1} (n>0).
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Define i, := %and T, = 1¢€ Séﬂ(é, Ko, ftn) for all m, so that x,, — 1. However, z = 1 ¢
S¢(6, ko, 0) = {0}. Equivalently, taking the neighborhood W = 0, 1) of {0}, one has
SE(6, Koy i) = {1} ¢ W
for sufficiently small p,, > 0, contradicting upper semicontinuity.

Theorem 4.3. Fix e € int(C). Let €9 > 0 and (kg, po) € A x M. Assume that
(i) F(y,p) = F(z,pu) # 0 forall x,y € K(ko) and o € M;
(ii) F(-, uo) has nonempty compact values and is continuous on K (ko) x {po};
i) i F,,F,,)=0;
(i) lim 9 (Fu, Fuy)
(iv) K (-) is continuous at ko with nonempty compact values.
Then SZ (-, -,-) is Isc at (eo, ko, po)-
Proof. Assume that SC> (-,-,-) is not Isc at (g, ko, ft0). Then there exist z € S?(Eo, K0, 10),
a neighborhood U of z( in X, and a sequence (e, £n, ttn) — (€0, Ko, to) such that

(4.12) SZ (€ns bins in) NU = 2, Vn € N.
Since K (-) is continuous at k¢ with compact values, there exists a sequence v,, € K(x,)
with v, — xg. Since U is a neighborhood of z, there exists N € N with for n > N we have

vy, € U. By @.12) we must have v,, ¢ S C> (Ens Kns tin ), hence, by the definition of S7, there
exists y, € K(ky) such that

(4.13) C(Yny Uny tin) < —En, Vn > N.

By the upper semicontinuity of K (-) at ko and the compactness of K (ko), there exists, if
necessary, a subsequence such that y,, — yo for some yo € K (ko). Using the continuity of
F(-, o) on K (ko) x {uo} at the points (yo, po) and (o, po), the convergence (yy,, vn, fin) —
(Yo, To, ko) implies

Ge(F(yn, o), F (o, o)) — 0, Ge(F(vn, po), F (o, po)) — 0.
Moreover, by (iii),
Ge(F (2 pn) F(2.110)) < 9(Fp Fig) = 0asn — oo,
Applying Lemma 3.3} we obtain

C(yﬂa Un; ,un) — ((Z—/07 l'(), ,LLO)
Passing to the limit in (4.13) yields

C(yOa‘T07MO) S —E.
But z¢ € S<> (€0, Ko, i0), which leads to a contradiction. This shows that S<> (-,-,+) is Isc at
(507 Ko, /1/0) (]

Lemma 4.4. Fix e € int(C). Let eg > 0 and (ko, po) € A x M. Assume that
(i) F(y,p) = F(z,p) # @ forall x,y € K (ko) and all € M.
(ii) F(-, uo) has nonempty compact values and is continuous on K (ko) x {po};
(iii) MILHI}U g(E,, Fpy) = 0;
(iv) F(-, uo) is ma-properly C-quasiconvex on K (ko);
(v) K(-) is continuous at ko with nonempty compact values;
Then for every € > 0,

55(50750#0) C S(eo, ko, o) C S¢ (0, Ko, o) and S (go, ko, po) = CI(S?(507"{()7NO))~
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Proof. By definition,

S (e, Ko, o) = {l’ € K(ro) : ((y,z,p0) > —¢, Yy € K(Ho)}7

and Proposition [2.4] (iii), the first inclusion follows immediately. The second inclusion
follows directly.

. \{\fe V\éant to show that S (€0, Ko, po) is closed and convex. By Theorem S (€0, Ko, f0)
is closed.

Let x1, 25 € S (€0, ko0, pto) and ¢ € [0,1]. Then by (iv) and Proposition one has either

C(y,twy + (1 —t)w2, po) > C(y, 21, o) > —co0, Yy € K(Ko)
or
C(y,txy + (1 —t)xo, o) > C(y, T2, po) > —€o, Vy € K (ko).

This means that tx; + (1 — t)x2 € S¥(eo, ko, o). It implies that S (eq, ko, f10) is convex.
By Lemma we have S¢(eo, ko, p10) = ¢l (S (0, Ko, to))- O

Theorem 4.4. Fix e € int(C). Let g9 > 0 and (Ko, p10) € A x M. Assume that
(i) Fy,pu) = F(x,p) # @ forall x,y € K(ko) and all p € M;
(ii) F(-, uo) has nonempty compact values and is continuous on K (ko) x {po};
iif) i F.,Fu.,)=0;
(i) lim g(F, Fp,)
(iv) F(-, uo) is ma-properly quasiconvex on K (ko);
(v) K(-) is continuous at ko with nonempty compact values.
Then S(-,-,-) is H-usc at (eo, Ko, o)
Proof. Assume to the contrary that the conclusion fails. Then there exists an open set
0x € Uy and a sequence (g, kn, tin) — (€0, Ko, po) such that

(4.14) Ty, € S(En, Kn,y i) and x, & S(eo, ko, po) + U, Vn € N.
Since z,, € K(k,) and K (-) has compact values and is continuous at «, there is a subse-
quence, if necessary, with
Tn — 2o € K(ko).
By Lemmal4.4) we have
xo € S(e, Ko, po)-
Again, by Lemma 4.4 we have

cl (S(EOa Ko, MO)) = Sw(€0> ’%07MO>-

In particular, zo € cl(S(eo, ko, o)) C S(eo, Ko, to)+Up because Uy is an open neighborhood
of the origin. Since S(eo, ko, tto)+Up is open and z,, — xo, we must have z,, € S(eg, ko, fo)+
Uy for all sufficiently large n, contradicting (4.14). Hence S(-, -, -) is H-usc at (&9, ko, t0). O

Theorem 4.5. Fix e € int(C). Let g9 > 0 and (ko, o) € A x M. Assume that
(i) Fy,p) =~ Fz,pu) # S forall x,y € K(ko) and all j € M;
(i) F(-, po) has nonempty compact values and is continuous on K (ko) x {po};
li FL7FI. = Or

(i) L g (Fyi; Fo)

(iv) F(-, po) is mo-properly quasiconvex on K (ko);
(v) K(-) is continuous at ko with nonempty compact values.

Then S(-,-,-) and S™(-,-,-) are Isc at (g9, Ko, o)
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Proof. Let zq € S(eo, ko, o) and let U () be any neighborhood of z¢ in X. By Lemma[4.4]
we have

S(EO,K/O,,U/O) _CI(S (€O7K07/’L0)) Sw(507f<«'07ﬂo)-
Hence U(,To) N S>(<€0, KQ, /1,0) #+ 2.
By Theorem one has SC> (+,-,-) is Isc at (g, ko, fto). Thus there exists a neighborhood
U’ of (eo, ko, o) such that
SZ(esk,p) NU(wo) # 2, V(e,h,1) €U
Since S’<> (e,k, 1) C S(e, K, p) for every (e, k, p), it follows that
S(e,m ) NU(x0) #@ V(e h,p) €U,

which means S(-, -, -) is Isc at (eq, ko, po ). Therefore S* (-, -, -) is also. O

Remark 4.6. In this section, we have established continuity of approximate solution mappings with
respect to the new metric. Our analysis shows that these results extend the continuity framework of
Zhang and Xu [29], since they remain valid even when both the objective mapping and the feasible
set are independently perturbed.

5. LIPSCHITZ PROPERTIES OF APPROXIMATE SOLUTION MAPS

In this section we study the Lipschitz stability of approximate solution mappings. Using
the metric G. and scalarization techniques, we establish local Lipschitz continuity results
that quantify the sensitivity of approximate solutions under perturbations of the objective
and feasible set.

Theorem 5.6. Let § > 0 and (ko,po) € A x M. Assume there are convex neighbourhoods
U(ko) C Aand U(ug) C M and constants q, L, M > 0 such that:

(i) For every k € U(ko), K (k) has nonempty, convex and compact values.

(ii) For every p € U(po), the map F(-, ) has compact values and my C—convex on K (k).
(iii) F(y,pu) ~ F(z,p) # @ forall x,y € K(ko) and all € M.

(iv) K(-)is ¢-Lipschitz on U(ko): for all k1, k2 € U(ko),

K(ka) C K(k1)+ q||k1 — k2|| Bx.

(v) Forall puy, p2 € U(po), 9 (Fiuys Fruy) < L[ — pal|-

(vi) Forall pi € U(uo) and z1,25 € X, Ge (F(21, 1), F (w2, 1)) < M|z — 22|
Then, for any (e;, ki, i) € (8,00) x U(ko) x U(po), i = 1,2, the Hausdorff distance in X
between the weak e—minimal solution sets satisfies
H(Sw(ela K1, :ul)’ Sw(527 K2, /LQ))
2pqM

2pL
< %\81—62| + (q+ 3 )H/ﬁ—/ﬁg” + %Hul—;@”

where p ;= sup{||z — y|| : z,y € K(R)} < oo. Moreover, the same bound holds for the e-minimal
solution sets,

H(S(e1, k1, 111), S(ea, Ko, p2))

S(
2
(5.16) < Sl ol (a4 250 s = ol + 25 g =

Proof. Since S*(e, k, u) coincides with S’ (e, &, ), the first conclusion follows directly from
S¢ (e, k, p). The proof of equation (5.15) 1s organized into three steps, as outlined below.

(5.15)
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Step 1. Let ¢1,e2 € (8, 00) and, without loss of generality, assume ¢; < e2. Pick any
z2 € SP(e2, K, it) and choose ¢ € S¥(0, &, f1). Define
X1 = ixg + (1 — i)l’o S K(R)
135} 135}

For any y € K(&), concavity of ((y, -, i) gives

_ €1 _ €1 _ €1

Cworni) = 2+ (1= ) Cyao i) > (=) +0 = —1.
S &9 IS

Hence z; € Sé"(sl, R, ) and

. wi. = - €3 — €
dist (z2, S (e1, 5, 1)) < |lwa — x| = 2 €1 4

oz = zoll < £ (e2—e1) < Ller— el
2

Taking the supremum over z; € Sé“ (€2, R, ) yields

o (S¥ (€2, Ry 1), SE (e1, Fy 1)) < %Isl—ezl.

Exchanging the roles of £, and ¢, gives the same bound for the reverse excess. Using
H(A, B) = max{c(A, B),o(B, A)} we obtain that

(517) H (SEU(EL R7ﬂ')a S?(Smfi,ﬂ)) < % |51 - €2|'

Step 2. Fix & € U(ko) and choose € € (3, 00).
By Assumption (v) and Proposition[3.10] for all z,y € K (%) we have

!C(y,x,ul) - C(%%M?)‘ = |I£RQ(F(y7M1)7F($7M1)) - IgnQ<F(y?M2)7F(xa//‘2))‘
< |I?2(F(y,/,61),F(Z‘,M1)) _I;nQ(F(yvul)7F(x?u2))}
+ |12 (F(y, i), F(, p2)) = I (F(y, p2), F (2, p12))|
< 29(Fuy, Fu,) < 2L ||py — pel|-
Hence, for any v € Sg“(a Ry 1),
Cy,v,p2) = C(y,v,p) = 2L[pa — p2l| = —e = 2L[p1 — pof|  Vy € K(R).
Thus
(5.18) S&(e, ko) C SP(e + 2Lllpy — pall, s p2).-
Exchanging (1, and pi5 yields the symmetric inclusion with the same tolerance.
Now fix z € S(e + 2L|jp1 — pz||; &, p12). By definition,
C(y, w2, p2) > —(e+2L|pa — p2ll)  Vy € K(R).

Pick zg € S¢(0, &, pi2) so that ((y, zo, u2) > 0 forally € K(k). Let § := 2L[|p1 — p2of and

define
€

T= € (0,1], z1 =722 + (1 — 7)z9 € K(R).
Using the concavity of z — ((y, z, pi2) on K (&),
Cy a1, p2) 2 7C(Yy, @2, p2) + (L= 7)C(y, w0, p2) = —7(e+96) = —¢,
for every y € K (k). Hence z1 € S (¢, &, pi2).

Therefore,

dist (2, S (e, R, p2)) < |lza—a1l| = (1= 7) lwg — mo| = 22 — ol <

p
o 0 Py
c1o cro’ =3
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where we used ||z2 — z¢|| < pand € + ¢ > §. Taking the supremum over all such x5 gives
2pL

U(ng(€+2L||u1 —M2||7’%aﬂ2)a550(€,’%7l£2)) < 7 H:ul :u2||

Finally, by the inclusion (5.18),
2pL
o (8¢ (e, Ry 1), S (e, Ry pi2)) < g, i1 — sl

The reverse excess bound follows by swapping j; and o, so the Hausdorff distance
satisfies the same Lipschitz estimate. That is

2pL
(5.19) H(SE (e R ), SE (o)) < 27 i — o]
Step 3. Let (g, i) € (8,00) X U(ug) and k1, k2 € U(kg). We want to show that
2pMq
(5.20) H(SE (e p), SEem i) < (a+ 757 ) In = ral.

Lett:=¢— 8 > 0and set
vi=q|k1 — Kal, Ok = 2Muv = 2Mq||k1 — K2l

By (iv), for each z1 € K (k1) there exists x5 € K(k2) with ||z2 — z1]| < v, and for each
y € K(k2) there exists y; € K(x1) with |ly — y1]| < v.
We distinguish two cases.

Case 1: v < % (equivalently §,, < t). Pick any z; € S¢(e, k1, i) and let 73 € K (k2) be as
above with ||z2 — z1|| < v. For any y € K(k2) choose y1 € K (k1) with ||y — y1]] < v. By
definition of z1, {(y1, 1, &) > —¢. Using (vi) together with Proposition we obtain

|C(y, @2, 1) — C(y1, 21, )| < My — ]l + Mllze — 21| < 2Mv = 6.
Hence
C(y, o, i) > —e—0,,  Vye K(ka),
which means

T2 € S¢’(€ + 0x, K2, 1) and dist(a:l,Sz”(a—i— 6H,m2,ﬂ)) < |l — 22| < w.

Taking the supremum over z1 € S (e, k1, i) yields

(5.21) o (S mt ), SE e+ 0, mza1)) < v = gllwy — ral]
Pick u € S¢(e + 0, k2, 1) and xg € SE(0, K2, f1). Set
3
=T, € (0,1], x1:=71u+ (1 —7)xg € K(K2).

By the concavity of = — ((y, z, &) on K (k2),
C(y7x17ﬂ) > TC(yvuvﬂ) + (1 - T) C(yax(hﬂ) > _T(E + 5”) +0 = —-&,
hence 1 € SZ“(E, Ko, i), and

O

lu — zof| < 2
e b
cto, ol <

dist(u, S¢'(e, K2, 1)) < fJu— 21| = (1= 7)[lu — 20| = 5P
Taking the supremum over u gives
2pMq

Ps —
B B

(6522)  o(SP(e+ b2 i), SP (K2 0)) < 1 = mall
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Combining (5.21) and (5.22) by the triangle inequality,

(SC (e, k1, /1), SE (e, fiz,,u)) < (q+ %) |1 — kzl-

Interchanging x; and k; yields the same bound for the reverse excess, and hence the
Hausdorff distance satisfies (5.20).

Case 2: ) > 5 (equivalently 6,, > t). Choose n € N large enough so that
= qHKJ( i 1)H < 2M k@ = /€1+E(I€2—I€1), i=0,1,...,n

Applying Case 1 to each consecutive pair (k=1 k(")) yields
. . 20M . .
wio =1 oy ogqwio () 2V < pPAq (i) _ ,.(i—1)
’H(SC (e, K i), SE (e, Kk ,,u)) (q—i— 3 ) Hli K H

Summing and using the triangle inequality for H gives
2pMq
< — .
H(S (e mn i), SE ) < (a4 T57) Ia ol

Combining Steps (5.17), (5.19), and (5.20), we obtain equation (5.15).
It follows from Lemma [4.4) that

cl(S(e, K, 1)) = SE (€, kK, ).
We obtain, for any (e;, ki, 1t;) (1 = 1,2),
H(‘S(Eh K1, ,U/1)7 5(527 R2, /’[/2)) = H(SZ‘U(F:L K1, M1)7 521)(&.2’ K2, /1/2))
Therefore, equation (5.16) follows, completing the proof.
O

Remark 5.7. We emphasize that the contributions of this section are distinct from existing results
in the literature. Our analysis focuses on the Lipschitz behavior of the approximate minimal and
approximate weak minimal solution mappings for parametric set optimization problems under the
order relation induced by the Minkowski difference. In contrast, previous studies have mainly
investigated qualitative stability properties such as semicontinuity, well-posedness, and convergence
of minimal and weak minimal solution mappings under the same order relation.

We illustrate Theorem with the following example, which verifies its assumptions
step by step and demonstrates how the general Lipschitz stability result applies in a
concrete setting.

Example 5.4. Let X =Y =R, let C = [0,00) and fixe = 1 € int(C). For (k, u) € [0, 1] x [0, 1],
set

K(k):=[k-1,k+1].
Fix r > 0 and define the set—valued map

Pz, p) = [ f(z,p) — 1, f2,p)+1], [, p) = (x_/‘)2'

It is clear that K (-) has convex and compact values and is 1-Lipschitz on [0, 1], while F (z, i)
has compact values on K (k). We now verify assumptions (iii), (v)—(vi) in Theorem
(iii). For o € [0, 1] and x1, x5 € K(k),
Floxy + (1= a)zg, p) = [ flazs + (1 = a)ag, p) — 1, flazs + (1 —a)zg, p) + 1],
and

aF (21, 1)+ (1-) F(wg, 1) = [af (21, 1)+ (1= f (22, 1) —7, af (21, ) +(1—a) f (2, )47



Continuity of approximate weak solution maps 89

Since x — f(x, p) is convex, we have
flazy + (1 — @)z, 1) < af(xy, 1) + (1 — ) f(z2, 1),
which implies
Floazy + (1= a)zg,p) 252 aF (21, p) + (1 — ) F(z2, 1)
Thus F'(-, u) is mg C—convex on K (k).
(v). We compute

G(F(x, ), F(x, p2)) = | [, 1) = f@, p2)| = [(11 — p2) (1 + po — 22)).

Let
R :=sup{|z|: z € K(k), k € [0,1]} =2, M, =sup{|p| : p€[0,1]} = 1.
Hence
G F(x, 1), F(x, p2)) < 2(R+ M,,) |1 — p2| = 6|p1 — pal,
so that

g(FM’FMz) < 6|y — pal.
(vi). Similarly,

Go(F(x1, ), F(x2, 1)) = |f(21, 1) — f (2, )| = (21 — 22) (21 + 22 — 2)| < 6|21 — 22].

Therefore, all assumptions of Theorem 5.6 are satisfied with q = 1, p = 2, L = 6, and M = 6.
In particular, for (o, ko, po) € [1,00) x [0, 1] x [0, 1], Theorem 5.6 yields the estimates

H(S" (e1, k1, 1), S (€2, k2, p2)) < 2[e1 — e2| + 24 |1 — pa| + 25[K1 — Kal,

and
H(S(e1, k1, 1), S(e2, ko, p2)) < 2]e1 — €2 + 24 |1 — pa| + 25|K1 — Kol

6. CONCLUSIONS

The central contribution of this paper is to advance the stability analysis of approximate
weak solutions in set optimization under the my-order. Building on earlier continuity and
convexity results for nonlinear scalarization functions, we extend the framework to set-
tings in which both the feasible set and the objective mapping are subject to perturbations.
Through the proposed scalarizing function, we establish continuity of the approximate
minimal and approximate weak minimal solution mappings. In addition, we derive quan-
titative stability results by proving Lipschitz properties of these mappings. Collectively,
our findings yield the first explicit stability bounds for approximate weak solutions with
respect to the mo-order.
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