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Continuity and Lipschitz Properties of Approximate Weak
Solution Maps via Nonlinear Scalarization

PAKKAPON PREECHASILP1 AND RABIAN WANGKEEREE2

ABSTRACT. This paper examines the stability of approximate weak solution mappings in set optimization
problems under the partial order induced by the Minkowski difference. We introduce a scalarization framework
that remains continuous when feasible sets and objective mappings are perturbed separately and show that the
scalarization mapping is Hölder continuous. By treating feasible and objective variations independently, the
analysis provides sharper stability conditions than approaches that consider joint perturbations. Using these
continuity properties, we also establish continuity and Lipschitz-type bounds for approximate solution mappings.
These results yield a quantitative framework for studying the stability of approximate weak solutions in set
optimization.

1. INTRODUCTION

Set optimization has evolved over the past two decades from a technical extension of
vector optimization into a mature modelling paradigm in which a single decision generates
a set of attainable outcomes. Its scope now applies to multi-criteria decision making,
control systems, differential inclusions, welfare economics, financial risk management, and
robust optimization under uncertainty [6, 7, 11, 15, 20]. Beyond the classical vector criterion,
the set criterion approach has been advanced in many directions (see [16, 18, 22–24]) and
references therein.

A unifying theme in this literature is that meaningful analysis hinges on how sets are
compared. In set optimization, two principal criteria are commonly used to compare and
evaluate sets: the vector criterion and the set criterion. The vector criterion measures
optimality by examining individual elements of the image set, whereas the set criterion
determines optimality through minimal elements of the collection of image sets with
respect to order relations. For classical developments of set-based order relations, we refer
the reader to [22, 23]. In recent years, alternative set order relations have emerged, most
notably the Minkowski-difference based orders introduced by Karaman et al. [18], which
have been the focus of extensive research in set optimization; see, for example, [1,2,4,12,21].

In set optimization, stability usually refers to the behavior of minimal solution sets
under perturbations, ensuring continuity, robustness, or convergence of solutions when
data or parameters vary. Several approaches have been proposed to study this property.
For continuity and semicontinuity, stability conditions were established for parametric
problems. Hölder and Lipschitz stability has been derived using nonlinear scalarization
and distance-based methods [13, 14]. Convergence stability has also been analyzed via
Painlevé–Kuratowski techniques, clarifying external and internal robustness of solution
sets [3, 5].

Recent research has significantly advanced the analysis of stability and continuity in
set optimization problems formulated with partial orders inspired by Karaman et al. [18].
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In particular, several contributions have focused on stability properties of exact solution
sets, including semicontinuity, convergence, well-posedness, and structural results. The
stability of parametric set optimization problems was investigated by Preechasilp and
Wangkeeree [25], who provided sufficient conditions guaranteeing upper semicontinuity,
lower semicontinuity, and closedness of the corresponding solution mappings. They also
examined pointwise well-posedness in set optimization, deriving sufficient conditions and
establishing connections between pointwise and global notions of well-posedness through
scalarization techniques in [26]. Gupta et al. [10] introduced a new scalarization function
associated with the partial set order and examined its fundamental properties. Within this
framework, they proposed two notions of well-posedness, demonstrated their equivalence
with scalar well-posedness, and derived necessary conditions for these concepts. Karuna
and Lalitha [19] investigated minimal solutions of set optimization problems defined by
partial orders. They analyzed convergence of solution sets in both decision and image
spaces and provided scalarization-based characterizations of minimal and weak minimal
elements. They also established semicontinuity properties of parametric solution mappings.
Kapoor, Ahmad and Sharma [17] proposed generalized convexity concepts for set-valued
maps, analyzed lower-level maps, and established path connectedness of solution sets with
applications to robust Nash equilibrium games. Zhou, Feng and Ansari [31] introduced
and analyzed two notions of well-posedness in set optimization and derived necessary and
sufficient conditions for each. By employing a nonlinear scalarization method, they estab-
lished the equivalence of these well-posedness concepts and illustrated their applicability
with several examples. Zhang and Xu [29] investigated a nonlinear scalarization function
constructed from the Minkowski-difference order and examined its key properties. They
proved that this scalarization is both continuous and convex, and applied these results to
set optimization problems. Their analysis further established path connectedness of solu-
tion sets and continuity of parametric solution mappings without imposing monotonicity
conditions on the objective mapping.

By contrast, only a limited number of works have investigated stability properties
of approximate solutions in set optimization. For instance, Gupta and Srivastava [9]
introduced the concept of approximate weak minimal solutions under the Minkowski-
difference order, analyzed their stability under perturbations, and developed a framework
of Levitin–Polyak well-posedness with sufficient conditions and characterizations. Zhao et
al. [30] further extended the study of approximate solutions to cases where the ordering
cone has a nonempty quasirelative interior, proposed new classes of nonlinear scalarization
functions, and derived optimality conditions for approximate efficient and approximate
weakly efficient solutions.

After reviewing the literature, it becomes clear that only a few papers address approxi-
mate solution sets, whereas scalarization methods are widely recognized as central tools for
analyzing minimal solution sets in set optimization. In this work, we focus on approximate
solutions in set optimization. This study is driven by three related motivations.

First, we extend the continuity results for nonlinear scalarization functions recently
obtained by Zhang and Xu [29] to problems with perturbed feasible sets and objective map-
pings. This extension is carried out by employing the Hausdorff-type distance technique
developed by Han [13], which provides a metric framework for analyzing continuity and
stability of solution set mappings.

Second, unlike most prior works, we analyze perturbations of the feasible set and
objective mapping separately, leading to sharper stability criteria. This separation yields a
sharper understanding of stability behavior and reveals continuity properties that remain
hidden when both sources of perturbations are considered together.
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Third, to the best of our knowledge, no quantitative stability results have yet been
obtained for approximate solution mappings under the partial order relation. The literature
has largely concentrated on qualitative notions of stability, such as semicontinuity, set
convergence, or well-posedness. By establishing Lipschitz-type properties, we provide the
first quantitative framework for measuring the sensitivity of approximate solution maps in
this setting.

The structure of the paper is as follows. Section 2 introduces the basic notation, essential
definitions, and preliminary results concerning cones, the Minkowski difference, partial
orders, and nonlinear scalarization. In Section 3, we investigate continuity and Hölder
properties of the scalarization function and present metric-type gap functions that serve
as tools for stability analysis. Section 4 focuses on semicontinuity, where we establish
lower and upper semicontinuity of approximate weak solution mappings for parametric set
optimization problems. In Section 5, we derive Lipschitz continuity results for approximate
solution mappings under appropriate assumptions.

2. PRELIMINARIES

We collect basic definitions used throughout the paper. Unless stated otherwise, let
X and Y be real normed linear spaces. A subset C ⊂ Y is called a cone if λx ∈ C for
every x ∈ C and every λ > 0. We endow Y with the partial order induced by a fixed
convex, pointed cone C ⊂ Y with nonempty interior (in particular, 0Y ∈ C). The family of
nonempty subsets of Y is denoted by P0(Y ).

For A ∈ P0(Y ) and x ∈ Y , we write int(A) for the (topological) interior of A, cl(A) for
its closure, and

BY (x, ε) := {y ∈ Y : ∥y − x∥ < ε}
for the open ball of radius ε > 0 centered at x; the unit ball is BY := BY (0Y , 1).

Lemma 2.1. [28] Let Y be a normed linear space and let A ⊂ Y be convex with int(A) ̸= ∅. Then

cl (int(A)) = cl (A) .

For nonempty sets A1, A2 ⊂ Y , define the Minkowski (Pontryagin) difference

A .−B := {y ∈ Y : y +B ⊂ A}.

Proposition 2.1. Let A,B ∈ P0(Y ) and k ∈ Y . The following statements are true:
(i) (k +A) .−B = k + (A .−B).

(ii) A .− (k +B) = −k + (A .−B).
(iii) If A is a bounded set, then A .−A = {0Y }.
(iv) If A is closed, then A .−B is also closed.
(v) If A is compact, then A .−B is also compact.

Given C as above, the partial set order ⪯m2

C is

A ⪯m2

C B ⇐⇒ (A .−B) ∩ (−C) ̸= ∅,
and

A ≺m2

C B ⇐⇒ (A .−B) ∩ int(−C) ̸= ∅.
Fix e ∈ int(C). For given sets A,B ∈ X , the scalarization function associated with A

and B is
Im2
e (A,B) := inf{t ∈ R : A ⪯m2

C te+B}.
The following Proposition can be found in [18].

Proposition 2.2. Let r ∈ R and A,B ∈ P0(Y ). Then the following statements are true:
(i) Im2

e (A,B) < r if and only if A ≺m2

C re+B.
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(ii) If B .− A is compact, then Im2
e (A,B) = r if and only if A ⪯m2

cl(C) re + B and A ⪯̸m2

C

(r − ε)e+B for all ε > 0.
(iii) If A .−B is compact, then Im2

e (A,B) ≤ r if and only if A ⪯m2

C re+B.
(iv) If A is compact, then

Im2
e (A,B) = min

{
t ∈ R : A ⪯m2

C te+B
}
.

Proposition 2.3 ( [29]). Let A,B ∈ P0(Y ) and let δ ≥ 0. Then

Im2
e (δA, δB) = δ Im2

e (A,B),

where δA := {δa : a ∈ A} and δB := {δb : b ∈ B}.

Consider a nonempty feasible set K ⊆ X and a set–valued mapping F : K ⇒ Y .
The associated set optimization problem with respect to the order ⪯m2

C (abbreviated as
(m2-SOP)) is

(m2-SOP) min
C

F (x) subject to x ∈ K.

Definition 2.1 ( [18]). An element x0 ∈ K is called
(i) a minimal solution of (m2-SOP) if there is no x ∈ K with F (x) ̸= F (x0) satisfying

F (x) ⪯m2

C F (x0);
(ii) a weak minimal solution of (m2-SOP) if there is no x ∈ K satisfying F (x) ≺m2

C F (x0).

We denote byEm2(F,K) the set of all minimal solutions of (m2-SOP), and byEw,m2(F,K)
the set of all weak minimal solutions. The following recalls the concept of approximate
minimal solutions, including ε-minimal and weak ε-minimal solutions of the (m2–SOP).

Definition 2.2 ( [9]). An element x0 ∈ K is called
(i) an ε–minimal solution of (m2-SOP) if there is no x ∈ K with F (x) ̸= F (x0) satisfying

F (x) + εe ⪯m2

C F (x0);
(ii) a weak ε–minimal solution of (m2-SOP) if there is no x ∈ K satisfying F (x) + εe ≺m2

C

F (x0).

Let Em2
ε (F,K) denote the set of all ε–minimal solutions of (m2-SOP), and Ew,m2

ε (F,K)
the set of all weak ε–minimal solutions.

Remark 2.1. If ε = 0, then Em2
ε (F,K) = Em2(F,K) and Ew,m2

ε (F,K) = Ew,m2(F,K).

The following proposition collects three fundamental properties that will be employed
throughout: monotonicity of the ε–minimal solution set in ε, a scalarization test for mem-
bership, and a simple sufficient condition for ε–minimality.

Proposition 2.4. (i) If 0 ≤ ε1 ≤ ε2 and F (x) has compact values on K, then

Ew,m2
ε1 (F,K) ⊆ Ew,m2

ε2 (F,K).

(ii) x0 ∈ Ew,m2
ε (F,K) iff Im2

e (F (y), F (x0)) ≥ −ε for all y ∈ K.
(iii) Im2

e

(
F (y), F (x)

)
> −ε for all y ∈ K =⇒ x ∈ Em2

ε (F,K).

Proof. (1) Let 0 ≤ ε1 ≤ ε2 and suppose x1 ∈ E w,m2
ε1 (F,K). We show x1 ∈ E w,m2

ε2 (F,K).
Assume, to the contrary, that x1 /∈ E w,m2

ε2 (F,K). Then there exists x2 ∈ K such
that

F (x2) + ε2e ≺m2

C F (x1).

Since ε1 ≤ ε2, by monotonicity of the m2-order with respect to translating by te we
have

F (x2) + ε1e ⪯m2

C F (x2) + ε2e ≺m2

C F (x1),

hence F (x2) + ε1e ≺m2

C F (x1), which contradicts x1 ∈ E w,m2
ε1 (F,K). Therefore

x1 ∈ E w,m2
ε2 (F,K).
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(2) (⇒) Suppose x0 ∈ E w,m2
ε (F,K). By definition 2.2,

F (y) + εe ⊀m2

C F (x0) for all y ∈ K.

This is equivalent to

F (y) ⊀m2

C F (x0)− εe for all y ∈ K.

Proposition 2.2 (i) gives that,

Im2
e (F (y), F (x0)) ≥ −ε for all y ∈ K.

(⇐) Conversely, assume

Im2
e (F (y), F (x0)) ≥ −ε for all y ∈ K.

Then by Proposition 2.2 (i), there is no y ∈ K with F (y) + εe ≺m2

C F (x0). Therefore
x0 ∈ E w,m2

ε (F,K).
(3) It immediately follows from Proposition 2.2 (iii).

□

The next proposition states that this nesting is continuous from the right: intersecting
all tolerances strictly above a given level recovers the set at that level, a fact we will later
use to pass from approximate to exact weak minimality as the tolerance vanishes.

Proposition 2.5. For any ε0 ≥ 0,⋂
ε>ε0

E w,m2
ε (F,K) = E w,m2

ε0 (F,K).

Proof. By the scalar characterization (Proposition 2.4 (ii)),

E w,m2
ε (F,K) =

{
x ∈ K : Im2

e (F (y), F (x)) ≥ −ε ∀ y ∈ K
}
.

Define the gauge
ψ(x) := sup

y∈K

(
− Im2

e (F (y), F (x))
)
∈ [−∞,∞].

Then for every ε ≥ 0,
E w,m2

ε (F,K) = {x ∈ K : ψ(x) ≤ ε}.

We claim that for any function ψ : K → R and any ε0 ∈ R,

(2.1)
⋂
ε>ε0

{x ∈ K : ψ(x) ≤ ε} = {x ∈ K : ψ(x) ≤ inf
ε>ε0

ε}.

Indeed, write Sε := {x : ψ(x) ≤ ε} and I := (ε0,∞).
Let x ∈

⋂
ε∈I Sε. Then, by definition,

ψ(x) ≤ ε for all ε ∈ I.

Hence, ψ(x) is a lower bound of I . Consequently,

ψ(x) ≤ inf I = inf
ε>ε0

ε,

which shows that x belongs to the right-hand side of (2.1).
Conversely, assume that

ψ(x) ≤ inf
ε>ε0

ε.

Since infε>ε0 ε ≤ ε for every ε ∈ I , it follows that ψ(x) ≤ ε for all ε ∈ I . Thus, x belongs to⋂
ε∈I Sε.
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Thus (2.1) holds. Because infε>ε0 ε = ε0, we obtain⋂
ε>ε0

{x : ψ(x) ≤ ε} = {x : ψ(x) ≤ ε0}.

Hence,⋂
ε>ε0

E w,m2
ε (F,K) =

⋂
ε>ε0

{x : ψ(x) ≤ ε} = {x : ψ(x) ≤ ε0} = E w,m2
ε0 (F,K).

□

Corollary 2.1. For any ε0 ≥ 0,⋂
ε>0

E w,m2
ε (F,K) = E w,m2(F,K).

Proof. Taking ε0 = 0 in Proposition 2.5 yields the conclusion. □

The following are definitions of continuity for a set-valued mapping Γ : X ⇒ Y at a
point x0 ∈ X , which can be found in [8].

Definition 2.3. (1) Hausdorff upper semicontinuous (H-usc) at x0 if, for every neighbor-
hood V of 0 in Y , there exists a neighborhood U(x0) of x0 such that for all x ∈ U(x0),

Γ(x) ⊂ Γ(x0) + V.

(2) Upper semicontinuous (usc) at x0 if, for every neighborhood V of Γ(x0), there exists a
neighborhood U(x0) of x0 such that for all x ∈ U(x0), Γ(x) ⊂ V .

(3) Lower semicontinuous (lsc) at x0 if, for every y ∈ Γ(x0) and every neighborhood V of y,
there exists a neighborhood U(x0) of x0 such that for all x ∈ U(x0), Γ(x) ∩ V ̸= ∅.

We say that Γ is H-usc, usc, or lsc on a set D ⊂ X if it has the corresponding property at each
x ∈ D. Moreover, Γ is (Hausdorff) continuous on D if it is both usc and lsc on D.

Definition 2.4. Let (X, d) be a metric space and let D,E ⊂ X be nonempty. The Hausdorff
distance between D and E is

H(D,E) := max{σ(D,E), σ(E,D)},
where

σ(D,E) := sup
d∈D

dist(d,E), dist(d,E) := inf
e∈E

d(d, e).

Definition 2.5. A set-valued mapping Γ : X ⇒ Y is called q, θ–Hölder continuous at x0 ∈ X if
there exists a neighborhood U of x0 such that

Γ(x2) ⊂ Γ(x1) + q∥u1 − u2∥θBY , ∀x1, x2 ∈ U(x0).

We say that Γ is q–Lipschitz at x0 when θ = 1.

Remark 2.2. For set-valued maps with nonempty compact values, the inclusion condition

Γ(x2) ⊂ Γ(x1) + q∥x1 − x2∥θBY

is equivalent to the Hausdorff–Hölder estimate

H(Γ(x1),Γ(x2)) ≤ q∥x1 − x2∥θ.

Definition 2.6. Let D be a nonempty convex subset of X . A set-valued mapping Γ : X ⇒ Y is
called

(i) m2 C–convex on D [26] if, for any x1, x2 ∈ D and any α ∈ [0, 1], one has

Γ
(
αx1 + (1− α)x2

)
⪯m2

C αΓ(x1) + (1− α) Γ(x2).
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(ii) m2–properly C–quasiconvex on D [29] if, for any x1, x2 ∈ D and any α ∈ [0, 1], one has

either Γ
(
αx1 + (1− α)x2

)
⪯m2

C Γ(x1) or Γ
(
αx1 + (1− α)x2

)
⪯m2

C Γ(x2).

When Γ is a scalar-valued mapping, property (i) automatically implies property (ii).
However, this implication does not extend to the set-valued case. The following exam-
ple shows that, for set-valued mappings, m2 C–convexity does not necessarily imply
m2–proper C–quasiconvexity.

Example 2.1. Let Y = R2, C = R2
+, D = [0, 1], and define the set–valued map

Γ(x) := {(x, 1− x)} (x ∈ D).

We will show that Γ is m2 C-convex, but not m2-properly C–quasiconvex. For any x1, x2 ∈ D
and α ∈ [0, 1],

Γ
(
αx1 + (1− α)x2

)
= {(αx1 + (1− α)x2, 1− αx1 − (1− α)x2)} = αΓ(x1) + (1− α)Γ(x2),

hence Γ(αx1 + (1− α)x2) ⪯m2

C αΓ(x1) + (1− α)Γ(x2).
On the other hand, take x1 = 0, x2 = 1, and α = 1

2 . Then

Γ(0) = {(0, 1)}, Γ(1) = {(1, 0)}, Γ
(
1
2

)
= {( 12 ,

1
2 )}.

Hence ( 12 ,
1
2 ) ̸⪯

m2

C (0, 1) since (0, 1) − ( 12 ,
1
2 ) = (− 1

2 ,
1
2 ) /∈ C, and ( 12 ,

1
2 ) ̸⪯

m2

C (1, 0) since
(1, 0)− ( 12 ,

1
2 ) = ( 12 , −

1
2 ) /∈ C. Therefore,

Γ
(
1
2

)
⪯̸m2

C Γ(0) and Γ
(
1
2

)
⪯̸m2

C Γ(1),

m2-proper C–quasiconvexity is violated.

Proposition 2.6. [29] Let A ⊂ Y be nonempty and compact, and let Γ : D ⊂ X ⇒ Y have
nonempty compact values.

(i) If Γ(·) is m2–properly C–quasiconvex on D, then Im2
e (A, ·) is properly quasiconcave on D,

that is, for any x1, x2 ∈ D and for any α ∈ [0, 1], one has

either Im2
e

(
A, αΓ(x1) + (1− α)Γ(x2)

)
≥ Im2

e (µ0,Γ(x1))

or
Im2
e

(
A, αΓ(x1) + (1− α)Γ(x2)

)
≥ Im2

e (µ0,Γ(x2)).

The next lemma establishes the concavity of the scalarization whenever the underlying
set-valued mapping is m2 C-convex.

Lemma 2.2. Let A ⊂ Y be nonempty and compact, and let Γ : X ⇒ Y have nonempty compact
values. Assume that Γ(·) is m2 C–convex on D. Then the scalarization Im2

e

(
A,Γ(·)

)
is concave in

the sense that, for all x1, x2 ∈ D and α ∈ [0, 1],

Im2
e

(
A,Γ(αx1 + (1− α)x2)

)
≥ α Im2

e (A,Γ(x1)) + (1− α) Im2
e (A,Γ(x2)).

Proof. Fix x1, x2 ∈ D and α ∈ [0, 1], and set Γi := Γ(xi) (i = 1, 2), and Γα := Γ(αx1 + (1−
α)x2).

By the m2 C–convexity of Γ(·) we have

Γα ⪯m2

C αΓ1 + (1− α)Γ2.

Since Im2
e (A, ·) is m2–decreasing in its second argument,

(2.2) Im2
e (A,Γα) ≥ Im2

e

(
A,αΓ1 + (1− α)Γ2

)
.

We know that

{t ∈ R : A ⪯m2

C te+
(
αΓ1 + (1− α)Γ2

)
}

⊂ {t ∈ R : αA ⪯m2

C te+ αΓ1}+ {t ∈ R : (1− α)A ⪯m2

C te+ (1− α)Γ2},
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thus

inf {t ∈ R : A ⪯m2

C te+
(
αΓ1 + (1− α)Γ2

)
}

≥ inf {t ∈ R : αA ⪯m2

C te+ αΓ1}+ inf {t ∈ R : (1− α)A ⪯m2

C te+ (1− α)Γ2}.
This implies

Im2
e

(
A,αΓ1 + (1− α)Γ2

)
≥ Im2

e (αA,αΓ1) + Im2
e ((1− α)A, (1− α)Γ2).

Applying Proposition 2.3 together with (2.2), we obtain

Im2
e

(
A,Γ(αx1 + (1− α)x2)

)
≥ αIm2

e (A,Γ1) + (1− α)Im2
e (A,Γ2).

□

Remark 2.3. Lemma 2.2 establishes that if Γ is m2 C-convex on D, then the scalarization
Im2
e (A,Γ(·)) is concave onD. Proposition 2.6 asserts that if Γ ism2–properlyC–quasiconvex, then
Im2
e (A,Γ(·)) is properly quasiconcave. Example 2.1 demonstrates that, for set-valued mappings,
m2 C–convexity does not necessarily implym2–properC–quasiconvexity. By contrast, in the scalar
setting the concavity conclusion of Lemma 2.2 automatically entails the proper quasiconcavity
property of Proposition 2.6.

3. CONTINUITY AND HÖLDER PROPERTIES OF THE SCALARIZING MAP

In this subsection we introduce a scalar function built from the nonlinear scalariza-
tion Im2

e (·, ·). Our approach is inspired by the work of Han [13, 14], who investigated
Hausdorff-type distances and scalarization techniques for set-valued mappings. After
introducing a new scalarization for compact set–valued mappings, we proceed to analyze
its regularity properties. In particular, we establish both continuity and Hölder continuity
of the scalarization function. These results provide the foundation for subsequent stability
analysis of approximate solution mappings in set optimization.

Let T1, T2 be normed vector spaces and let A : T1 ⇒ Y and B : T2 ⇒ Y be set–valued
maps. Define ξ : T1 × T2 → R ∪ {±∞} by

ξ(x, y) := Im2
e

(
A(x), B(y)

)
= inf

{
t ∈ R : A(x) ⪯m2

C te+B(y)
}
, (x, y) ∈ T1 × T2.

We assume that, for every x ∈ T1 and y ∈ T2,A(x) andB(y) are nonempty with compact
values and that A(x) .−B(y) ̸= ∅. Under these standing hypotheses (Proposition 2.2),

−∞ < ξ(x, y) <∞, ∀ (x, y) ∈ T1 × T2.

Proposition 3.7 ( [29, Proposition 10]). Assume thatA(x) .−B(y) ̸= ∅ for every (x, y) ∈ T1×T2.
IfA(·) andB(·) are continuous with nonempty compact values, then ξ(·, ·) is continuous on T1×T2.

We now establish several basic properties of the scalarization Im2
e (·, ·), which serve as

the foundation for defining a metric between set-valued mappings.

Proposition 3.8. Let A,M,B ⊂ Y be nonempty compact sets with A .−M ̸= ∅, M .− B ̸= ∅
and A .−B ̸= ∅. Then

Im2
e (A,B) ≤ Im2

e (A,M) + Im2
e (M,B).

Proof. Set α := Im2
e (A,M) and β := Im2

e (M,B). By Proposition 2.2 (iii),

A ⪯m2

C (αe+M) and M ⪯m2

C (βe+B).

Thus there exist c1, c2 ∈ −C with

(c1 + αe) +M ⊂ A and (c2 + βe) +B ⊂M.

Consequently,

(c1 + c2) + (α+ β)e+B = (c1 + αe) +
(
(c2 + βe) +B

)
⊂ (c1 + αe) +M ⊂ A.
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BecauseC is a cone, −C is closed under addition, hence c1+c2 ∈ −C. ThereforeA ⪯m2

C (α+
β)e+B. Proposition 2.2 (iii) yields that Im2

e (A,B) ≤ α+β = Im2
e (A,M)+ Im2

e (M,B). □

Corollary 3.2. Let A,B ⊂ Y be nonempty compact sets with A .−B ̸= ∅ and B .−A ̸= ∅. Then

Im2
e (A,B) + Im2

e (B,A) ≥ 0.

Proof. Apply Proposition 3.8 to get 0 = Im2
e (A,A) ≤ Im2

e (A,B) + Im2
e (B,A). □

We now collect some elementary properties of the symmetric gap

Ge(A,B) := max{Im2
e (A,B), Im2

e (B,A)}.
On any class of nonempty compact set where all the involved scalarizations are finite, Ge

enjoys the following properties.

Proposition 3.9. Let A1, A2, A3 ∈ P0(Y ) be compact sets. Assume that Ai
.− Aj ̸= ∅ for all

i, j ∈ {1, 2, 3}, i ̸= j. Then the following properties hold:
(a) Symmetry: Ge(A1, A2) = Ge(A2, A1).
(b) Diagonal: Ge(A1, A1) = 0.
(c) Nonnegativity: Ge(A1, A2) ≥ 0.
(d) Triangle inequality:

Ge(A1, A2) ≤ Ge(A1, A3) +Ge(A3, A2).

(e) Positive homogeneity: Ge(δA1, δA2) = δ Ge(A1, A2) for all δ ≥ 0.

Proof. Parts (a)–(b) are immediate; (c) follows from Corollary 3.2.
For (d), we apply Proposition 3.8 twice:

Im2
e (A1, A2) ≤ Im2

e (A1, A3)+I
m2
e (A3, A2), Im2

e (A2, A1) ≤ Im2
e (A2, A3)+I

m2
e (A3, A1),

and then use

max{x, y} ≤ max{a+ c, b+ d} ≤ max{a, b}+max{c, d}.
For (e), the conclusion then follows directly from Proposition 2.3. □

The following proposition shows that Im2
e (·, ·) is 1-Lipschitz in each argument with

respect to the symmetric gap Ge(A,B).

Proposition 3.10. Let A1, A2, A3 ⊂ Y be nonempty compact sets. Assume that Im2
e (Ai, Aj) is

finite for all i, j ∈ {1, 2, 3} with i ̸= j. Then

(3.3)
∣∣Im2

e (A1, A3)− Im2
e (A2, A3)

∣∣ ≤ Ge(A1, A2),

and

(3.4)
∣∣Im2

e (A3, A1)− Im2
e (A3, A2)

∣∣ ≤ Ge(A1, A2).

Proof. By Proposition 3.8,

Im2
e (A1, A3) ≤ Im2

e (A1, A2) + Im2
e (A2, A3),

so
Im2
e (A1, A3)− Im2

e (A2, A3) ≤ Im2
e (A1, A2).

Exchanging A1 and A2 gives

Im2
e (A2, A3) ≤ Im2

e (A2, A1) + Im2
e (A1, A3),

hence
−
(
Im2
e (A1, A3)− Im2

e (A2, A3)
)
≤ Im2

e (A2, A1).
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Combining yields∣∣Im2
e (A1, A3)− Im2

e (A2, A3)
∣∣ ≤ max{Im2

e (A1, A2), I
m2
e (A2, A1)} = Ge(A1, A2),

which proves (3.3).
For (3.4), Proposition 3.8 implies

Im2
e (A3, A1) ≤ Im2

e (A3, A2)+I
m2
e (A2, A1), Im2

e (A3, A2) ≤ Im2
e (A3, A1)+I

m2
e (A1, A2).

Thus,

Im2
e (A3, A1)−Im2

e (A3, A2) ≤ Im2
e (A2, A1), Im2

e (A3, A2)−Im2
e (A3, A1) ≤ Im2

e (A1, A2),

and therefore∣∣Im2
e (A3, A1)− Im2

e (A3, A2)
∣∣ ≤ max{Im2

e (A1, A2), I
m2
e (A2, A1)} = Ge(A1, A2).

□

Let Ω1 and Ω2 be two normed vector spaces and T1, T2 ⊂ X be nonempty. Define

Υ1 :=
{
Φ : T1 → 2Y

∣∣∣ Φ(x) ̸= ∅ and bounded ∀x ∈ T1

}
,

and
Υ2 :=

{
Ψ : T2 → 2Y

∣∣∣ Ψ(x) ̸= ∅ and bounded ∀x ∈ T2

}
.

Let Φ1,Φ2 ∈ Υ1. The metric g1(Φ1,Φ2) is defined by

g1(Φ1,Φ2) := sup
x∈T1

Ge

(
Φ1(x),Φ2(x)

)
.

Similarly, for Ψ1,Ψ2 ∈ Υ2, set

g2(Ψ1,Ψ2) := sup
x∈T2

Ge

(
Ψ1(x),Ψ2(x)

)
.

We assume that Aα ∈ Υ1 for any α ∈ Ω1 and Bβ ∈ Υ2 for any β ∈ Ω2. The function
φ : T1 × T2 × Ω1 × Ω2 → R is defined by

φ(x, y, α, β) := Im2
e

(
Aα(x), Bβ(y)

)
, ∀(x, y, α, β) ∈ T1 × T2 × Ω1 × Ω2.

The next theorem shows that, under mild nonemptiness and continuity assumptions
on Aα and Bβ (including uniform continuity in the parameters via the metrics g1,g2), the
scalarization φ is jointly continuous in (x, y, α, β).

Lemma 3.3. Let T1, T2 be nonempty subsets of X , and let Ω1,Ω2 be normed parameter spaces.
For each α ∈ Ω1 and β ∈ Ω2, let Aα : T1 ⇒ Y,Bβ : T2 ⇒ Y be set–valued maps with nonempty
compact values. Assume that

(i) Aα(x)
.−Bβ(y) ̸= ∅ for all (x, y, α, β) ∈ T1 × T2 × Ω1 × Ω2;

(ii) for any (α, β) ∈ Ω1 × Ω2, the mappings Aα(·), Bβ(·) are continuous;
(iii) g1(Aα, Aα0

) → 0 as α→ α0 and g2(Bβ , Bβ0
) → 0 as β → β0.

Then φ is continuous at every point (x0, y0, α0, β0) ∈ T1 × T2 × Ω1 × Ω2.

Proof. Let ε > 0. For any fixed (α0, β0), it follows from (ii) and Proposition 3.7 that the map

(x, y) 7−→ Im2
e

(
Aα0

(x), Bβ0
(y)

)
is continuous at (x0, y0). Then there exists δxy > 0 such that

(3.5) ∥x− x0∥ < δxy, ∥y − y0∥ < δxy ⇒
∣∣φ(x, y, α0, β0)− φ(x0, y0, α0, β0)

∣∣ < ε
3 .

By (iii), there exists δω > 0 such that

∥α− α0∥ < δα ⇒ g1(Aα, Aα0
) <

ε

3
.
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Using Proposition 3.10,∣∣φ(x, y, α, β)− φ(x, y, α0, β)
∣∣ = ∣∣Im2

e (Aα(x), Bα(y))− Im2
e (Aα0(x), Bα(y))

∣∣
≤ Ge(Aα(x), Aα0

(x))

≤ g1(Aα, Aα0
) ≤ ε

3
.(3.6)

Likewise, there exists δβ > 0 such that ∥β − β0∥ < δβ ⇒ g2(Bβ , Bβ0
) < ε

3 , and again by
Proposition 3.10,

(3.7)
∣∣φ(x, y, α0, β)− φ(x, y, α0, β0)

∣∣ ≤ Ge(Bβ(x), Bβ0(x)) ≤ g2(Bβ , Bβ0) ≤
ε

3
.

Set δ := min{δxy, δα, δβ}. If ∥(x, y, α, β) − (x0, y0, α0, β0)∥ < δ, then by (3.6), (3.7), and
(3.5) give that∣∣φ(x, y, α, β)− φ(x0, y0, α0, β0)

∣∣ ≤ ∣∣φ(x, y, α, β)− φ(x, y, α0, β)
∣∣

+
∣∣φ(x, y, α0, β)− φ(x, y, α0, β0)

∣∣
+
∣∣φ(x, y, α0, β0)− φ(x0, y0, α0, β0)

∣∣
<
ε

3
+
ε

3
+
ε

3
= ε.

Thus φ is continuous at (x0, y0, α0, β0). □

Remark 3.4. Lemma 3.3 establishes the continuity of the parametric scalarization φ(x, y, α, β) by
combining the continuity of the set–valued maps Aα(·) and Bβ(·) with the gap function estimates
in Propositions 3.9 and 3.10. This result can be viewed as a parametric extension of Proposition 10
in [29], where continuity of the scalarization was proved for fixed mappings A(·) and B(·) without
perturbations.

We now work under the following local hypotheses, which ensure finiteness of the
scalarization and Hölder property of the data in the state variables and parameters near
(x0, y0, α0, β0).
(H1) (Aα(·) .−Bβ(·)) ̸= ∅ for all (α, β) ∈ U(α0)× U(β0).
(H2) There exist T ≥ 0 and θ > 0 such that, for any α ∈ U(α0) and any x1, x2 ∈ U(x0),

Ge

(
Aα(x1), Aα(x2)

)
≤ T∥x1 − x2∥θ.

(H3) There exist L ≥ 0 and ν > 0 such that, for any β ∈ U(β0) and any y1, y2 ∈ U(y0),

Ge

(
Bβ(y1), Bβ(y2)

)
≤ L∥y1 − y2∥ν .

(H4) There exist M ≥ 0 and γ > 0 such that, for any α1, α2 ∈ U(α0),

g1(Aα1 , Aα2) ≤ M ∥α1 − α2∥γ .

(H5) There exist V ≥ 0 and η > 0 such that, for any β1, β2 ∈ U(β0),

g2(Bβ1
, Bβ2

) ≤ V ∥β1 − β2∥η.

Theorem 3.1. Let (x0, y0, α0, β0) ∈ T1×T2×Ω1×Ω2 and let U(x0)×U(y0)×U(α0)×U(β0)
be a neighborhood of (x0, y0, α0, β0) such that Assumptions (H1)–(H5) hold. Then for any
(x1, y1, α1, β1), (x2, y2, α2, β2) ∈ U(x0)× U(y0)× U(α0)× U(β0),∣∣φ(x1, y1, α1, β1)− φ(x2, y2, α2, β2)

∣∣
≤ T ∥x1 − x2∥θ + L ∥y1 − y2∥ν + M∥α1 − α2∥γ + V ∥β1 − β2∥η.



80 P. Preechasilp and R. Wangkeeree

Proof. Let (x1, y1, α1, β1), (x2, y2, α2, β2) ∈ U(x0)× U(y0)× U(α0)× U(β0). We have∣∣φ(x1, y1, α1, β1)− φ(x2, y2, α2, β2)
∣∣

≤
∣∣φ(x1, y1, α1, β1)− φ(x2, y2, α1, β1)

∣∣+ ∣∣φ(x2, y2, α1, β1)− φ(x2, y2, α2, β2)
∣∣.(3.8)

For any fixed (α1, β1) ∈ U(α0)× U(β0), Proposition 3.10, (H2) and (H3) give that∣∣φ(x1, y1, α1, β1)− φ(x2, y2, α1, β1)
∣∣ ≤ ∣∣Im2

e

(
Aα1

(x1), Bβ1
(y1)

)
− Im2

e

(
Aα1

(x2), Bβ1
(y1)

)∣∣
+
∣∣Im2

e

(
Aα1

(x2), Bβ1
(y1)

)
− Im2

e

(
Aα1

(x2), Bβ1
(y2)

)∣∣
≤ T∥x1 − x2∥θ + L∥y1 − y2∥ν .(3.9)

It follows from Proposition 3.10, (H4) and (H5) that∣∣φ(x2, y2, α1, β1)− φ(x2, y2, α2, β2)
∣∣ ≤ Ge

(
Aα1(x2), Aα2(x2)

)
+Ge

(
Bβ1(y2), Bβ2(y2)

)
≤ g1(Aα1

, Aα2
) + g2(Bβ1

, Bβ2
)

≤M∥ω1 − ω2∥γ + V ∥α1 − α2∥η.

Combining this with (3.9) in (3.8) yields the desired estimate. □

Remark 3.5. Theorem 3.1 establishes a new continuity result for the parametric scalarization map
φ associated with (m2-PSOP). In particular, it shows that φ enjoys Hölder continuity with respect
to both state variables and parameters, with exponents θ, ν, γ, η determined by the local hypotheses
(H1)–(H5). This extends earlier continuity results for scalarization functions by demonstrating
quantitative Hölder-type stability in the framework of the Minkowski-difference order, which has
not been previously investigated in the literature.

Example 3.2. Let X = Y = R, C = [0,∞) and e = 1. Consider the parameter spaces
Ω1 = Ω2 = R and define the set–valued maps

Aα(x) := [x+ α, x+ α+ 1 ], Bβ(y) := [ y + β, y + β + 1 ].

Each Aα(x) and Bβ(y) is a compact interval in R, and the mappings are continuous with respect
to both x, y and the parameters α, β.

We now verify the assumptions (H1)–(H5).

(H1). For any (x, y, α, β),

Aα(x)
.−Bβ(y) = [x+ α− y − β, x+ α− y − β ]

is a singleton, hence nonempty.

(H2)–(H3). For Aα(x1) = [x1 + α, x2 + α+ 1] and Aα(x2) = [x2 + α, x2 + α+ 1], we have

Im2
e

(
Aα(x1), Aα(x2)

)
= x1 − x2,

and symmetrically
Im2
e

(
Aα(x2), Aα(x1)

)
= x2 − x1.

Hence Ge

(
Aα(x1), Aα(x2)

)
= |x1 − x2|, and so Ge

(
Bβ(y1), Bβ(y2)

)
= |y1 − y2|.

(H4)–(H5). Similarly, for Aα1
(x) = [x+α1, x+α1 +1] and Aα2

(x) = [x+α2, x+α2 +1]
one has

Ge(Aα1 , Aα2) = |α1 − α2|.
Therefore g(Aα1

, Aα2
) = |α1 − α2|, and so g2(Bβ1

, Bβ2
) = |β1 − β2|.

By Theorem 3.1, we obtain for any (x1, y1, α1, β1), (x2, y2, α2, β2) in a neighborhood of a fixed
(x0, y0, α0, β0),∣∣φ(x1, y1, α1, β1)− φ(x2, y2, α2, β2)

∣∣ ≤ |x1 − x2|+ |y1 − y2|+ |α1 − α2|+ |β1 − β2|.
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4. CONTINUITY OF APPROXIMATE SOLUTION MAPS

Let (κ, µ) be a parameter varying in a subset Λ × M of a normed space. For each
(κ, µ), consider a feasible set K(κ) ⊆ X and a set–valued mapping F (·, µ) : K(κ) ⇒ Y .
The corresponding parametric set optimization problem with respect to the order ⪯m2

C

(abbreviated as (m2-PSOP)) is

(m2-PSOP) minC F (x, µ) subject to x ∈ K(κ).

For each (ε, κ, µ) ∈ [0,∞)×Λ×M , let S(ε, κ, µ) and Sw(ε, κ, µ) denote, respectively, the
ε-approximate m2-minimal solution set and the ε-approximate weak m2-minimal solution
set of (m2-PSOP).

We introduce the function

ζ(x, y, µ) := Im2
e

(
F (x, µ), F (y, µ)

)
.

Based on this scalarization ζ, we define

S>
ζ (ε, κ, µ) :=

{
x ∈ K(κ) : ζ(y, x, µ) > −ε, ∀ y ∈ K(κ)

}
,

Sw
ζ (ε, κ, µ) :=

{
x ∈ K(κ) : ζ(y, x, µ) ≥ −ε, ∀ y ∈ K(κ)

}
.

By Proposition 2.4 (ii) and (iii), we have

S>
ζ (ε, κ, µ) ⊂ S(ε, κ, µ) ⊂ Sw(ε, κ, µ) = Sw

ζ (ε, κ, µ).

Throughout, we assume S>
ζ (ε, κ, µ) ̸= ∅.

Theorem 4.2. Fix e ∈ int(C). Let ε0 ≥ 0 and (κ0, µ0) ∈ Λ×M . Assume that
(i) F (y, µ) .− F (x, µ) ̸= ∅ for all x, y ∈ K(κ0) and µ ∈M ;

(ii) F (·, µ0) is continuous with nonempty compact values on K(κ0)× {µ0};
(iii) lim

µ→µ0

g(Fµ, Fµ0
) = 0;

(iv) K(·) is continuous at κ0 with nonempty compact values.
Then Sw

ζ (·, ·, ·) is usc at (ε0, κ0, µ0) and Sw
ζ (ε0, κ0, µ0) is compact.

Proof. Suppose, for contradiction, that Sw
ζ is not usc at (ε0, κ0, µ0). Then there exist a

neighborhood U of Sw
ζ (ε0, κ0, µ0) and a sequence (εn, κn, µn) → (ε0, κ0, µ0) together with

xn ∈ Sw
ζ (εn, κn, µn) such that xn /∈ U for all n.

By continuity of K(·) at κ0, {xn} is relatively compact; passing to a subsequence, xn →
x0 ∈ K(κ0).

Suppose x0 /∈ Sw
ζ (ε0, κ0, µ0). Then there exists y0 ∈ K(κ0) such that

(4.10) ζ(y0, x0, µ0) < −ε0.
By the lower semicontinuity of K(·) at κ0, there is yn ∈ K(κn) with yn → y0. Since
xn ∈ Sw

ζ (εn, κn, µn) and yn ∈ K(κn), we have

(4.11) ζ(yn, xn, µn) ≥ −εn for all n.

By (ii) and (iii), together with Lemma 3.3, we obtain

ζ(yn, xn, µn) −→ ζ(y0, x0, µ0) and − εn −→ −ε0.
Passing to the limit in (4.11) yields ζ(y0, x0, µ0) ≥ −ε0, contradicting (4.10). Hence x0 ∈
Sw
ζ (ε0, κ0, µ0). Because U is a neighborhood of this set, xn ∈ U for all sufficiently large n,

contradiction. Therefore Sw
ζ (·, ·, ·) is upper semicontinuous at (ε0, κ0, µ0).

To establish the compactness of Sw
ζ (ε0, κ0, µ0), note that it is contained in the compact

set K(κ0). Therefore, it remains only to verify that Sw
ζ (ε0, κ0, µ0) is closed. Let xn ∈
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Sw
ζ (ε0, κ0, µ0) with xn → x0. SinceK(κ0) is a closed set, one has x0 ∈ K(κ0). Let y ∈ K(κ0).

Then for every n ∈ N,
ζ(y, xn, µ0) ≥ −ε0.

Using the continuity of F (·, µ0) and Lemma 3.3 we obtain

ζ(y, xn, µ0) → ζ(y, x0, µ0).

Hence ζ(y, x0, µ0) ≥ −ε0 for every y ∈ K(κ0), i.e., x0 ∈ Sw
ζ (ε0, κ0, µ0). Thus Sw

ζ (ε0, κ0, µ0)

is closed in the compact set K(κ0), hence it is compact. □

The next example shows that assumption (iii) in Theorem 4.3 is indispensable: if
g(Fµ, Fµ0) ̸→ 0, the ε–weak solution map need not be usc.

Example 4.3. Let X = Y = R, Λ = M = R, and equip Y with the order cone C = [0,∞); fix
e = 1 ∈ int(C). Let the feasible set mapping be constant

K(κ) ≡ [0, 1].

Fix δ ∈ (0, 1), and define a compact interval–valued mapping F : X ×M ⇒ Y by

F (x, µ) =

{[
− µ−1x− δ, −µ−1x

]
, µ ̸= 0,[

x− δ, x
]
, µ = 0.

With µ0 = 0, the mapping F (·, µ0) is continuous on K(κ0). In addition, it has nonempty compact
values onK(κ0). Since the Minkowski difference of two intervals is again an interval, it follows that
F (y, µ) .−F (x, µ) ̸= ∅ for all x, y ∈ K(κ0) and µ ∈M . Hence assumption (i)–(ii) of Theorem 4.2
holds. Because K(κ) ≡ [0, 1], assumption (iv) holds immediately.

From definition of F , we have that

Ge

(
F (x, µ), F (x, 0)

)
= max

{
(−µ−1x− δ)− x, (x− δ)− (−µ−1x)

}
=

∣∣µ−1x+ x
∣∣− δ.

Taking the supremum in x ∈ [0, 1] gives

g(Fµ, Fµ0
) = sup

x∈[0,1]

Ge

(
F (x, µ), F (x, 0)

)
≥

∣∣µ−1 + 1
∣∣− δ → ∞ as µ→ 0.

Thus assumption (iii) fails.
Again, from the definition of F ,

ζ(y, x, µ) =

{
−µ−1(y − x)− δ, µ ̸= 0,

(y − x)− δ, µ = 0.

Let ε = δ. Then

x ∈ Sw
ζ (δ, κ0, 0) ⇐⇒ (y − x)− δ ≥ −δ ∀ y ∈ [0, 1]

⇐⇒ x = 0.

For µ > 0,

x ∈ Sw
ζ (δ, κ0, µ) ⇐⇒ −µ−1(y − x)− δ ≥ −δ ∀ y ∈ [0, 1]

⇐⇒ −µ−1(y − x) ≥ 0 ∀ y ∈ [0, 1]

⇐⇒ x = 1.

Therefore,
Sw
ζ (δ, κ0, 0) = {0}, Sw

ζ (δ, κ0, µ) = {1} (µ > 0).
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Define µn := 1
n and xn := 1 ∈ Sw

ζ (δ, κ0, µn) for all n, so that xn → 1. However, x = 1 /∈
Sw
ζ (δ, κ0, 0) = {0}. Equivalently, taking the neighborhood W = [0, 12 ) of {0}, one has

Sw
ζ (δ, κ0, µn) = {1} ̸⊂W

for sufficiently small µn > 0, contradicting upper semicontinuity.

Theorem 4.3. Fix e ∈ int(C). Let ε0 ≥ 0 and (κ0, µ0) ∈ Λ×M . Assume that
(i) F (y, µ) .− F (x, µ) ̸= ∅ for all x, y ∈ K(κ0) and µ ∈M ;

(ii) F (·, µ0) has nonempty compact values and is continuous on K(κ0)× {µ0};
(iii) lim

µ→µ0

g (Fµ, Fµ0
) = 0;

(iv) K(·) is continuous at κ0 with nonempty compact values.
Then S>

ζ (·, ·, ·) is lsc at (ε0, κ0, µ0).

Proof. Assume that S>
ζ (·, ·, ·) is not lsc at (ε0, κ0, µ0). Then there exist x0 ∈ S>

ζ (ε0, κ0, µ0),
a neighborhood U of x0 in X , and a sequence (εn, κn, µn) → (ε0, κ0, µ0) such that

(4.12) S>
ζ (εn, κn, µn) ∩ U = ∅, ∀n ∈ N.

Since K(·) is continuous at κ0 with compact values, there exists a sequence vn ∈ K(κn)
with vn → x0. Since U is a neighborhood of x0, there exists N ∈ N with for n > N we have
vn ∈ U . By (4.12) we must have vn /∈ S>

ζ (εn, κn, µn), hence, by the definition of S>
ζ , there

exists yn ∈ K(κn) such that

(4.13) ζ(yn, vn, µn) ≤ − εn, ∀n > N.

By the upper semicontinuity of K(·) at κ0 and the compactness of K(κ0), there exists, if
necessary, a subsequence such that yn → y0 for some y0 ∈ K(κ0). Using the continuity of
F (·, µ0) on K(κ0)× {µ0} at the points (y0, µ0) and (x0, µ0), the convergence (yn, vn, κn) →
(y0, x0, κ0) implies

Ge

(
F (yn, µ0), F (y0, µ0)

)
→ 0, Ge

(
F (vn, µ0), F (x0, µ0)

)
→ 0.

Moreover, by (iii),

Ge

(
F (z, µn), F (z, µ0)

)
≤ g(Fµn

, Fµ0
) → 0 as n→ ∞.

Applying Lemma 3.3, we obtain

ζ(yn, vn, µn) −→ ζ(y0, x0, µ0).

Passing to the limit in (4.13) yields

ζ(y0, x0, µ0) ≤ − ε.

But x0 ∈ S>
ζ (ε0, κ0, µ0), which leads to a contradiction. This shows that S>

ζ (·, ·, ·) is lsc at
(ε0, κ0, µ0). □

Lemma 4.4. Fix e ∈ int(C). Let ε0 ≥ 0 and (κ0, µ0) ∈ Λ×M . Assume that
(i) F (y, µ) .− F (x, µ) ̸= ∅ for all x, y ∈ K(κ0) and all µ ∈M .

(ii) F (·, µ0) has nonempty compact values and is continuous on K(κ0)× {µ0};
(iii) lim

µ→µ0

g(Fµ, Fµ0
) = 0;

(iv) F (·, µ0) is m2-properly C-quasiconvex on K(κ0);
(v) K(·) is continuous at κ0 with nonempty compact values;

Then for every ε ≥ 0,

S>
ζ (ε0, κ0, µ0) ⊂ S(ε0, κ0, µ0) ⊂ Sw

ζ (ε0, κ0, µ0) and Sw
ζ (ε0, κ0, µ0) = cl (S>

ζ (ε0, κ0, µ0)).
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Proof. By definition,

S>(ε0, κ0, µ0) =
{
x ∈ K(κ0) : ζ(y, x, µ0) > −ε, ∀ y ∈ K(κ0)

}
,

and Proposition 2.4 (iii), the first inclusion follows immediately. The second inclusion
follows directly.

We want to show that Sw
ζ (ε0, κ0, µ0) is closed and convex. By Theorem 4.2, Sw

ζ (ε0, κ0, µ0)
is closed.

Let x1, x2 ∈ Sw
ζ (ε0, κ0, µ0) and t ∈ [0, 1]. Then by (iv) and Proposition 2.6 one has either

ζ(y, tx1 + (1− t)x2, µ0) ≥ ζ(y, x1, µ0) ≥ −ε0, ∀y ∈ K(κ0)

or
ζ(y, tx1 + (1− t)x2, µ0) ≥ ζ(y, x2, µ0) ≥ −ε0, ∀y ∈ K(κ0).

This means that tx1 + (1− t)x2 ∈ Sw(ε0, κ0, µ0). It implies that Sw(ε0, κ0, µ0) is convex.
By Lemma 2.1, we have Sw

ζ (ε0, κ0, µ0) = cl (S>
ζ (ε0, κ0, µ0)). □

Theorem 4.4. Fix e ∈ int(C). Let ε0 ≥ 0 and (κ0, µ0) ∈ Λ×M . Assume that
(i) F (y, µ) .− F (x, µ) ̸= ∅ for all x, y ∈ K(κ0) and all µ ∈M ;

(ii) F (·, µ0) has nonempty compact values and is continuous on K(κ0)× {µ0};
(iii) lim

µ→µ0

g(Fµ, Fµ0
) = 0;

(iv) F (·, µ0) is m2-properly quasiconvex on K(κ0);
(v) K(·) is continuous at κ0 with nonempty compact values.

Then S(·, ·, ·) is H-usc at (ε0, κ0, µ0).

Proof. Assume to the contrary that the conclusion fails. Then there exists an open set
0X ∈ U0 and a sequence (εn, κn, µn) → (ε0, κ0, µ0) such that

(4.14) xn ∈ S(εn, κn, µn) and xn /∈ S(ε0, κ0, µ0) + U0, ∀n ∈ N.

Since xn ∈ K(κn) and K(·) has compact values and is continuous at κ0, there is a subse-
quence, if necessary, with

xn → x0 ∈ K(κ0).

By Lemma 4.4, we have
x0 ∈ S(ε, κ0, µ0).

Again, by Lemma 4.4 we have

cl (S(ε0, κ0, µ0)) = Sw(ε0, κ0, µ0).

In particular, x0 ∈ cl(S(ε0, κ0, µ0)) ⊂ S(ε0, κ0, µ0)+U0 becauseU0 is an open neighborhood
of the origin. Since S(ε0, κ0, µ0)+U0 is open and xn → x0, we must have xn ∈ S(ε0, κ0, µ0)+
U0 for all sufficiently large n, contradicting (4.14). Hence S(·, ·, ·) is H-usc at (ε0, κ0, µ0). □

Theorem 4.5. Fix e ∈ int(C). Let ε0 ≥ 0 and (κ0, µ0) ∈ Λ×M . Assume that
(i) F (y, µ) .− F (x, µ) ̸= ∅ for all x, y ∈ K(κ0) and all µ ∈M ;

(ii) F (·, µ0) has nonempty compact values and is continuous on K(κ0)× {µ0};
(iii) lim

µ→µ0

g (Fµ, Fµ0
) = 0;

(iv) F (·, µ0) is m2-properly quasiconvex on K(κ0);
(v) K(·) is continuous at κ0 with nonempty compact values.

Then S(·, ·, ·) and Sw(·, ·, ·) are lsc at (ε0, κ0, µ0).
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Proof. Let x0 ∈ S(ε0, κ0, µ0) and let U(x0) be any neighborhood of x0 in X . By Lemma 4.4,
we have

S(ε0, κ0, µ0) = cl(S>
ζ (ε0, κ0, µ0)) = Sw(ε0, κ0, µ0).

Hence U(x0) ∩ S>
ζ (ε0, κ0, µ0) ̸= ∅.

By Theorem 4.3, one has S>
ζ (·, ·, ·) is lsc at (ε0, κ0, µ0). Thus there exists a neighborhood

U ′ of (ε0, κ0, µ0) such that

S>
ζ (ε, κ, µ) ∩ U(x0) ̸= ∅, ∀ (ε, κ, µ) ∈ U ′.

Since S>
ζ (ε, κ, µ) ⊂ S(ε, κ, µ) for every (ε, κ, µ), it follows that

S(ε, κ, µ) ∩ U(x0) ̸= ∅ ∀ (ε, κ, µ) ∈ U ′,

which means S(·, ·, ·) is lsc at (ε0, κ0, µ0). Therefore Sw(·, ·, ·) is also. □

Remark 4.6. In this section, we have established continuity of approximate solution mappings with
respect to the new metric. Our analysis shows that these results extend the continuity framework of
Zhang and Xu [29], since they remain valid even when both the objective mapping and the feasible
set are independently perturbed.

5. LIPSCHITZ PROPERTIES OF APPROXIMATE SOLUTION MAPS

In this section we study the Lipschitz stability of approximate solution mappings. Using
the metric Ge and scalarization techniques, we establish local Lipschitz continuity results
that quantify the sensitivity of approximate solutions under perturbations of the objective
and feasible set.

Theorem 5.6. Let β > 0 and (κ0, µ0) ∈ Λ × M . Assume there are convex neighbourhoods
U(κ0) ⊂ Λ and U(µ0) ⊂M and constants q, L,M > 0 such that:

(i) For every κ ∈ U(κ0), K(κ) has nonempty, convex and compact values.
(ii) For every µ ∈ U(µ0), the map F (·, µ) has compact values and m2 C–convex on K(κ).

(iii) F (y, µ) .− F (x, µ) ̸= ∅ for all x, y ∈ K(κ0) and all µ ∈M .
(iv) K(·) is q–Lipschitz on U(κ0): for all κ1, κ2 ∈ U(κ0),

K(κ2) ⊂ K(κ1) + q ∥κ1 − κ2∥BX .

(v) For all µ1, µ2 ∈ U(µ0), g (Fµ1
, Fµ2

) ≤ L ∥µ1 − µ2∥.
(vi) For all µ ∈ U(µ0) and x1, x2 ∈ X , Ge

(
F (x1, µ), F (x2, µ)

)
≤ M∥x1 − x2∥.

Then, for any (εi, κi, µi) ∈ (β,∞) × U(κ0) × U(µ0), i = 1, 2, the Hausdorff distance in X
between the weak ε–minimal solution sets satisfies

H
(
Sw(ε1, κ1, µ1), S

w(ε2, κ2, µ2)
)

≤ ρ

β
|ε1 − ε2| +

(
q +

2ρqM

β

)
∥κ1 − κ2∥ +

2ρL

β
∥µ1 − µ2∥(5.15)

where ρ := sup{∥x− y∥ : x, y ∈ K(κ̄)} <∞. Moreover, the same bound holds for the ε–minimal
solution sets,

H
(
S(ε1, κ1, µ1), S(ε2, κ2, µ2)

)
≤ ρ

β
|ε1 − ε2| +

(
q +

2ρqM

β

)
∥κ1 − κ2∥ +

2ρL

β
∥µ1 − µ2∥.(5.16)

Proof. Since Sw(ε, κ, µ) coincides with Sw
ζ (ε, κ, µ), the first conclusion follows directly from

Sw
ζ (ε, κ, µ). The proof of equation (5.15) is organized into three steps, as outlined below.
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Step 1. Let ε1, ε2 ∈ (β,∞) and, without loss of generality, assume ε1 < ε2. Pick any
x2 ∈ Sw

ζ (ε2, κ̄, µ̄) and choose x0 ∈ Sw
ζ (0, κ̄, µ̄). Define

x1 :=
ε1
ε2
x2 +

(
1− ε1

ε2

)
x0 ∈ K(κ̄).

For any y ∈ K(κ̄), concavity of ζ(y, ·, µ̄) gives

ζ(y, x1, µ̄) ≥ ε1
ε2
ζ(y, x2, µ̄) +

(
1− ε1

ε2

)
ζ(y, x0, µ̄) ≥ ε1

ε2
(−ε2) + 0 = −ε1.

Hence x1 ∈ Sw
ζ (ε1, κ̄, µ̄) and

dist
(
x2, S

w
ζ (ε1, κ̄, µ̄)

)
≤ ∥x2 − x1∥ =

ε2 − ε1
ε2

∥x2 − x0∥ ≤ ρ

ε2
(ε2 − ε1) ≤ ρ

β
|ε1 − ε2|.

Taking the supremum over x2 ∈ Sw
ζ (ε2, κ̄, µ̄) yields

σ
(
Sw
ζ (ε2, κ̄, µ̄), S

w
ζ (ε1, κ̄, µ̄)

)
≤ ρ

β
|ε1 − ε2|.

Exchanging the roles of ε1 and ε2 gives the same bound for the reverse excess. Using
H(A,B) = max{σ(A,B), σ(B,A)} we obtain that

(5.17) H
(
Sw
ζ (ε1, κ̄, µ̄), S

w
ζ (ε2, κ̄, µ̄)

)
≤ ρ

β
|ε1 − ε2|.

Step 2. Fix κ̄ ∈ U(κ0) and choose ε ∈ (β,∞).
By Assumption (v) and Proposition 3.10, for all x, y ∈ K(κ̄) we have∣∣ζ(y, x, µ1)− ζ(y, x, µ2)

∣∣ = ∣∣Im2
e (F (y, µ1), F (x, µ1))− Im2

e (F (y, µ2), F (x, µ2))
∣∣

≤
∣∣Im2

e (F (y, µ1), F (x, µ1))− Im2
e (F (y, µ1), F (x, µ2))

∣∣
+
∣∣Im2

e (F (y, µ1), F (x, µ2))− Im2
e (F (y, µ2), F (x, µ2))

∣∣
≤ 2 g(Fµ1 , Fµ2) ≤ 2L ∥µ1 − µ2∥.

Hence, for any v ∈ S w
ζ (ε, κ̄, µ1),

ζ(y, v, µ2) ≥ ζ(y, v, µ1)− 2L∥µ1 − µ2∥ ≥ −ε− 2L∥µ1 − µ2∥ ∀ y ∈ K(κ̄).

Thus

(5.18) S w
ζ (ε, κ̄, µ1) ⊂ S w

ζ

(
ε+ 2L∥µ1 − µ2∥, κ̄, µ2

)
.

Exchanging µ1 and µ2 yields the symmetric inclusion with the same tolerance.
Now fix x2 ∈ S w

ζ

(
ε+ 2L∥µ1 − µ2∥, κ̄, µ2

)
. By definition,

ζ(y, x2, µ2) ≥ −
(
ε+ 2L∥µ1 − µ2∥

)
∀ y ∈ K(κ̄).

Pick x0 ∈ Sw
ζ (0, κ̄, µ2) so that ζ(y, x0, µ2) ≥ 0 for all y ∈ K(κ̄). Let δ := 2L∥µ1 − µ2∥ and

define
τ :=

ε

ε+ δ
∈ (0, 1], x1 := τx2 + (1− τ)x0 ∈ K(κ̄).

Using the concavity of x 7→ ζ(y, x, µ2) on K(κ̄),

ζ(y, x1, µ2) ≥ τ ζ(y, x2, µ2) + (1− τ) ζ(y, x0, µ2) ≥ −τ(ε+ δ) = −ε,

for every y ∈ K(κ̄). Hence x1 ∈ S w
ζ (ε, κ̄, µ2).

Therefore,

dist
(
x2, S

w
ζ (ε, κ̄, µ2)

)
≤ ∥x2−x1∥ = (1− τ) ∥x2−x0∥ =

δ

ε+ δ
∥x2−x0∥ ≤ δ

ε+ δ
ρ ≤ ρ

β
δ,
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where we used ∥x2 − x0∥ ≤ ρ and ε+ δ ≥ β. Taking the supremum over all such x2 gives

σ
(
S w
ζ

(
ε+ 2L∥µ1 − µ2∥, κ̄, µ2

)
, S w

ζ (ε, κ̄, µ2)
)
≤ 2ρL

β
∥µ1 − µ2∥.

Finally, by the inclusion (5.18),

σ
(
S w
ζ (ε, κ̄, µ1), S

w
ζ (ε, κ̄, µ2)

)
≤ 2ρL

β
∥µ1 − µ2∥.

The reverse excess bound follows by swapping µ1 and µ2, so the Hausdorff distance
satisfies the same Lipschitz estimate. That is

H
(
S w
ζ (ε, κ̄, µ1), S

w
ζ (ε, κ̄, µ2)

)
≤ 2ρL

β
∥µ1 − µ2∥.(5.19)

Step 3. Let (ε, µ̄) ∈ (β,∞)× U(µ0) and κ1, κ2 ∈ U(κ0). We want to show that

H
(
Sw
ζ (ε, κ1, µ̄), S

w
ζ (ε, κ2, µ̄)

)
≤

(
q +

2ρMq

β

)
∥κ1 − κ2∥.(5.20)

Let t := ε− β > 0 and set

υ := q∥κ1 − κ2∥, δκ := 2Mυ = 2Mq∥κ1 − κ2∥.

By (iv), for each x1 ∈ K(κ1) there exists x2 ∈ K(κ2) with ∥x2 − x1∥ ≤ υ, and for each
y ∈ K(κ2) there exists y1 ∈ K(κ1) with ∥y − y1∥ ≤ υ.

We distinguish two cases.

Case 1: υ ≤ t
2M (equivalently δκ ≤ t). Pick any x1 ∈ Sw

ζ (ε, κ1, µ̄) and let x2 ∈ K(κ2) be as
above with ∥x2 − x1∥ ≤ υ. For any y ∈ K(κ2) choose y1 ∈ K(κ1) with ∥y − y1∥ ≤ υ. By
definition of x1, ζ(y1, x1, µ̄) ≥ −ε. Using (vi) together with Proposition 3.10 we obtain∣∣ζ(y, x2, µ̄)− ζ(y1, x1, µ̄)

∣∣ ≤ M∥y − y1∥+M∥x2 − x1∥ ≤ 2Mυ = δκ.

Hence
ζ(y, x2, µ̄) ≥ −ε− δκ, ∀ y ∈ K(κ2),

which means

x2 ∈ Sw
ζ (ε+ δκ, κ2, µ̄) and dist

(
x1, S

w
ζ (ε+ δκ, κ2, µ̄)

)
≤ ∥x1 − x2∥ ≤ υ.

Taking the supremum over x1 ∈ Sw
ζ (ε, κ1, µ̄) yields

(5.21) σ
(
Sw
ζ (ε, κ1, µ̄), S

w
ζ (ε+ δκ, κ2, µ̄)

)
≤ υ = q∥κ1 − κ2∥.

Pick u ∈ Sw
ζ (ε+ δκ, κ2, µ̄) and x0 ∈ Sw

ζ (0, κ2, µ̄). Set

τ :=
ε

ε+ δκ
∈ (0, 1], x1 := τu+ (1− τ)x0 ∈ K(κ2).

By the concavity of x 7→ ζ(y, x, µ̄) on K(κ2),

ζ(y, x1, µ̄) ≥ τ ζ(y, u, µ̄) + (1− τ) ζ(y, x0, µ̄) ≥ −τ(ε+ δκ) + 0 = −ε,

hence x1 ∈ Sw
ζ (ε, κ2, µ̄), and

dist
(
u, Sw

ζ (ε, κ2, µ̄)
)
≤ ∥u− x1∥ = (1− τ)∥u− x0∥ =

δκ
ε+ δκ

∥u− x0∥ ≤ δκ
β
ρ.

Taking the supremum over u gives

(5.22) σ
(
Sw
ζ (ε+ δκ, κ2, µ̄), S

w
ζ (ε, κ2, µ̄)

)
≤ ρ

β
δκ =

2ρMq

β
∥κ1 − κ2∥.
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Combining (5.21) and (5.22) by the triangle inequality,

σ
(
Sw
ζ (ε, κ1, µ̄), S

w
ζ (ε, κ2, µ̄)

)
≤

(
q +

2ρMq

β

)
∥κ1 − κ2∥.

Interchanging κ1 and κ2 yields the same bound for the reverse excess, and hence the
Hausdorff distance satisfies (5.20).

Case 2: η > t
2M (equivalently δκ > t). Choose n ∈ N large enough so that

ηi := q
∥∥∥κ(i) − κ(i−1)

∥∥∥ ≤ t

2M
, κ(i) := κ1 +

i

n
(κ2 − κ1), i = 0, 1, . . . , n.

Applying Case 1 to each consecutive pair (κ(i−1), κ(i)) yields

H
(
Sw
ζ (ε, κ

(i−1), µ̄), Sw
ζ (ε, κ

(i), µ̄)
)

≤
(
q +

2ρMq

β

)∥∥∥κ(i) − κ(i−1)
∥∥∥.

Summing and using the triangle inequality for H gives

H
(
Sw
ζ (ε, κ1, µ̄), S

w
ζ (ε, κ2, µ̄)

)
≤

(
q +

2ρMq

β

)
∥κ1 − κ2∥.

Combining Steps (5.17), (5.19), and (5.20), we obtain equation (5.15).
It follows from Lemma 4.4) that

cl (S(ε, κ, µ)) = Sw
ζ (ε, κ, µ).

We obtain, for any (εi, κi, µi) (i = 1, 2),

H
(
S(ε1, κ1, µ1), S(ε2, κ2, µ2)

)
= H

(
Sw
ζ (ε1, κ1, µ1), S

w
ζ (ε2, κ2, µ2)

)
.

Therefore, equation (5.16) follows, completing the proof.
□

Remark 5.7. We emphasize that the contributions of this section are distinct from existing results
in the literature. Our analysis focuses on the Lipschitz behavior of the approximate minimal and
approximate weak minimal solution mappings for parametric set optimization problems under the
order relation induced by the Minkowski difference. In contrast, previous studies have mainly
investigated qualitative stability properties such as semicontinuity, well-posedness, and convergence
of minimal and weak minimal solution mappings under the same order relation.

We illustrate Theorem 5.6 with the following example, which verifies its assumptions
step by step and demonstrates how the general Lipschitz stability result applies in a
concrete setting.

Example 5.4. LetX = Y = R, let C = [0,∞) and fix e = 1 ∈ int(C). For (κ, µ) ∈ [0, 1]× [0, 1],
set

K(κ) := [κ− 1, κ+ 1].

Fix r > 0 and define the set–valued map

F (x, µ) := [ f(x, µ)− r, f(x, µ) + r ], f(x, µ) := (x− µ)2.

It is clear that K(·) has convex and compact values and is 1–Lipschitz on [0, 1], while F (x, µ)
has compact values on K(κ). We now verify assumptions (iii), (v)–(vi) in Theorem 5.6.

(iii). For α ∈ [0, 1] and x1, x2 ∈ K(κ),

F (αx1 + (1− α)x2, µ) = [ f(αx1 + (1− α)x2, µ)− r, f(αx1 + (1− α)x2, µ) + r ],

and

αF (x1, µ)+(1−α)F (x2, µ) = [αf(x1, µ)+(1−α)f(x2, µ)−r, αf(x1, µ)+(1−α)f(x2, µ)+r ].



Continuity of approximate weak solution maps 89

Since x 7→ f(x, µ) is convex, we have

f(αx1 + (1− α)x2, µ) ≤ αf(x1, µ) + (1− α)f(x2, µ),

which implies

F (αx1 + (1− α)x2, µ) ⪯m2

C αF (x1, µ) + (1− α)F (x2, µ).

Thus F (·, µ) is m2 C–convex on K(κ).

(v). We compute

Ge

(
F (x, µ1), F (x, µ2)

)
=

∣∣f(x, µ1)− f(x, µ2)
∣∣ = ∣∣(µ1 − µ2)(µ1 + µ2 − 2x)

∣∣.
Let

R := sup{|x| : x ∈ K(κ), κ ∈ [0, 1]} = 2, Mµ := sup{|µ| : µ ∈ [0, 1]} = 1.

Hence
Ge

(
F (x, µ1), F (x, µ2)

)
≤ 2(R+Mµ) |µ1 − µ2| = 6 |µ1 − µ2|,

so that
g(Fµ1 , Fµ2) ≤ 6 |µ1 − µ2|.

(vi). Similarly,

Ge

(
F (x1, µ), F (x2, µ)

)
=

∣∣f(x1, µ)− f(x2, µ)
∣∣ = ∣∣(x1 − x2)(x1 + x2 − 2µ)

∣∣ ≤ 6 |x1 − x2|.

Therefore, all assumptions of Theorem 5.6 are satisfied with q = 1, ρ = 2, L = 6, and M = 6.
In particular, for (ε0, κ0, µ0) ∈ [1,∞)× [0, 1]× [0, 1], Theorem 5.6 yields the estimates

H(Sw(ε1, κ1, µ1), S
w(ε2, κ2, µ2)) ≤ 2 |ε1 − ε2|+ 24 |µ1 − µ2|+ 25 |κ1 − κ2|,

and
H(S(ε1, κ1, µ1), S(ε2, κ2, µ2)) ≤ 2 |ε1 − ε2|+ 24 |µ1 − µ2|+ 25 |κ1 − κ2|.

6. CONCLUSIONS

The central contribution of this paper is to advance the stability analysis of approximate
weak solutions in set optimization under the m2-order. Building on earlier continuity and
convexity results for nonlinear scalarization functions, we extend the framework to set-
tings in which both the feasible set and the objective mapping are subject to perturbations.
Through the proposed scalarizing function, we establish continuity of the approximate
minimal and approximate weak minimal solution mappings. In addition, we derive quan-
titative stability results by proving Lipschitz properties of these mappings. Collectively,
our findings yield the first explicit stability bounds for approximate weak solutions with
respect to the m2-order.
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